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PREFACE 


In recent years there has been a large number of solutions presented in the 
fluid flow and heat transfer literature which have employed numerical marching 
techniques. However, most of these techniques seem to have been invented to 
solve the specific problem at hand, and they, therefore, seldom build on the 
work of previous investigators. To the author’s knowledge, no unified presentation 
of tl(ese techniques, including the many aspects of their use, is available. 

Any discussion of a field in science or technology must necessarily reflect 
the author’s personal views about the evolution of that field. Since the author’s 
interest in the numerical solution of fluid flow problems was begun and developed 
at the Carnegie Institute\of Technology (now Carnegie-Mellon University), the 
natural evolution of the field appears to him to be that which has taken place at 
that institution, and in which he took part. Had the author, for example, come from 
the University of Michigan or the University of Wisconsin, where excellent nu- 
merical work of this type has also been done, it is likely that he would see the 
field from an entirely different perspective. This is particularly true in a field 
in which there is so much art rather than science in the evolution of the methods 
of solution. The author would therefore like to note at this point that much has 
been done in the field other than that referenced here and would like to apologize 
to those who may feel that their work has been slighted. It was felt, however, 
that much was to be gained by the unified approach used here rather than by 
presenting a motley literature survey of the vast number of techniques which 
have been employed in the past. 

It is the purpose of this book to present the finite difference formulation 
and method of solution for a wide variety of fluid flow problems with associated 
heat transfer. Only a few direct results from these formulations will be given 
as examples, since the book is intended primarily to serve as a discussion of the 
techniques and as a starting point for further investigations; however, the formu- 
lations are sufficiently complete that a workable computer program may be written 
from them. 

Some of the finite difference formulations given may be found complete with 
all results in the literature by the author and others; in these cases the references 
will be cited. For other problems apparently no finite difference formulation has 
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been previously employed, and in these cases the formulation is that of the author. 
For most of these cases the author or his associates have at least done experi- 
mental calculations which verify that the formulation and method of solution are 
workable. In a few cases such extensive work would be necessary to verify the 
formulation and method that a major research project would ensue, and in these 
cases the formulation must be considered as tentative, although no radical de- 
partures from the conventional techniques have been made. Such unproved formu- 
lations are clearly noted in the text. 

It is hoped that the real utility of this book will be found not only in the actual 
formulations presented, which admittedly in a number of cases are for classical 
problems treated adequately by other means in the literature, but perhaps more 
importantly for situations in which the same or similar equations must be used for 
problems which are not readily amenable to other methods of analysis. Typical 
problems of this type are those which include any arbitrary distribution of suction 
or injection at a body surface, body forces such as MHD or EHD forces, any class 
of variable properties including those in which tabulated property variations must 
be used, and any type of velocity or temperature boundary condition. A number of 
such problems are presented and a solution formulated at the end of each chapter. 

In the appendixes a number of topics are discussed which are of interest with 
respect to the finite difference equations presented in this book. These include a 
very rapid method for solving certain sets of linear algebraic equations, a discussion 
of numerical stability, the inherent error in flow rate for confined flow problems, 
and a method for obtaining high accuracy with a relatively small number of mesh 
points. 

The author would also like to note that the use of the term marching technique 
is used here to apply to any numerical method of solving an initial value problem 
in the original sense of the term as used by L. F. Richardson in 1925. The term is 
thus applied equally to implicit and explicit techniques for the solution of parabolic 
and hyperbolic differential equations. There seems to be considerable current 
feeling that the term marching should apply only to explicit methods, but the 
author feels it is equally descriptive for implicit methods and it will.be so used 
throughout this book. 
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CHAPTER 1 


INTRODUCTION 


1.1 HISTORICAL BACKGROUND OF MARCHING PROCEDURES 

Marching procedures for the finite difference solution of parabolic partial 
difference equations (particularly the diffusion equation) have been known 
for many years (refs. 1 to 3). Only since the advent of the digital computer as an 
engineering tool, however, have these methods been widely used to obtain solu- 
tions to a variety of fluid flow and heat transfer problems. In many cases these 
numerical solutions represent the most accurate available solution to a given 
problem or at least the most accurate solution to the equations which are assumed 
to apply to the physical situation. In other cases the numerical solution represents 
the only one available. Any analytical solution of the momentum and energy 
equations is difficult because of the nonlinear convective terms. In most cases a 
solution can only be obtained by linearizations or approximations. On the other 
hand, the accuracy of a properly posed set of finite difference equations is limited 
only by the size of the grid spacing used in the solution. 

Step-by-step integration processes (marching procedures) for boundary 
layer flows were employed by a number of investigators in the 1930’s and 1940’s 
(refs. 4 to 6). It was not, however, until the work of Friedrich and Forstall (ref. 7) 
in 1953 and Rouleau and Osterle (refs. 8 and 9) in 1954 and 1955 that these finite 
difference methods reached a sufficiently mature stage that they could be con- 
sidered generally useful. Although in these investigations a desk calculator was 
employed, formulations were used which have been found of considerable value 
in electronic digital computer applications. Friedrich and Forstall (ref. 7) solved 
the problem of coaxial viscous jets using an explicit method with which some 
stability problems were encountered. Rouleau and Osterle (refs. 8 and 9) formu- 
lated an implicit finite difference scheme which was universally stable and then 
considered a variety of external flow problems. Bodoia and Osterle (ref. 10) ex- 
tended this implicit formulation to confined flow situations. These four papers 
formed the basis for all of the steady flow solutions which were to follow. The 
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first extensive use of these methods for compressible flow problems was apparently 
tliat of Mitchel (ref. 11) for external flow problems, followed by Walker (ref. 12), 
Deissler and Presler (ref. 13), and Wors0e-Schmidt and Leppert iref. 14), | who 
solved internal flow problems. 

The basic work on the numerical solution to transient flows of the boundary 
layer type was done at the University of Michigan. These investigations include 
those of Heliums (ref. 15), Farn (ref. 16), and Farn and Arpaci (ref. 17). 

The pioneering work of Fromm and his associates at Los Alamos on the 
solution by numerical methods of the complete elliptic time-dependent Navier- 
Stokes equations will not be discussed here since this book will be restricted to 
equations of the parabolic and hyperbolic type. See reference 18 for a discussion 
of the work and further references. 

1.2 RANGE OF APPLICABILITY OF MARCHING PROCEDURES 

Numerical marching procedures are methods in which the solution is obtained 
in a step-by-step manner, always moving downstream in the flow field, forward 
in time, etc. Their use is restricted to certain classes of differential equations. 
The equations must be parabolic or hyperbolic (classical examples being the diffu- 
sion equation and the wave equation) and cannot be elliptic (e.g., Laplace’s 
equation). The character of the basic equations of fluid flow and heat transfer, 
the Navier-Stokes equations and the energy equation, implies that there may be 
no derivatives higher than first order in the main flow direction. Thus, the second 
derivatives along the main flow direction in the viscous terms of the Navier- 
Stokes equations may not be present, nor can the axial conduction term in the 
energy equation. In many physical situations it is justifiable to neglect these 
terms, and if so, a marching procedure can be applied. As a general rule, the 
second axial derivatives may not be neglected if there is anything in the flow which 
will have an influence upstream (e.g., an object in the stream, a sharp constriction 
in the channel, or a heater grid in the stream). The second axial derivative may be 
neglected, and marching procedures may be applied, if the problem has an 
“open boundary” in the flow direction. Transient problems of the boundary-layer 
type have an “open boundary” in time as well as space, and marching techniques 
may be applied to these problems in the time (as well as the space) /iirection. 

An additional restriction on fluid flow solutions using the marching technique 
is that large backflow is not permitted anywhere in the flow field. This condition 
is generally associated with separating flows, and, as a result, the solution cannot 
be carried far beyond the separation point. Of course, the physical validity of the 
parabolic equations may be questioned even slightly upstream of the separation 
point. 



INTRODUCTION 


3 


1.3 STABILITY, CONSISTENCY, AND CONVERGENCE 

The terms stability, consistency, and convergence have acquired many mean- 
ings both in and out of numerical analysis, so it becomes necessary to define them 
as used in the context of this book. 

The concept of stability of a numerical solution is somewhat difficult to 
precisely define, although, as anyone experienced in obtaining numerical solu- 
tions is well aware, instability usually manifests itself in a very obvious, usually 
catastrophic manner. This is actually a fortunate state of affairs in that, at least 
for all problems analyzed so far, there is a distinct dividing line between insta- 
bility and stability. Instability is generally considered to be the result of either the 
cumulative growth of roundoff errors without bound as the solution is marched 
forward, or the growth of error due to the presence of an extraneous solution to the 
difference equations. Instability of either type will generally be seen as a strongly 
growing, oscillatory culuiative error which, in practice, rapidly causes a computer 
overflow. The usual distinction between stability and instability is that given by 
Forsythe and Wasow (ref. 19). This distinction is that a procedure is stable if the 
cumulatiye error as the solution is marched forward does not grow faster than 
some low power of the reciprocal of the mesh size in the marching direction; 
instability corresponds to the cumulative error being an exponential function of 
the reciprocal of the mesh size. There seems to be no intermediate condition. 

The criteria for stability of many of the difference representations given in 
this book may be obtained in a relatively straightforward way. For some cases it 
is extremely difficult to obtain analytical expressions for the stability criteria; in 
these cases it is reasonable to simply proceed with the numerical solution. If 
instability develops, as was previously mentioned, it will do so rather quickly and 
violently, in which case adjustments in the mesh sizes and parameters may be 
tried until stability can hopefully be attained. Throughout the book, stability 
criteria are presented where available. Appendix B gives a stability analysis for 
a typical case and outlines the method in general. 

A consistent finite difference representation has an exact solution (assuming 
no roundoff error) that approaches the solution of the differential equations which 
the difference equations replace as the mesh sizes used approach zero. Consist- 
ency of a difference representation is dependent on the difference forms used to 
replace the various terms in the differential equations and, to a certain extent, 
on the boundary conditions and difference- representation of these boundary 
conditions. Where the term consistency is used in this book, many investigators 
use the term convergence, but since convergence is also widely used to describe 
a characteristic of an iterative process, the less widely used consistency seems a 
better choice. 

All of the difference representations given in this book are consistent, except 
for certain formulations given for plane and axisymmetric jets which are con- 
sistent only for nonzero secondary velocities. Consistent representations which 
allow zero secondary velocities are also given for these cases. 
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If an iteratively obtained solution to a set of linear or nonlinear algebraic 
equations approaches the exact solution as the number of iterations becomes 
large, the method of solution is called convergent. As mentioned before, this term 
is also widely used to describe what in this book is called consistency; 


1.4 EXPLICIT AND IMPLICIT DIFFERENCE REPRESENTATIONS 


Explicit difference representations are those in which, as each step in the 
marching direction is taken, the unknown quantities in the equations may be solved 
for one at a time. Implicit representations require the solution of a set of simul- 
taneous equations for the unknowns as each step is taken. 

The choice of explicit or implicit finite difference representations will depend 
on many factors, including the problem itself and the size and speed of the available 
computer. 

In order to examine the various representations, consider the flow field with 
a mesh imposed on it shown in figure 1—1. The main flow direction is x. No bound- 
ary conditions will be considered. Assuming the flow may be adequately described 
by the incompressible constant property Prandtl equations, the basic equations 
of motion are 


du du d 2 u 

It- hv = P - 

dx dy dy 2 ■ 



FIGURE 1—1. — Flow field and finite difference grid. 
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du | d£_ q 
dx dy 


( 1 - 2 ) 


For any numerical work, the first step should be to put the basic equations in 
dimensionless form. However, since our interest here is in a discussion of ex- 
plicit and implicit forms, this step is omitted. It is assumed that both u and v are 
known for all values of x and y in the region 0 ^ x =£ Xj. It should now be possible 
by using a marching procedure to advance the solution tor J+ i , then toXj+> , etc. 

A number of difference forms are possible for the representation of equation 
(1—1). The following are examples: 


Explicit: 


/ Uj+l,k Uj,k \ i / Uj,k-l \ 

2A r ) 

/ H j , k+ 1 2Uj ' k Uj f fc-l \ 

~ V \ (Ay) 2 ) 


d-3) 


Implicit: 


/ Uj + l, k ~ Uj, k , / W.f+1,*+1 Hj + 1 , k — 1 \ 

“'•* ( — s — r v ‘-‘ ( — 24 ; — ) 


__ Uj+l,k+l 2llj + l , k Uj+1 , k-l 

(Ay) 2 


(1-4) 


Semi-implicit (Crank-Nicholson): 


( Uj+I , k Uj , k \ 

Uj ’ k { Ax J 


( : Uj + i t k + 1 Uj + \,k-\ | Uj , k+l Uj,k- 


Vj,k 


2 Ay 


2 Ay 


Uj+i,k+t 2^+^ fc ~h fc-i Uj,k+i 2uj , k Uj , k-i 

(Ay) 2 (Ay) 2 


(1-5) 


These representations are illustrated in figure 1—2. The explicit form (eq. 
(1—3)) has only one unknown, Uj+i,k : in each equation. Therefore this form can 
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(j, k+l)<j 

(j. k) 


(j, k-ll 


3 (j+l, k) 


Explicit 


(j, k) ■ 


?(j+l, k+1) 
(j+lkl 


* (j+I, k-1) 
Implicit 


'jtj+l, k+1) 
tj+1, k) 


(j, k+1) 
(j, k> 


(j, k-lr A (j+1, k-1) 
Semi-implicit 


FIGURE 1-2. — Finite difference representations of momentum equation. ( j , last x value at which ve- 
locities are known; j+ 1, x value at which velocities are to be found.) 


be solved directly (explicitly) for the values of Uj + , , entirely in terms of known quan- 
tities. The explicit form has the advantages of high speed and simplicity of solu- 
tion. The primary disadvantage of this form is that there are stability restrictions 
on its use. These restrictions are that vAx/[iij,k(Ay) 2 ] *£ V2 and |Uj,fc|Ay/p == 2. 
These criteria are derived by Rouleau in reference 9. This restriction may not be 
too serious for such problems as free jets with moving secondaries, but for situa- 
tions where u may become small or reach zero (as in cases where solid boundaries 
are present) this restriction can be so serious as to preclude the use of the explicit 
form. 

The implicit form (eq. (1-4)) involves three unknowns: Uj +it k-i, tQ+i.fc, and 
Uj+i, fc+i- When this difference equation is written for each value of A: in the flow 
field, a set of simultaneous linear algebraic equations in the values of Uj+i,k is 
formed. This set must be solved before another step can be taken in the ^-direction. 
The implicit form has the advantage of universal stability for all mesh sizes so 
long as u does not become negative. The seeming disadvantage of the implicit 
representation is that the solution of a set of linear equations is, in general, time 
consuming. It should be noted, however, that for a set of linear algebraic equations' 
of the type generated by equation (1-4) there exist methods which are very nearly 
as rapid as carrying out the explicit solution from equation (1-3). See appendix A 
for a description of one such method. 

The semi-implicit representation (sometimes called a Crank-Nicholson repre- 
sentation), equation (1 _ 5), is an effort to gain a more accurate representation of 
the differential equation by averaging the various terms wherever possible so 
that each of the terms \vdl be evaluated at essentially the same point. The solution 
and stability criteria for the semi-implicit form are identical to those for the 
implicit form. In practice, the author has found the advantages of the semi-implicit 
form to be somewhat exaggerated, and that simply employing the implicit form 
with a slightly smaller mesh size results in virtually the same effect. Forsythe and 
Wasow (ref. 19) also note the lack of evidence for significant advantages of the 
semi-implicit approach. It should be noted that the representation in equation 
(1—5) has been chosen in such a way as to eliminate nonlinearities in the difference 
equations. It is questionable whether it is ever worthwhile to make the difference 
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equations nonlinear only to incorporate the advantages of the semi-implicit 
representation, since a considerable increase in computer time is required in 
order to solve the nonlinear equations. 

The continuity equation has generally been written in a form which, for the 
present problem at least, is explicit. Only one of the many possible representations 
is 



This equation may be solved in an explicit stepwise manner for Vj+i, *+i assuming 
Vj+t , k is known. The solution is started from a point where Vj+i , * is known (a lower 
boundary, centerline, axis of symmetry, etc.) and marched upward. The values of 
Uj+i, fr+i and Mj+i, k are known from the solution of the momentum equation. Vari- 
ous representations of the continuitv equation are employed in this book for 
different flow situations. For external flows, the form of equation (1-6) will be almost 
universally used. For confined flows, the form employed will be dictated by the 
particular problem being considered and will be discussed in detail for each new 
situation. 


1.5 CHOICE OF MESH SIZE 

The choice of mesh sizes for the problems considered in this book is dictated 
primarily by the truncation error of the difference equations and, in some cases, 
by the stability criteria. The only way in which a final mesh size may be chosen 
with complete confidence is to run the problem with successively smaller mesh 
sizes until little or no change is observed in the results. Such a procedure may be 
impractical from the standpoint of computer time required, and in this case an 
alternative, although somewhat less desirable, solution is to run the problem for 
two mesh sizes and use one of the techniques for extrapolating to zero mesh 
size (refs. 19 and 20). This method will not produce satisfactory results if the 
mesh sizes chosen are not fairly close to the size required to give a reasonable 
solution. 

No quantitative statements can be made about the choice of mesh sizes in 
various regions; however, smaller mesh sizes are required in regions of more 
rapidly changing velocity and temperature. This means that a fine mesh is required 
close to the wall in boundary layer problems, as well as close to the leading edge. 
It is worth noting that the leading edge (or the entrance in a channel flow problem) 
is a point of singularity in boundary layer theory, and that solutions obtained using 
the boundary layer equations in the region close to the entrance will be incorrect 
in this region. The effects of this point of singularity can be confined to the region 
very close to the singularity if very small mesh sizes in the downstream direction 
are used until the profiles smooth out somewhat. Typically, mesh sizes in the 
marching direction of the order of 1/100 of those employed further downstream 
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may be desirable in order to confine the leading edge effects to the region close 
to the singularity. A number of investigators have transformed the equations to 
boundary layer coordinates in an effort to minimize the effects of the singularity, 
but in view of the success of simply using a very small mesh size in this region, 
such a procedure becomes mainly useful in minimizing the effects of boundary 
layer thickness along the plate and its value must be weighed against its greater 
complexity. In chapter 2, section 2.4, a detailed discussion is presented of the 
effect of the leading edge singularity on the calculations for an actual problem. 

In the region close to a wall, or in the mixing region of streams of different 
velocities, it is usually desirable to employ a finer mesh size than that needed far 
out in the free stream where velocity and temperature gradients are less steep. 
The technique for changing transverse mesh sizes in the flow field is discussed 
in appendix D. 

To give a starting point for the choice of mesh sizes, it may be stated that trans- 
verse mesh sizes of the order of 10 -1 to 10~ 2 will usually be sufficient, while mesh 
sizes in the downstream direction may vary from as small as 10~ 5 close to the 
leading edge to 10~ 3 farther downstream: These sizes are, of course, predicated 
on the use of the dimensionless variables used in succeeding chapters of this 
book. Any other choice of dimensionless variables may have a profound effect 
on the mesh sizes which are necessary. 
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CHAPTER 2 


BOUNDARY LAYERS 


This detailed discussion of numerical techniques is begun by considering 
the external laminar boundary layer which forms on the surface of a body when 
the body is placed in a free stream of a viscous fluid. 


2.1 TWO-DIMENSIONAL BOUNDARY LAYERS 

For our purposes it is convenient to reformulate the general two-dimensional 
boundary layer problem (of which an example is shown in fig. 2— 1(a)) into a flat 
plate boundary layer problem (as shown in fig. 2-1 (b)). The pressure gradient and 
velocity far above the plate may be functions of x. Their values are determined 
from the solution for potential flow around a body haying the shape of the actual 
body. This potential flow solution, evaluated at the surface of the body, yields the 
desired values of u„(x) and dp(x)/dx. The flow at the “leading edge” of the flat plate 
is a uniform velocity with a value equal to that obtained from the potential flow 
solution evaluated at the surface of the body and x = 0 (e.g., if x = 0 is a stagnation 
point on the original body, then this velocity will be zero). 

The temperatures in the stream far above the plate and at the “leading edge” 
are assumed constant for the incompressible case, but they must be computed 
from the energy equation for the compressible case since the velocity and pressure 
fields of the potential flow solution affect the temperature. 


- 2,1.1 Incompressible Constant Property Flow — Velocity Solution 

For the incompressible flow case, the equations of momentum and energy 
are uncoupled so that they may be solved separately. The basic equations of 
motion, making the usual boundary layer assumptions; are 


P 


f du du\ 
{ U Tx + V Ty) 



( 2 - 1 ) 

11 


i 

preceding page blank not filmed 
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(a) Typical two-dimensional boundary layer configuration. 

(b) Two-dimensional boundary layer problem reformulated as flat plate boundary layer. 

Figure 2-1. — Modeling of a two-dimensional boundary layer as a flat plate boundary layer. 


f+|£- o 

ox dy 


The boundary conditions are 


( 2 - 2 ) 


u(x, 0) =0 
v(x, 0) = 0 
u(x, °°) = u x (x ) 
«(0, y) = «oo(0) 


> 

(see appendix F), 


(2-3) 


Before undertaking a numerical solution, the first , step should invariably be to 
place the equations to be solved in a dimensionless form having as few parameters 
as possible. This may be accomplished for equations (2-1) and (2-2) by employing 
the following dimensionless variables: 
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U = ll/llo 

y-PUL 

P 


XfJL 


P~Po 


L 2 pu« 

Y=y/L 


P“ o 


(2-4) 


where the characteristic velocity uo will usually be chosen as the velocity far 
upstream from the body, and a typical length L is measured along the surface 
in the ^-direction. For the flat plate case w«(0) = uo. 

The differential equations in dimensionless form become 


with boundary conditions 


rj dU v dU = dP d 2 U 
dX dY dX dY 2 


dX BY 


U(X, 0) = 0 
V(X,0) = 0 

U(X,™)=uJu 0 = U„(X)l 
U(0,Y) = U x (Q ) 


(2-5) 

(2-6) 

N 

(2-7) 


From the potential flow solution, U„ and dP(X)/dX are known. 

Equations (2-5) and (2-6) may now be written in difference form. A difference 
grid is imposed on the flow field as shown in figure 2-2. The most useful repre- 
sentation for equation (2—5) is the following implicit form: 


77 1 k t/j , k , r r Uj+1, k±A P j + \ , k-\ 

Uj ’ k XX +Vj ’ k 2 AY 

Pj+l Pj . Uj+i.k+i 2Uj+ 1 , k d~ Uj + \ , k- 1 

AA (AF) 2 

A simple explicit form is used for equation (2-6): 

Uj+l, k+l — Uj, k+l I F/+1, A' + ! — Vj + 1. k 


( 2 - 8 ) 


AX 


AY 


0 


(2-9) 




Figure 2-2. — Finite difference grid. 



Equation (2-10) is now written for all values of k from k = 1 to a sufficiently large 
value of Y to ensure that the free stream has been reached; this value of Y will 
correspond to k=n. The free stream boundary condition will then be U=U X at 
k=n+ 1. As a general rule, the value of n should be chosen to ensure that there 
are several points (3 or 4) for k < a + 1 such that U = U x . If the solution is actually 
-.started from the leading edge, it will be relatively simple to find an adequate value 
of n as the solution is carried downstream. The value of n must be increased as 
the boundary layer grows in thickness if a fixed AT- is used. When n reaches 
a sufficiently large value that computations become awkward (perhaps 50 or 60) 
it will be found worthwhile to double AT and halve n before continuing. 

The set of linear algebraic equations corresponding to equation (2-10) for 
k— l(l)n (k varying from 1 to a in steps of 1) may be written in matrix form as 
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fix n, 


U j+ u\ 



a 2 f^2 


Vj+ 1,2 


<{>■2 



Uj+ 1,3 


<j> 3 

— — • — 

X 

— 

= 

— 

Otn- 1 fin — 1 fin-l 


Uj+1, n-l 


d>n- 1 

&n fin 


Uj+i, n 


<j) n fl n U x 


where ' 


i 


<Xfc = 


' J,K 

2AF 

(A F) 2 

Uj.k, 

2 

~ AX + 

(AF) 2 


1 


4>k — 


2A F (AF) 2 

Pj-P j+i + Uf k 
AX 


( 2 - 11 ) 


(All elements are zero except those shown.) 

The matrix of coefficients in equation (2-11) is tridiagonal; that is, the matrix 
consists of a band three elements wide centered on the main diagonal. For tri- 
diagonal matrices a very efficient solution method exists and is discussed in 
appendix A. 

Once the values of Uj+i,k have been found, equation (2-9) may be solved 
for F; +1 , fc+1 to give 


^J+l,fc+l — Vj+\,k (Uj+I,k + 1 Uj,k +\ ) (2 12) 

Since Vj + u o = 0, this solution may be marched upward to the free stream, starting 
at the plate surface. The entire procedure may now be repeated at the next step 
downstream and continued as far as desired. 

The truncation error of the finite difference representation at each step is 
of ^(AF 2 ) and d?(AA) for the momentum equation and of-£7(AF) and AX) for 
continuity. 

The solution is universally stable for U 2= 0. If U < 0 as will occur at and 
past separation, the stability criteria are given by Bodoia (ref. 1) as 
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AX _ 1 
\U\(AY 2 )^2 


V 3 = 



(2-13) 


These conditions will be satisfied only if the negative value of U is very small; 
hence, the solution may be carried only up to and perhaps very slightly past the 
separation point. A complete solution to the problem posed in this section is 
presented in section 2.4 as a representative example of the use of the techniques 
of this chapter. The solution is carried out for the case of dP(X)/dX=0. 


2.1.2 Incompressible Constant Property Flow — Temperature Solution 

For constant properties, the energy equation is uncoupled from the flow 
equations. Neglecting viscous dissipation (which may readily be included if 
desired), the energy equation may be written as 


pc„ 


( dt , dt\ , d 2 t 


dy 2 


(2-14) 


A number of temperature boundary conditions, at the wall are possible. Two com- 
monly employed conditions will be considered here — constant wall temperature 
or constant wall heat flux. The complete boundary conditions for the problem are 


t(x, 0) —t w (constant wall temperature) 


or 


and 



= q (constant wall heat flux) 

w=o 


t(0, y) =t„ 
t(x, 00 ) = t x 


The choice of dimensionless variables is 



(2-15) 
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(2-16) 


(2— 17a) 



(2-17b) 


(2-18) 


Since an implicit difference scheme has been used to solve the momentum 
equation and since it is most desirable to use the same mesh sizes for the tempera- 
ture solution and not to be limited by stability criteria, an implicit difference 
scheme is also employed for the energy equation. Equation (2-17a) may be written 
in difference form as 
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U . Li+Ui Tj,k ! y 

Uj ’ AX + ^ } ’ 


r, 


j+l,k+l Tj+i t k-l 
2AY 


_ J_ T Jjrfjc+I —2Tj + I, 1 

Pr {AY) 2 

This may be rewritten in a more convenient form as 

Yh. k J—lr _i_ Uul_l — 1 f 

2AY Pr{AY) 2 J J+1, ' f “ 1 |. a* + P r (AY) 2 J J+Uk ' 


+ 


\Eul 


1 


|_2AT Pr(AY) 2 


(2-19) 


T j +u*+i^ Uj ’£x’ k ( 2 - 20 ) 


The marked similarity of equation (2—20) to the momentum equation difference 
representation (2—10) can be useful in the writing of a computer program. 

The finite difference forms of the boundary conditions (2-18) are obvious 
except for the gradient condition on the constant heat flux case. A difference 
form for the gradient which is consistent in truncation error with the energy 
equation (see appendix B, section B.l) is 


aY 


y=o 


~ 37j+|', 0+ 47j+i, ] — Tf+i, 2 _ , 
2(AT) 


( 2 - 21 ) 


where o = T w which for the constant wall heat flux case is unknown. The 
difference representations of both the basic equation and the boundary conditions 
must have truncation error of the same order so that accuracy is not lost. Com- 
bining representations of one error order for the basic equation and a different 
error order for the boundary conditions may-give results which are less accurate 
than either representation alone. > v 

The matrix formulation of equation (2-20) written for k= 1(1 )ra with constant 
wall temperature is 


pi ft: : ' 

' 

Tj+ 1, i 



a -2 # ft] 


Tj+ 1 , 2 


d>2 



Tj+ 1 , 3 


& 

— — _ . 

X 

— 

= 

— 

a n-l Pn-1 ft,i_i 


Tj + 1 , n-i 





Tj+i, n 


K 


( 2 - 22 ) 
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where 


a ' k 2A Y Pr{AY) 2 

AX Pr(AF) 2 

a' - — 

fc 2 A Y Pr(AY)' 2 




The matrix of coefficients of equation (2-22) is tridiagonal, indicating the use of 
the method of appendix A. 

If the constant heat flux boundary conditions are used, the additional unknown 
wall temperature requires an additional equation (eq. (2-21)). The matrix formula- 
tion is \ 


-3 4 -1 


Tj+ i,o 


— 2(AT) 

a[ n; 


Tj+ t.i 


<#>; 

«2 Pi 


Tj+ 1 ,2 


<K 

— — — 

X 

— 

— 

— 

a n- 1 Pn- 1 ^H-I 


Tj+ 1 , « - 1 


4>:-i 

• «H /3» 


Tj+ 1 , a 


<t>n 



(2-23) 


where a' k , f3 ' k , f l ' k , and (j)' k are defined in equation (2-22). This matrix is no longer 
tridiagonal, but it can be made tridiagonal by using Gaussian elimination (ref. 2) 
to eliminate the off-tridiagonal element (—1). Only the top row of equation (2-23) 
is modified and becomes 


a" 

~ 3 + n; 

„ Pi 

4 H 

n; 


Tj+ 1,0 


d>: 

- 2 (a n+g 


PI n; 


T}+ 1,1 




— — — 

X 

— 

— 

— 


— — — 



/ 

— 


(2-24) 

If the velocity and temperature fields are to be solved in the most economical 
manner (in terms of computer time and storage space), the velocity solution at 
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the next step should be computed next, then the temperature at that step, etc. 
In this way only one column of velocities and temperatures need be saved at any 
one time. Of course, the same mesh sizes should be used for the velocity and 
temperature solutions. 

In solving for both the velocity and temperature, it may be found advantageous 
to employ a fine mesh size near the wall and a coarser one near the free stream. 
The details of this technique are discussed in appendix D. Usually the velocity 
solution requires finer mesh sizes near the wall than does the temperature solution 
so that the velocity solution is the determining factor in the choice of mesh size. 
An exception is for high Prandtl number fluids, for which the thermal boundary 
layer becomes very thin. In this case, the temperature solution becomes the 
determining factor in the choice of mesh size, and even finer mesh sizes are 
needed than those required for an accurate velocity solution. 


2.1.3 Incompressible Constant Property Flow — Heat Transfer Solution 
i The local Nusselt number is given by 

qx 


Nu x = 


k(tu) t x ) 


(2-25) 


where q is the local heat flux. In dimensionless form, the local Nusselt number is, 
for constant wall temperature, 


Nu x = ^XRe 


where 


(2-26) 


Re = P£°L 


and for constant wall heat flux 


Nu x =~XRe 

■* IV 


(2-27) 


The mean Nusselt number is given by 

Nu m = ^ f ' Nu x dX (2-28) 

X Jo 

Equations (2—26) to (2-28) may now be expressed in finite difference form. 
For constant wall temperature, 
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Nu x = 


r-37j + ,.o + 47yH,,-7 , M -,. 


2(A Y) 


Xj+i Re 


and for constant wall heat flux, 


Nu x = f^Re 

1 j+ 1,0 


(2-29) 


(2-30) 


To find the mean Nusselt number, Simpson’s rule (ref. 2) may be used. Since, 
however, an even number of intervals are required for integration by Simpson’s 
rule, the value of Nu„, can only be obtained at every other step. The mean Nusselt 
number is given by 


Nu„ 


j+i= ( Nu * 


j ■+* 4 Niix 


. ~\~Nu x 


i*0(¥) + "4-'M](£) (2-3D 


2.1.4 Compressible Flow — Velocity and Temperature Solutions 

For the compressible flow case, the equations of momentum and energy are 
coupled and must be solved simultaneously. The compressible flat plate boundary 
layer problem has been solved numerically by Mitchel (ref. 3). The formulation 
given here draws on the work of Mitchel, as well as that of Walker (ref. 4). 

The basic equations for the compressible boundary layer are 


/ du du\ dp , d / 

i, ( u ^ + %)=-* c + v r \ 

’ du\ 

"■Ty) 


(2-32) 

d(pu) ( d(pv) _ 0 
dx dy 



- (2-33) 

dt . dt\ d p d ( , dt' 

dx dy) dx dy\ dy, 


y) 

(2-34) 

p = p&t 



(2-35) 


The viscosity and thermal conductivity are generally assumed as functions of 
temperature only. As an example of such functions, the commonly employed 
power-law relationships will be used here, although of course any desired relation- 
ship could be readily substituted. The assumed expressions for viscosity and 
thermal conductivity are 

N 

p- = p-(t) = p o (tlt 0 )f (2-36) 

k = k(t)—ko(t/to)? 


(2-37) 
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where (Xo and ko are the viscosity and thermal conductivity at a reference tem- 
perature to. 

Equations (2-32) to (2-37^ constitute six equations in the six unknowns 
u, v, t, p, /a, and k. 

The boundary conditions on velocity for this problem are 

u(x, 0) =0 
v(x, 0) =0 
u(x,°°) = u oc (x) 

u(0, y) = ito»(0) (see appendix F) 

As in the incompressible case, only the commonly considered thermal conditions 
of constant wall temperature and constant wall heat flux will be used here, although 
any other temperature boundary conditions can easily be accommodated. For 
constant wall temperature the boundary conditions are 


(2-39) 


For constant wall heat flux, the temperature boundary conditions are 


t(x, °° ) = t„(x) 
t(0,y) = t o = t x (0) 

In equations (2-38), (2-39) and (2-40), the values of u„ and both of which are 
functions of x, are presumed known from the inviscid flow solution in the free 
stream. 

The next step in obtaining a numerical solution should be to put the basic 
equations and boundary conditions in dimensionless form. The dimensionless 
variables are chosen as 



t{x , 0) t w 
t(x, 00 )=<«(*) 
t(0, y) — to= to>(0) 
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(2-41) 


All quantities with subscript 0 are evaluated in the free stream at the leading edge. 

When these variables are inserted into equations (2-32) to (2—37), the dimen- 
sionless forms of these equations may be written as 


*( rr dU ^ix dU \- 1 dP ^ d { *dt/\ 

9 \ U dX + V dY) yM‘ 2 dX + dY\ 9 ' ay) 


(2-42) 


d(p*U) d(p*V) 
dX dY 



dX dY) 


y-i 

y 



PrdY 





(2-43) 

(2-44) 


P = p*T 
p* = Tf 
k* = Ts 


(2-45) 

(2-46) 

(2-47) 


where the free-stream Mach number at the leading edge is M 0 = «o/ Vy5?/o and 
the Prandtl number evaluated at the same location is Pr = p-oCp/k o. Equations 
(2—42) to (2-47) now constitute a complete set of dimensionless equations. 

The boundary conditions may now be written in dimensionless form. The 
velocity conditions are 
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U(X, 0)=0 
V{X, 0) 
U(X,co) 


V{X,0)=0 

_jUX) 


Uo 


= Ua,(X) 


U(0,Y) = 1 

For constant wall temperature, the temperature boundary conditions are 


T(X, 0) = T W 
r(A',oo)=^i=7’„(J) 

to 

r(o,F) = i 

For constant heat flux, the temperature conditions become 


} 




___ 

Y= 0 koto 


nX,*>) = T„{X) 

T( 0, Y) = 1 

The basic equations may now be written in finite difference form. An 
form is chosen. The difference equations are 


Pf.k 


Uj, 


AX 

p j +i nfl± 

yM\ AX 

+ 


U j+l 

, k+ 1 — l/j + l 

p-i] 


i,k 

2(Ay) 

J 


-+p* fc 

r t/ J+ i, fc+ . ~ 

2t/j + i,Ar“i~ £/j+i.*_i 

L 

(Ay) 2 J 

r p-f,k+i 

~ P-t,k- 1 1 

r Uj+i . fc+i Uj+i'k-i 1 

L 2 (Ay) J 

L 

2(Ay) J 


Pf+i,k+t^j+ 1 <k+i Pj.k-nUjik+i | Pj*-r l , k + 1 *'+i Pj+i, fr^O+i, » 

A* AY 


n* 

Pj ,k 


rr Tj+i'k — T;,k v Jj±U$±l ~ Zi+uizI 

j ’* A* 2(AF) 


_T 1 jj Pj+i~ P j . 1 , * Tj+i.t+i 27’j+i, +T J+ i, A,-i 

-y J ’ fc A* Pr J ’ fc L (Ay) 2 


(2-48) 

(2-49) 

(2-50) 

implicit 

(2-51) 

(2-52) 
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+ Pr 


r k*,k+i kfjc - 1 1 r Tj+i'k+i Tj+i, 


2(A Y) 




2(A Y) 




+ MZ (2-53) 

(2-54) 


p* = ij±L_ 
Pj+1 '* Tj+y,k 


Pf + y, k = (T } ^, k )f (2-55) 

* 7 +ll * = (7W)« (2-56) 

This finite difference representation presents distinct advantages in that all 
equations are linear in the various unknowns. Thus at each step the equations 
represented by equation (2—51) may be solved for the values of Uj+i lk , then 
equation (2-53) for the values of 7)+i equation (2—54) for p* +I k , equation (2-52) 
for fj+i , k , and finally equations (2-55) and (2-56) for p* + , k , and k* +l k . 

Before this solution can be carried out, it is necessary to express the boundary 
conditions in finite difference form. The only condition which it is necessary to 
discuss here is the heat flux condition in (2-50), which may be represented as 



~37j +1 ,o+47j + i, i Tj+i 

2(A Y) 



(2-57) 


The method of solution for the basic equations may now be presented. 

The momentum equation (eq. (2—51)) may be rewritten in a more convenient 
form as 


- -ptkV),* utk . 1 j, 

2(A Y) (AY) 2 4(AY) 2 J j+1 ’* 


f PtkVj.k 2p.* k I 

L AJ (AY) 2 _ 


Uj 


+ l,k 


Pj, k . k P** k P-* k + 1 f 1 * fc-1 1 jj 

2(AY) (AY) 2 4 (AY) 2 J u >+'- k+t 

_ Pf, k Uj, k 1 Pj+l ~ Pj 

AA yM% AX 


(2-58) 
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This equation written for k = 1 ( 1 ) n may be written in matrix form as 


j8, a, 


fjj+i, 1 



<*2 /Si a* 


f'j+l, 2 


$2 

<*3 03 fls 


Uj+ 1,3 



— — 

X 

— 

= 

— 

a„_i /3„~i fl„-i 


Uj+l, n-1 


1 



Uj+ l, n 


< fin YlnU o s ■ 


(2-59) 


where 



k P* j, k 

, (P*k +i -P?,k-i) 

2 (Ay) 

(AT) 2 

' 4(AT) 2 

p*X* 

, 2 P* fc 


AT 

(AT) 2 


Pj, kYj, k 

P*,k 

(P)-%+i ~P*,k- 1) 

2 (AT) 

(AT) 2 

4(AT) 2 


1 P J+ . 

~Pj 

AX 

yM 2 AX 


The matrix of coefficients in equation (2-59) is tridiagonal and the method of 
appendix A may be applied to solve for the values of Uj+y,k- 

The energy equation (eq. (2-53)) should be solved next and may be rewritten as 

\ -p*kVj,k i , i (*j%+. 

L 2(A Y) Pr(AY)* Pr 4(Ay) 2 J 


r pT' k Uj, k 2 k** ' 
L AX Pr (AT) 2 . 


Tj+\,k 


Pf,kVj,k 1 1 ] r 

2(AY) Pr(AY)* Pr 4 (AT) 2 J j+1>fc+1 
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_r~i 


Uj 


Jj±i — P) + ^ 
k AX Ky 


1 )Mfri 


* \ Uj+l,k+\ Uj+l,k-l ~\ 2 

2 (Ay) J 


(2-60) 


Equation (2-60) written for A;=l(l)n now may be expressed in matrix form. 
Only the constant wall temperature case matrix equation will be presented here 
since the constant heat flux case is only slightly different, and details of the 
matrix formulation can be readily extended from the discussion for the incom- 
pressible case temperature solution (section 2.1.21. 

The matrix equation is . 


ft n; 

4 



<f>l — ct[T w 

a 2 ft Yl 2 


Tj+ 1,2 


02 

ft ^3 


Tj+I, 3 





X 

— 

— 

— 

a n-l fti- 1 ^h- 1 


Tj+i, n-i 


011-1 

«» fin 


T j+\, n 


K-tt'nT,. 


(2-61) 


where 


-pf, k v } . k 
2(A Y) 


i k *k i 

Pr(AY) 2 + Pr 4(Ay) 2 


R ' - 


2 

n* 

Pa" 

AA 

+ Pr 

(AY) 

O ' - 

* A 

Q. 

1 

1 

k* 

K j.k 


2 (AT) 

~Fr 

(A Y) 

0 ;= 

— 1 

(“H 

1 

11 

Pj+ 

k 

i-Pj 

AX 


4 (Ay ) 2 


(y 




U J+ ,, k+l -U, 
2 (A Y) 


j+ 


1 . A— 1 j 2 


Again, as in the velocity solution, the matrix is tridiagonal and the method of 
appendix A may be used to solve for the T J+ u". 

With Uj+ t ,k and T J+ tyk known, the perfect gas law (cq. (2-54)) may be used 
to obtain the density as 
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* — P J + 1 

P j+ i , k . rp 

1 j+l,k 


(2-62) 


Next the continuity equation (eq. (2-52)) may be solved for the transverse 
velocities yielding 



This solution is started at the plate (K= 0) where Vj+ i,o=0 and marched out tc 
the free stream. 

Finally, the dimensionless viscosity and thermal conductivity are found 
from equations (2-55) and (2-56): 


Mj+i (Tj+i.fc )^ 

(2-64) 

h?+l,k = (Tj + \,k ) a 

(2-65) 


This solution at j'+l is now complete and the solution may be advanced another 
step downstream. The process may be continued as far as desired. 

The truncation error for both the momentum and energy equations is of ff(AY 2 ) 
and <9(AX). For continuity the truncation error is of @(AX) and (7(A Y). 

The difference representation given here is stable for all mesh sizes so 
long as V 3= 0. 

2.1.5 Compressible Flow— Nonlinear Finite Difference Representation 

Many finite difference representations of the momentum and energy equa- 
tions are possible, including a number which are not linear in the unknowns. 
These nonlinear representations, such as those used by Walker (ref. 4), must 
be solved iteratively, but their advantage is a possibly more accurate influence 
of the variable properties on the solution (i. e. , a possible use of larger mesh sizes). 
Except for the use of the iterative method, the solution for these representations 
is quite similar to that used for the linear difference equations. As an example, 
consider the following possible representations of the momentum equation (2—42) 
and the energy equation (2-44). The momentum equation may be written as 


oU [vj. 


Uj+ 1, k Uj , fc 

AX 


+ rj.i 


u. 


j+l,k+ 


I -Vi 


2(A Y) 


j+ 
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1 Pj+i — Pj i * 

~yM% SX + ^ +1 ' 




Uj+l,k+l —2Uj+l,k+ Uj+l,k-l 

(AF)* 


+ 


Pf+l,k+i M-j+i.fc-i 

\Uj+\,k+l T t7j+i,*-i 

L 2(AF) J 

[ 2(AF) 


( 2 - 66 ) 


And the energy equation becomes 

I 

n* Iff Tj+l,k Tj,k | r r Tj + i,Ar + i Tj+i jc-i 1 

9 ‘*[ a ‘* ix +Fj -* 2(4f) J 

j . 1 i * r Tj+i t k+i 2Tj +ifk + Tj+i t ic-i ~| 
Pr J+l ’ k [ (A F)* J 


:Cl 5 filCixi 
y J ’ AA 


+- 


[" k*+ i,fc+i — k*+i lk -i 

Tj+i , k +i Tj+ 1 , * _ i "] 

[ 2(AF) J 

L 2(AF) J 


■Ml 


(y-1) n* +t ' k 


Uj 


+1 ,k + l 


— f/i 


j+i ,fc~i 


2(AF) 


(2-67) 


The viscous term in equation (2-66) and the conduction term in equation (2-67) 
have been represented by using the dimensionless viscosity and thermal con- 
ductivity at the unknown (j+ 1) position. Since /x* + is afunction of temperature, 
equation (2-66) cannot be solved directly for the + values, and since k* +lik is 
also a function of temperature and appears in equation (2-67), this equation is 
no longer linear in 7j+i,fr. However, a straightforward procedure is simply to 
guess values for ar, d kf + , k (probably the values from the last column)., 

The properties are then considered as known and equations (2—66) and (2—67) 
may be solved in exactly the same manner as in the previous section for Uj+i,k 
and Tj+i, k . The property relations are then re-evaluated using the new values 
of Tj+i' k and the process repeated until the values of Uj+\, k and Tj+ itk agree 
with those obtained on the previous iteration to any desired degree of accuracy. 
In general, only a few iterations (less than 10) will be required to give good ac- 
curacy. The values of Vj+i,k can now be determined from continuity, equation 
(2—63), and another step taken downstream. The procedure may be continued 
as far downstream as desired. 

2.1.6 Compressible Flow — Heat Transfer Solution 

The heat transfer solution is identical to that for the incompressible case 
(section 2.1.3) except that k* 0 will appear in the heat flux expression. 
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2.2 AXISYMMETRIC BOUNDARY LAYERS 

For axial flow and heat transfer along a body of revolution, approximations 
to the basic equations of momentum, continuity, and energy result in two dif- 
ferent sets of equations of the boundary layer type. These two sets of equations 
correspond to two different physical situations. In one case the body has a radius 
of the order of the boundary layer thickness (i.e. , a slender body) and in the 
other case the radius of the body is large compared to the boundary layer thick- 
ness. In both cases it is assumed that there are no steep variations of radius with 
axial distance. 

For the large radius case, transverse curvature may be neglected in the 
momentum and energy equations and the equations are quite similar to those 
for two-dimensional flow. This led Mangier (ref. 5) to develop a transformation 
which maps the axisymmetric problem into an equivalent two-dimensional prob- 
lem. Since we have already discussed two-dimensional boundary layer solutions, 
the large radius solution will be considered as formulated and we shall not discuss 
it further. It should be noted that for compressible flow the Mangier transformation 
is only valid for perfect gases and constant specific heats. 

The formulation for the slender body will be of value for several reasons. 
The formulation is valid not only for slender bodies but also for axial flow alon$ 
a circular cylinder of constant radius of any size and includes the transverse! 
curvature effects which are of considerable interest (refs. 6 to 8). In addition, the 
difference equations derived here will also be valid for the axisymme»nc jet with 
moving secondary which will be discussed in chapter 3. 

The problem configuration and coordinate system are shown in figure 2—3. 
The inviscid flow solution around the body is assumed known, giving u„, and 
dpldz. The free stream velocity far upstream from the body is «o. Within the 
limitations of the assumptions (slender body, only small variations in radius) it 
is adequate to consider the coordinate system as the r, z — system rather than 
going to a curvilinear coordinate system in which the coordinates are normal 
and tangential to the surface of the body. Depending on the nose shape, the 
formulation given here may not be valid close to the nose of the body. 


2.2.1 Incompressible Constant Property Flow — Velocity Solution 


The equations of motion for the constant property incompressible flow 
problem are 


P 


< du ■ du\ dp 

V dz dr) dz 


1 du d 2 n\ 
,r dr dr 2 / 


( 2 - 68 ) 


du_l_ 1_ d(vr) 
dz r dr 


(2-69) 
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FIGURE 2-3. — Configuration for boundary layer flow on slender axisymmetrie body. 


The boundary conditions for the problem are 

u(r b , z)= 0 
u(°°, 2) = « 00 (z) 
v{r b , z) =0 

u(r, 0) ={40,(0) (see appendix F) 


(2-70) 


The problem must now be restated in dimensionless form. This can be 
accomplished by the following choice of dimensionless variables: 


<=! 

II 

f 

Z- Z *\ ! 

puoa * 1 


V= pva 

P 


(2-71) 

P — P — Po 

P“, o 2 

D ^ f 

^ ~~a 9 


In equations (2—71), a is a characteristic value of the radius. 



When these dimensionless variables are used, equations (2-68) and (2-69) 
become 


dU y dU_ d P 1 BU d 2 U 
u dZ + dR d Z + RdR + dR 2 


(2-72) 


dU 1 d(VR) 
dZ + R dR 


0 


(2-73) 
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The boundary conditions in dimensionless form are 

U(R b ,Z)=0 \ 

U(cc,Z) = ^^=U x (Z) / 

“° • } (2-74) 

V(R„,Z) = 0 l 

£/(/?, 0 )=^^ = £/„(<)) ! 

Ho 


A finite difference grid is now imposed on the flow field. This grid is shown 
in figure 2-4 for the case of a cylindrical body ( Rb= a constant) with A = 0 at the 
surface of the body. Variations in R b introduce certain computational difficulties 
which will be dealt with later. Equations (2-72) and (2-73) may now be ex- 
pressed in finite difference form as 


rr Uj+l , k Uj, k , » ■ , Uj+\,k+l Uj+l,k-i 

j ’ k AZ +Kj ' fc 2(A R) 


I'i + 1 Pj i 1 Uj+\,k+ i U]+i,k-i 

AZ R k 2(A/?) 


Uj + 1 , k +i —2Uj+i'k + £/j+),fc-i 

(A R ) 2 


U=o<Z) 



Figure 2 - 4 . — Finite difference grid for constant radius cylinder. 
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and 


Vi 


j+i, k + 


*-Uj. 
A Z 


*+i 


±(Z±h 

R k \ 


k+iRk+l ~ Pj+i, kRk 


A R 


-) = 0 


(2-76) 


Equation (2-75) may next be rewritten in a more convenient form as 


Vj.k 


+ ; 


1 


2 (AT?) 2R k (AT? ) (AT?) 

r r,," 


L_1 n . JUjjl, 2 1 
lT?) 2 J J+1>k ~' [az (a/?) 2 J 


rjk 1 LLl rr. JAi i 

|_2(AT?) 2T?*(AT?) (AT?) 2 J J+1 ’' £+ ' AZ 


+ 


f7j+i, *: 

Pj-Pi + i 


AZ 


(2-77) 


Equation (2-77) written for /c=l(l)n constitutes a set of simultaneous 
linear algebraic equations which may be written in matrix form as 


Pi n, _ 


U J+1 ,i 


<f> 1 

<X2 02 0-2 * 


u j+ 


<f>2 

«3 03 ^3 


Uj+1,3 


4> 3 


X 

— 

• = 

— 

** 11-1 fin-1 


Uj+i f n-l 


4>n- ) 

OCn fin 


Uj+l,n 


< pn fin ?7 oo 


(2-78; 


where 


a*r = — 


Vj.k | 1 1 

2(AT?) 2T?a(AT?) (AT?) 2 


/3 a: = 

Ofc = 

d>*- = 


UlJi , 2 

AZ (AT?) 2 

F„a- 1 

2(AT?) 2T?a(AT? ) 

A?.* 

AZ AZ 


1 

(AT?)* 
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The matrix of coefficients in equation (2-78) is tridiagonal and the method of 
appendix A may be applied to solve for the values t/j+i , k- 

The continuity equation (eq. (2-76)) may now be solved for Vj +1:k +i to yield: 

*W +I = *w(^)-ff ^(£W + .-£/;,* +I ) (2-79) 


Since Vj+i,o — 0, this equation may be solved in a stepwise manner from k = 0 
(the surface of the body) and marched out into the free stream, obtaining a value 
of Vj+i,k+i for each A ; . 

The solution may now be advanced downstream one A Z and the previous 
process repeated. In this manner the solution may be carried as far downstream 
as desired. 

The variation of the radius of the body with Z may slightly complicate the 
orderly advancement of the solution downstream. If Rb varies with Z, and at the 
axial station j the surface of the body is set on a mesh point, then at station j + 1 
the surface will not fall on a mesh point for arbitrary AZ. One possible solution 
is to transform to a coordinate system in which Rb does not appear to vary, but 
this is difficult to generalize, and the viewpoint taken in this report is to solve the 
basic equations directly without recourse to transformations. 

The method for accommodating Rb variations with Z which seems to best 
combine accuracy and simplicity is to let the surface of the body fall on the 
mesh where it may and call this point k — 0. Then at k= 1, the first mesh point 
above the surface, the difference equations must be slightly modified to account 
for the fact that the space between this point and the surface is only a fraction 
of a full A R (see fig. 2-5). The method for doing this is identical to that for changing 
to a different mesh size in a field and is discussed in detail in appendix D. The 
only modifications to the matrix equation (2-78) are in /3i and fl,, and these 
become 


13 , 


^i + r Fj] 

AZ + L J ’ 


1 ]f 1-5 ' 

8(AR) J[ 8(AR ) _ 


+ 


8(A R) 2 


(2-80) 


~Vj . , 

1 1 

( 8 \ 

2 / 1 \ 

. A R 

8(A RY _ 

\ 1 + 8/ 

(Aft) 2 \ 1 + 8 / 


(2-81) 


where 8 is the fraction of a full A R mesh space from the surface to the first mesh 
point above it. The only modification necessary to continuity (eq. (2-79)) is to use 
8{AR) in place of A R for A = 0. Note that the k = 0 point may shift as the radius 
changes. Care must be taken to incorporate this shift in k in the values in the 
yth column — for example, what was Vj,k before may be V j t * +1 now in reference 
to the new origin for k = 0. 





lb) — z 

(a) Overall view of mesh configurations. 

(b) Enlarged view of body surface crossing horizontal grid lines. 

Figure 2-5. — Mesh configurations for slender body of varying radius. 

Another problem becomes evident if the body is decreasing in size with 
increasing Z and the body surface crosses a horizontal grid line as occurs at 
two points in figure 2-5(a). In this case, the backward differences may be eval- 
uated by employing A Z ' instead of A Z as shown in the enlarged view in figure 
2-5(b), and by using the values of the variables at the surface of the body for 
f/j,i and Vj x (both are of course zero). 
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As in all external flows, the thickness of the boundary layer will determine 
where the edge of the numerical field should be and how many points are re- 
quired. This was discussed in detail in the flat plate boundary layer formulation 
(section 2.1.1). 

The solution will be stable for all U 5* 0. For U < 0, it is necessary that 


AZ _ 1 

| t /| ( A /?) 2 35 2 



(2-82) 


(2-83) 


These stability criteria were obtained by Hornbeck (ref. 9). 

The truncation error of the momentum equation is of £?(A Z) and d7(AR 2 ). 
For continuity the truncation error is of 6{AZ) and R). 


2.2.2 Incompressible Constant Property Flow — Temperature Solution 
The energy equation corresponding to the slender body assumption is 


pc p 


dt dt 

, dz dr 



dH 1 dt 
dr 2 r dr 


) 


(2-84) 


As in the flat plate case, only the common temperature boundary conditions 
of constant surface temperature or constant surface heat flux will be considered 
here. However, any other conditions may be readily substituted. The boundary 
conditions are 


or 


and 


I t{r h , z)' = t w (constant surface temperature) 



(constant surface heat flux) 


t (° », z)=t x (z) 
t(r, 0) =t*(0) 


(2-85) 


The following dimensionless variables may now be defined: 
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or 


V = u/uo 
V _pva 

T 


ZfJ. 


a 2 puo 


t t u 


t -x. tu 


R - rja 

(constant surface temperature) 


T = — (/ — t x ) (constant heat flux) 
qa 


Equation (2-84) in dimensionless form becomes 


dT dT _ l / d 2 T 1 dT\ 

U dZ + y dR Pr[dR 2 + R dRJ 


and the boundary conditions written in dimensionless form are 


or 


T{R„,Z)= 0 
T(R, 0) = 1 
T(*,Z) = 1 

1 

T{R, 0)=0 
r(co, z)=o 


(constant surface temperature) 


) (constant wall heat flux) 


Equation (2-87) may be written in finite difference form as 


IT T, + I . A ~ Tjj,- y Tj+ljc+t — Tj+ l,k- 
Vj,k +Vj,k 


2(A R) 


Pr 


Tj+i,k+i 27j+i,fc + Tj+\ y k - 1 , 1 

(A R)* R k 


Tj+i'k+i — Tj+ U k- 

2(A R) 


i 


This may be rewritten in a more useful form as 


( 2 - 86 ) 


(2-87) 


( 2 - 88 ) 


(2-89) 
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r Kjjl 

2(A R) 


i ^ i i r Uj, k i 2 i „ 

2(Pr)R k {AR) Pr(AR) 2 } J+1 ’ [ AZ Pr(AR) 2 \ j+ 

[ Vj.k 1 1 1 T _ Uj,kT),k 

|.2(A/?) 2(Pr)R k (AR) Pr(AR)* \ j+1 - A + 1 AZ 


1 ,k 

(2-90) 


The finite difference form of the heat flux condition in (2-88) is 

dT _ — 37j+i, o + 4'Tj+i t i — T j +\ , 2 _ _ . 
5/? 2{AR) 


(2-91) 


The finite difference form of the remainder of the boundary conditions is self- 
evident. 

Equation (2-90) written for k= l(l)n along with the proper boundary condi- 
tions constitute a set of algebraic equations which may conveniently be written in 
matrix form. Only the constant surface temperature case will be given in matrix 
form here. The modifications necessary for the constant heat flux case are identical 
to those for the flat plate case (section 2. 1.2) and will not be repeated. 

The matrix equation for the constant surface temperature case will be 


Pi n; 


Tj+ 1, i 


fa 

«2 p.: 


Tj+1,2 


fa 

a 3 Ps Vl 3 


Tj+\, 3 


fa. 



X 

. 

— 

— 

a n- 1 Pn-l Vl„_ i 


Tj+ 1 , n_i 


fan-, 

fa P'n 


Tj + l , n 


4 > n~Vl n 


where 


, . -Vj.k 1 1 

* 2(AR) 2(Pr)R k (AR) Pr(AR) 2 


«=%?+ 


(2-92) 


SK = 


AZ Pr(AR) 2 
Vj, k 1 


k 2(A R) 2{Pr)R k (AR) Pr(AR) 2 ' 
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If the method discussed in the velocity solution section to allow for /?* varia- 
tions with Z is used, then fi[ and flj must be modified to become 


n; = 


Uhi 

AZ 


T v- i IT-I 

. J ’ Pr(8)(AR)][S( 


-8 


1 


/V(8)(AP) J L 8(AR) J 8(Pr)(AR) 2 


F y j.i i 

( 8 ) 

1 2 ( 

. AR Pr(8) {AR ) 2 . 

1 1 + 8 J 

1 Pr(AR) 2 \ 


(l h) 


(2-93) 

(2-94) 


The matrix of coefficients in equation (2-92) is tridiagonal, and the method of 
appendix A may be applied to solve for 7j+i,A- at each step downstream. 

For the constant heat flux case, a,' also appears and is given by 


-2 


a. = - 


* ( Fj>1 Pr(8)(AR) ) (i 


1 


8(Pr) (1 + 8) (AR) 2 \ Pr(8)(AR) ) \ 8(1 + 8) (AR) 

The heat flux expression (2-91) becomes 


) (2-95) 


dT 

dR 




-(i+ 28)r j+1 ,o+(i + 8)^ +1 , 1 — (8)»r J+ , |t 

8(1 + 8) AR ( ’ 


As in the velocity solution, if the body surface crosses horizontal grid fines as 
shown in figure 2~5(b), then AZ'may be employed in evaluating the backward dif- 
ferences and Uj, i, Vj, i, and 7j, i are evaluated at the surface of the body. The 
quantities U j, i and V j f i are zero, and Tj, \ will be known for the constant wall 
temperature case and may be found by linear extrapolation of the surface tempera- 
tures at the two preceding axial steps for the constant wall heat flux case. 

The temperature formulation for the axisymmetric boundary layer problem is 
universally stable. The truncation error of the finite difference representation is of 
<?(AZ) and<?(A/0 2 . 

2 . 2.3 Incompressible Constant Property Flow— Heat Transfer Solution 

The heat transfer solution for the slender body of revolution is identical to that 
for the flat plate (section 2.1.3) except that the characteristic length L is replaced 
by the characteristic radius a. 

2 . 2.4 Compressible Flow — Velocity and Temperature Solutions 

As in the two-dimensional case, a perfect gas has been assumed and the 
viscosity and thermal conductivity relations have been assumed as a simple power 
law. These relations between properties are for illustrative purposes only and any. 


459-174 0 - 73 -4 
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other relationships may be substituted. The coupled fundamental equations 
for the compressible flow — slender body case are 


( du du\ dp . 1 d / du\ 

± + 7Tr\ 1 "^) 

i 

(2-97) 

d{pu) f 1 3 (pm) Q 
dz r dr 


(2-98) 

( dt dt\ d/? ,13 / 

+V Vr)~“X + ~rJ?( ir ^) + l11 

/ 3u\ 2 
\.3r ) 

(2-99) 

, P = pSlt 


(2-100) 

p= p(t)= po(tit 0 y 


(2-101) 

k='k(t)=ko(t/t(,) a 


(2-102) 

The velocity boundary conditions are assumed to be 




u(r b , z)=0 v -'- 

v(r b , z)=0 

u(r, 0) =u x ( 0) (see appendix F) 
u( oo, z) = u x (z) 


(2-103) 


As examples of typical temperature boundary conditions, constant surface 
temperature and constant surface heat flux will be considered here. For constant 
surface temperature the boundary conditions are 


t{r„, z)=t w 
t(r , 0) =«„(0) 
<(°°, , z )=ijz ) 


(2-104) 


and for constant heat flux, 


t(r, 0) =t x (0) 

f(°°, z)=t x {z) 


(2-105) 
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The dimensionless variables which seem to offer the most advantages are 


U = ~ 

Uq 


poiloa * 


y_p 0 va 

r= l 

p 0 

a 

T = ~ 

k*=~ 

to 

k o 

■ p=£- 

u* = — 

P 0 

p 0 


p*=— 


p° 

are used, equations (2-97) to (2- 

(u*E v dU) 

1 dP 1 

[ U dZ + V dR j 

' yM\ dZ R i 


(*•-?) 


(2-106) 


^("* r D 


d(p*U) 1 d(p*RV) 
dZ R dR 

p * ( jj — +V — ^ = T~ \ u — L_ — ( \ 

p \ dZ dRJ y u dZ {Pr)RdR\ k dR) 


(2-107) 

(2-108) 




P = p*T 
p* = (T)f 


(2-109) 

( 2 - 110 ) 

( 2 - 111 ) 


k*=(T)a (2-112) 

where the Mach number evaluated at to is Mo = u 0 l Vy^to, and the Prandtl 
number evaluated at to is Pr = poc P /ko. 

The boundary conditions on velocity in dimensionless form are 

U{R b ,Z)= 0 
V(R b ,Z)= 0 

U('x>,Z) = u x (Z)luo= U*{Z) 

U{R, 0) = f/ x (0)/ao= t/»(0) 


(2-113) 
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and those on temperature for constant surface temperature are 


T(R, 0) = 1 

T(°o, Z)=t„{Z)lt 0 = T„{Z) 
T{Rb, Z) = t w /to = T w 

or for constant heat flux 


(2-114) 


T(R, 0) = 1 

T(cc,Z) = t x (Z)lto=T»{Z) 

dR R = R b koto 


(2-115) 


Equations (2—107) to (2-112) may now be written in difference. form. An implicit 
representation is used for momentum and energy and all representations are 
chosen in such a way as to make all difference equations linear in the various 
unknowns. The difference representations of equations (2-107) to (2-112) are 




- — 4- V- i 
A Z + J ’ 


Uj + l,k + l ~ Uj + l,k-l ' 

2A R j 


_ 1 Pj t- 1 ~~ Pj | * Uj+l,k + l ~ 2Uj+l,k + Uj+\,k-\ 

yMl A Z L (A /?) 2 


+ 


1 Uj + l,k + l U j+\,k- 




+ 


' Hk+i ~ i l " 

2(A R) \ _ 


k - 1 ] \ Vj+l,*+l ~ Uj+\,k- 


2(AR) 




(2-116) 


+ Pj,k^j> k Pj + l,k + i^ k + , ^j + i ’ k+l Pj+l , k^ h '^j +1 ’ t _ r. 19 — 117 t 

A Z R k {AR) 1 ’ 

n* T T! Ti + l.k — Tj'k . T, Tj+l'k + i — Tj+i'k -1 1 _y— 1 J, Pj + i~Pj 
Pj,k[ u J,k ^ +Vj,k r y Uhk AZ 




\ ]j±Ld£±l ~27j + i , k + Tj+i , fc-1 

l W , (A«) 2 


1 Tj+ 1 , fc+i ~ Tj+i'k-i 

Rk 2 (Ai?) 


+ 
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f ?}+i,*+i 7}+!,*-! it 

L 2(A/0 . 

L 2 (A/?) Jj 


•(7-1 )M>l k 


Uj + \,k-vl — Uj + \,k-\ 

2(A R) 


P* + 1,. = ^- (2-H9) 

( 2 - 120 ) 

**+..*= (*W)' (2-121) 

As in the two-dimensional case discussed in section 2.1.4, these equations 
may be solved successively in the following order which essentially decouples 
them: equation (2—116) for the Uj+i,) t’s, equation (2—118) for the 7)+i,*’s, equation 
(2-119) for the p* +1 ,*’s, equation (2-117) for the Vj+i,k’s and finally equations 
(2-120) and (2-121) for /x* +lfc and k* +l k . 

The only boundary condition for which the finite difference form need be 
discussed is the heat flux condition in equation (2-115). This may be represented 
by 


* — 3Tj+ 1, o + 47* j + 1 , i — Tj+ 1,2 ~ ~ Q (l 

J '°L 2(A/?) * koto 


( 2 - 122 ) 


The relation (2-122) must be solved simultaneously with the energy equation 
(2-118). 

Equation (2—116) may be rewritten in a more useful form as 


r n * y lf * 

Pj, j, k M-j, k 


* — II* 

, r'j , ft + 1 P'jtk — 1 

L 2(A R) (A/?) 2 

' 2{R k )AR 4(A R) 2 

. r pj.kVj.* 


TJ \Pi,kVj.t 

+ L A Z 

(ar) 2 J 

Uj+1 ’ k + [ 2 (AT?) 

M* fc+ 1 - 


1 Pi 

JJ: ...... 


yM 2 A Z 


(2-123) 


Equation (2—123), written for A;=l(l)n, now constitutes a complete set of equa- 
tions for the values of Uj+ j,*. This set may be written in matrix form as 



44 


NUMERICAL MARCHING TECHNIQUES 


fii n, 


Uj + 


01 

OC‘2 fi 2 ^2 


Uj+l,2 


02 

Oi3 fis 0 3 


Uj+ 1,3 


03 



X 

— 

'= 



^w-1 fin— 1 1 


Uj+1 ,n- 1 . 


0n-l 

OCn fin 


U j + l, n 


'0n fl n Z7 x 


(2-124) 


where 


2(A ft) (Aft) 2 2(ft A )Aft 4(A ft) 2 


Ph kUj, k 2tL* k 

A Z (AR) 2 


pf.kVj.k P-f, k P*k P*kU-Hj.k-, 
2(A R) (AR) 2 2(R k )AR 4(A ft) 2 

1 Pj^-Pj P* k Vlk 

yM 2 A Z A Z 


The coefficient matrix of equation (2—124) is tridiagonal, and the method of ap- 
pendix A may be applied to solve for the values of Uj+ 1, k - 

The energy equation (eq. (2—118)) may now be rewritten as 


' p£ kVj, k 


k£ k 


; + 


k * , 

K Jy k 


+ 


k£, 


ktk- 


2 (Aft) (Pr) (Aft) 2 2Rk(AR) (Pr) 4(Pr)(Aft) 2 J 


Tj 


j+l, k - 1 


+ 


pf.kVj.k 

_ 2(A ft) 


+ |_ AZ 

+ (Pr)(Aft) 2 . 

J 7j+ 1 , 

k£k 

k* 
K j, k 


(Pr)(AR) 2 

2Rk(AR)(Pr) 

4(/V) (AR) 2 


l j+l, A + l — 
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y-l rj P J+l -Pj , P* k Uj, k Tj, k 
" Ui - k ~K^ + A Z 


+ (y-l)M^* k 


Uj+\,k+t U j+l,k- 


2 (A/?) 


i.fe-i 2 


(2-125) 


Equation (2-125) written for A:=l(l)« along with the proper boundary condition 
at k = 0 constitutes a complete set of equations in the values of Pj+i , * . This set 
of equations may now be written in matrix form. Only the constant surface tem- 
perature formulation will be given here. The constant heat flux matrix form and 
method of solution can be readily inferred from the two-dimensional incompressible 
case given in section 2.1.2. The constant surface temperature matrix equation is 


fi[ nj 


Tj+i,i 


T 

«2 ^2 ^2 


Pj +1,2 


<t>2 

a 3 fl 3 


Pj +1,3 


4*3 

— — — 

X 

— 

= 

— 

a n-l fin- 1 ^ n-l 


7j + l, n-l 


4>n-\ 

fin 


Pj+l,n 


4>n'~ Pl„Px 


(2-126) 

where 


,_-ptkVj,k 


L* 

K j,k 


:+ 




+ 


i.* _ L* 

j , k + 1 K j , 


k - 1 


2(AK) ( Pr)(AR ) 2 2R k (AR)(Pr) 4(Pr)(AK) 2 


fi'k = 


P?.kUj,k 2k* t k 

A Z Pr{AR) 2 


k* k+I — k* k _ l 

k 2(AR) (Pr)(A«) 2 2« fc (A/?)(Pr) 4(Pr)(A/?) 2 


<K = 


y i T1 Pj + 1 Pj i pf,kUj,kPj> 


u jik 


&z 


+ - 


AZ 


-+(y-l)M 2 p.* fc 


f/,- 


j+i , fc+ 


2(AR) 


+ l,k- 


The coefficient matrix of equation (2-126) is tridiagonal and the method of appendix 
A may be used to solve for Pj+i, k . 

Equation (2-119) may now be used to give P* +1 ,* at each point. 

The continuity equation (2-117) can be solved for E}+i,*+i to give 
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Vj+l, k+1 — 


Pj+1 , k^k 

Pj + 1, k+1 Rk+1 


/A «\ 
*W+(t7f) 


\A Z/ pf +lk+ Jl k+i 
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R k 


— n * 


P*+i, k Uj+ i; k ) (2-127) 


Equation (2-127) may be marched outward from the surface (k = 0) to give all 
values of Fj+i.t+i- 

Finally, equations (2-120) and (2-121) can be solved for Mj+i, * and k*+i, *■ 

If Rb is a function of Z, then the difficulty of the surface not falling exactly 
on a mesh point will be encountered. The method of attack applied here is the same 
as that described in section 2.2.1 for the incompressible case. The matrix equations 
(2—124) and (2-126) must be modified to account for the partial grid space at the 
surface. As before, 8 is the fraction of the grid space adjacent to the surface. The 
modifications are, for equation (2-124), 


PtxUi.1 PtxV}. .(1-8) 2/i.y, 

AZ 8(A R) S(Art) 2 

(1 — , 

8 2 (A R) 2 


(pL-pIqUi-s) 

28 2 (A/?) 2 


(2-128) 


where 


(1 + 8)(AR) (1 + 8) (Art) 2 2(1 + 8) (A/?) 2 


(2-129) 



(1-8)+ 2^,^) 


and the modifications to equation (2-126) are, for constant surface temperature. 


P| A Z 8 (Art) (rtr)8(Art) 2 


(1 -8)k* tl {k* Q -kj, o)(l-8) 


n; = p h' v hi 8 . 


(rtr)8 2 (Art) 2 

3^. 


2(rtr)S 2 (Art) 2 


(1 + 8) (Art) (1 + 8) (Pr) (A/?) 2 2(/V) (1 + 8) (Art) 2 


(2-130) 

(2-131) 


and 
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<f>{~aIT u =—- — ~Uj' 
y 


Pj+i-Pj P*iUj.iT jlt 
AZ + AZ 


+ (y-i -)«K, 


1 

/ S 2 

Uj+\, i (1 — 8) 4- f/j+i, 2 ' 

<1 + 8/ 

L 8(AR) 

_ 


r 2 **. , 

L 8(8-hl) AP 8(1 + 8)(Pr)(AP) 2 8*(1 + 8) (Pr) (AP) 2 




+ 


kto-kr, 0 


2(Pr)(8+l)8 2 (AP) 2 


] 


(2-132) 


where 




For constant wall heat flux, an expression for a', is also needed along with modi- 
fications of 4>i and the heat flux expression. The necessary quantities are 


2 **- I k *' 

1 8(8+l)AP 8(1 + 8) (Pr) (A/?) 2 8 2 (1 + 8) (Pr) (AP) 2 


+ 


ju* _ r* 

o 


2(Pr)(8+l)8 2 (AP) 2 


(2-133) 


7-1 Pt+t-Pj pJ,Cfj.,r Jfl 

— AZ + A 2 


o 


j 

1 8 2 

i(l — 8) + Uj+i , 2 ' 

a+s/ 

L 8{AR) 



and the heat flux condition 
dT 


-k* 


dR 


= —k* li+Ad . 
K j, o 

R = R h l 


Pj +1 ,i(l + 8) 2 — Pj+i, 2 (8 2 ) —Tj+i' o(l + 26) 

8(1 + 8) (AP) 


(2-134) 
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For details of handling the constant heat flux case see section 2.1.2. 

When all quantities have been obtained at the station (/+1), the solution 
may be advanced downstream one AZ and the process repeated. The representa- 
tion is universally stable for all U > 0. The truncation error is of (7(A R 2 ) and(!?(A Z) 
for momentum and energy and of &{AR) and G(AZ) for continuity. 

2 . 2.5 Compressible Flow — Heat Transfer Solution 

The heat transfer solution is identical to that for the incompressible case 
(section 2.2.3) except that k* 0 will appear in the heat flux expression (see eq. 
(2-135)). 


2.3 OTHER PROBLEMS WITH A SIMILAR FORMULATION 
2.3.1 Wake Behind a Flat Plate 

The problem is illustrated in figure 2-6. Rouleau (ref. 10) solved the incom- 
pressible wake problem using a finite difference formulation similar to that to 
be presented here in order that he might evaluate the finite difference results in 
comparison with the classical solution of Goldstein (ref. 11). The formulation is 
virtually identical to that for the flat plate boundary layer with dp/dr=0 except 
that the boundary condition 

U(X, 0)=0 

for the boundary layer problem is replaced by 

3f/ 

jf(X,0)=0 (2-136) 

Because the additional unknown Uj+ 1,0 has been introduced, it will be necessary 
to write the momentum equation at F=0. Consider, for example, the incompres- 
sible case. The momentum equation in difference form at T=0 may be written as 


Uj, 0 


U)+1,Q — U)',0 

AX 


■Vi. 0 


£ 1 * 1,1 Ua 


j+u-1 


2(AF) 


£/*!,! 2I/)- + i,o + I/j>i,-i 

(AT) 2 


(2-137) 


The boundary condition (2—136) in difference form is 


$ 


£6+1,1 £6+i, -1 

2 (AY) 


= 0 


(2-138) 
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Figure 2-6. — Wake behind flat piate. 


and hence 


Uj+\, i — Uj+t,-\ 

When equation (2-139) is used, equation (2-137) may be rewritten as 

•£/,+■■ o l 


tt Ui+i,o~ Uj,o „ Uj+ 1,0 

Uj ’° AX -2 L (AK) 2 J 


(2-139) 


(2-140) 


Ui, o 2 ' 

_AA (AF) 2 


t/j+ 1 , o + 



(2-141) 


This equation, along with the momentum equation (2— 10), written for &=l(l)n 
now forms a complete set of algebraic equations for the values of £/j+i,fr- The 
resulting matrix equation, in which equation (2-141) now forms the top row, 
retains the desirable tridiagonal form of the coefficient matrix. A similar change 
must be made for the energy equation, with a symmetry condition d7’/dF=0 
applying at F=0. The extension to the compressible case is straightforward. In 
all cases the velocity profile used for starting the solution at the end of the plate 
will be a boundary layer profile, obtained either by the numerical methods of this 
chapter or by classical analytical techniques. 
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2.3.2 Two-Dimensional or Axisymmetric Body With Suction or Injection at 
the Surface 

The only change to the formulations given in this chapter to accommodate 
suction or injection at the surface is that instead of the transverse velocity being 
zero at the surface of the body a transverse velocity is specified. For the two- 
dimensional case 

V(X,0) = V a (X) (2-142) 


and for the axisymmetric case v 

V(R b ,Z) = V w (Z) (2-143) 

where V w can be any desired function of the axial coordinate. No changes in the 
difference equations are necessary. 


2.3.3 Tangential Jet Adjacent to a Wall 

The problem configuration is shown in figure 2-7. Tangential jet injection has 
recently received considerable attention as a means of providing boundary layer 
and heat transfer control (refs. 12 and 13). 

Several minor modifications to the two-dimensional formulation are necessary 
in order to consider this case. The dimensionless variables should be redefined so 
that the characteristic length L is replaced by the jet height d, and the proper ve- 
locity and temperature profiles must be used at the “leading edge” (actually any- 
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where on the surface that the jet is injected). This initial profile may be expressed 
as 

U(0,Y) = u„(Y)lu o =U ll (Y) for Y =£ 1 (2-144) 

and 

T’(0,Y) = uU0)lu o =U^(0) forY>l (2-145) 

Possibilities for U P (Y) include a uniform profile of any desired magnitude or a para- 
bolic profile. It is also possible to modify equation (2-145) to represent a Blasius 
type profile corresponding to the situation of a jet injected somewhere downstream 
of the leading edge of the plate where a boundary layer has already begun to de- 
velop before the jet is reached. A very wide variety of boundary conditions on tem- 
perature are possible so none will be discussed in detail here, but their applica- 
tion to the finite difference problem is straightforward. 

It should be noted that difficulties have been encountered by the author and 
others when jet velocities become very large compared to the secondary velocity. 
This difficulty generally is manifested as an oscillatory character of the profile in 
the mixing region of the jet and secondary. This phenomenon has not yet been 
satisfactorily explained. 

2.3.4 Boundary Layer Flows With Body Forces (MHD, EHD, etc.) 

A large class of problems in which there is a body force on the fluid may be 
approximated by using an equation of motion for two-dimensional flows of the 
form 

/ du du\ d p d ( du\ . 

* 1“ r, + v T r ) ~~ di + r y v* ^ : ^ ' c) (2 ' i46) 


where F is the body force on the fluid. An equivalent equation for axisymmetric 
flows is 


P 


( du . du\ dp 1 d 

I u hi; — =— 

V dz dr) dx r dr 



+ F{r,z, u, v) 


(2-147) 


A complete discussion of magnetohydrodynamics and electrohydrodynamics 
cannot, of course, be undertaken here; the reader is referred to any of the stand- 
ard references such as Pai (ref. 14) or Hughes and Young (ref. 15). However, 
the problems encountered may be placed in two broad categories; those in which 
the form of the body force as a function of the velocity may be determined without 
simultaneously solving for the velocity distribution (that is, where the induced 
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fields are small compared to the applied fields), and those in which the solution 
for the velocity distribution and the body force distribution must be obtained 
simultaneously. 

If the induced fields are neglected, then the body force distribution as a 
function of velocity may be; inserted in equation (2—146) or (2-147) and, with 
some variations to allow for the form of the body force, the fluid flow and heat 
transfer problems may be solved essentially as before. The continuity equation 
will be unchanged, and the proper form of the energy equation (refs. 14 and 15) 
must be used. A number of different forms of the body force distribution may be 
encountered. If the body force is a function of position only, it adds only to the 
right side of the difference representation of the momentum equation and does 
not affect the method of solution at all. If, as is often the case, the body force is 
a Unear function of u, then the only change in the difference equation is an addi- 
tion to the coefficient of in the difference equation. If the body force were 

a nonlinear function of u or v then it would be necessary to employ an iterative 
method to obtain a solution to the resulting set of difference equations. The 
methods discussed in the next chapter for jet flows with zero secondary velocity 
may be useful in this context. „ 

If, for incompressible flow, the induced field effects must be included and it 
becomes necessary to simultaneously solve for the velocity and body force dis- 
tributions, then the difference forms of both the equation of motion and the nec- 
essary field equation (e.g., one of Maxwell’s equations) must be solved simul- 
taneously. The resulting difference equations, at least for MHD, will be linear. 
The matrix of coefficients will not be tridiagonal, however, so the solution will 
necessarily be somewhat time consuming. An iterative method in which all 
off-tridiagonal terms are evaluated at the last iteration may be found useful. 

If the flow is compressible, the energy and continuity equations will have to 
be solved simultaneously with the equation of motion and field equations, and an 
iterative scheme becomes almost mandatory. 

2.4 EXAMPLE PROBLEM-FLAT PLATE BOUNDARY LAYER 

As an example of the use of the numerical technique and of the problems 
which may be encountered near a leading edge, we shall now consider the classical 
problem of the incompressible boundary layer on a flat plate. 

Since for the flat plate case dpi Ax = 0, the dimensionless form of the differen- 
tial equations of motion and the associated boundary conditions (eqs. (2—5) to (2—7)) 
become 


jj dU y dU_ d 2 U 

ax ay ~ W 2 


dX 3Y 


(2-148) 


(2-149) 
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U(X,0)= 0 
F (*, 0)=0 
U(X,0 0) = 1 
U(0,Y ) = 1 

With the similarity transformation 

Y 

V ji / 2 


(2-150) 


(2-151) 


equation (2-148) may be transformed into a total differential equation, the solution 
of which is the Blasius series (see Schlichting, ref. 16). This solution is shown as 
the dotted line in figure 2-8. 

Numerical solutions to the set (eqs. (2-148) to (2-150)) were obtained using the 
difference representations (2-8) and (2-9). The U velocity profiles are shown as 
solid lines in figure 2—8. The mesh sizes used were AX= 0.001 and AF= 0.025 
with n = 80 (i.e. , with 80 increments from the plate to the free stream). 

If the numerical solutions were exact (no truncation or roundoff error), then 
when plotted as a function of rj all values U(i)) should fall on the same curve, and 
that curve would be the one obtained from the Blasius series. In actuality, since 



layer. 
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the boundary condition at the leading edge is. such that the velocity at the plate 
drops abruptly to zero, two sources of error are introduced. The first of these is 
truncation error, since only a few mesh points in the transverse direction will be 
affected due to the thinness of the boundary layer at the first step downstream of 
the leading edge. The second, and far more serious, error is introduced by the fact 
that the leading edge is a singular point, and hence the solution in the neighborhood 
of that point cannot be adequately represented by a Taylor series expansion. Since 
a finite difference representation is simply the first few terms of a Taylor series ex- 
pansion, it cannot be expected that a finite difference solution will be accurate in 
the neighborhood of the leading edge. The solution should improve in accuracy as 
more downstream steps are taken and the singularity left behind. 

The curves shown in figure 2-8 demonstrate the expected behavior. The in- 
fluence of the singularity is very strongly felt at 1 step and 10 steps (although the 
boundary layer thickness is surprisingly good). After 100 steps (at A=0.10), the 
numerical solution deviates from the Blasius solution by at most about 6 percent. 

The question now arises as to how the effect of the singularity may be confined 
to the region close to the leading edge. To help to answer this question, a numeri- 
cal solution was then obtained using AA = 0.00025; one-fourth of the value of AX 
used in the previous solution, with AY and n remaining the same. Curves virtually 
identical to those shown in figure 2-8 were obtained when the same number of 
AX steps were used. This was true despite the fact that these curves were ob- 
tained at an X value only one-fourth of that at which the prqvious profiles were ob- 
tained. This result indicates that the downstream effect of the singularity is a 
function primarily of how many AX steps are taken from the leading edge and not 
the value of A. The effect of the singularity may thus be confined to the region very 
close to the leading edge by simply taking a large number of steps with a small AX 
in that region. 

A common criticism of the approach employed here, in which the partial differ- 
ential equations are solved directly, is that it is not an effective way to obtain very 
accurate answers, due to the leading edge singularity and the effects of large varia- 
tions in boundary layer thickness along the plate. As mentioned in chapter 1, a 
change to boundary layer coordinates is helpful in overcoming this problem, and 
many numerical schemes of varying complexity have been evolved which are 
based on this transformation. However, since the approach taken in this book is 
to solve the partial differential equations directly without transformations, it was 
felt worthwhile to determine the mesh sizes and computer time required in order 
to obtain an accurate solution by this direct approach. After some experimentation, 
results were obtained for the U velocity distribution which varied from the exact 
solution by no more than two digits in the third decimal place (less than 0.5 percent 
error). This solution required mesh sizes as follows: AX = 1.5 X 10~ 5 , AF= 0.003425 
up to k = 180, and AF= 0.01370 from k = 180 to k = n— 320 (a total of 320 transverse 
mesh points; see appendix D for details of employing two different transverse mesh 
sizes). Five thousand steps were taken in the downstream (A) direction from the 
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leading edge to reach Z = 0.075 where the comparison with the exact solutions was 
made. This procedure took slightly over 2 V 2 minutes of high speed digital com- 
puter time. This time coulcfhave been shortened considerably if a variable num- 
ber of transverse mesh points were used, depending on the local boundary layer 
thickness, but in the interests of simplicity a constant number of transverse mesh 
points was employed. 


REFERENCES 

1; Bodoia, John R.: The Finite Difference Analysis of Confined Viscous Flows. Ph.D. Thesis, Car- 
negie Inst. Tech., 1959. 

2. Ralston. Anthony-. A First Course in Numerical Analysis. McGraw-Hill Book Co., Inc., 1965. 

3. Mitchel. Barry J.: Finite Difference Solution of the Development of Transpiration-Cooled 

Hypersonic Laminar Boundary Layers, Ph.D. Thesis, Carnegie Inst. Tech., 1961. 

4. Walker. M. L., Jr.: Laminary Compressible Flow in the Entrance Region of a Tube. Ph.D. Thesis, 

Carnegie Inst. Tech., 1965. 

5. ManCLER. W.: Zusammenhang zwischen ebenen und rotationssymmetrischen Grenzschichten in 

kompressiblen Fliissigkeiten. Zeit. f. Angew. Math. Mech., vol. 28, Apr. 1948, pp. 97-103. 

6. Glauert. M. B.; and Lichthill, M. J.: The Axisymmetric Boundary Layer on a Long Thin Cyl- 

inder. Proc. Roy. Soc. (London), Ser. A, vol. 230, No. 1181, June 21, 1955, pp. 188-203. 

7. Seban. R. A.; and Bond, R.: Skin-Friction and Heat-Transfer Characteristics of a Laminar Bound- 

ary Layer on a Cylinder in Axial Incompressible Flow. J. Aeron. Sci., vol. 18, No. 10, Oct. 1951, 
pp. 671-675. 

8. Eshghy. Siavash; AND HornbeCK. Robert W.: Flow and Heat Transfer in the Axisymmetric 

Boundary Layer Over a Circular Cylinder. Int. Heat Mass Transfer, vol. 10, No. 12, Dec. 1967, 
pp. 1757-1766. 

9. HoRNBECK. Robert w.: The Entry Problem in Pipes with Porous Walls. Ph.D. Thesis, Carnegie 

Inst. Tech., 1961. 

10. Rouleau. Wilfred T.: Finite Difference Methods for the Solution of Fluid Flow Problems De- 

scribed by the Prandtl Equations. Ph.D. Thesis, Carnegie Inst. Tech., 1954. 

11. GOLDSTEIN. S.: Concerning Some Solutions of the Boundary-Layer Equations in Hydrodynamics. 

Proc. Cambridge Phil. Soc., vol. 26, Jan. 1930, pp. 1-30. 

12. ScheTZ. J. A.; and Jannone. J.: Initial Boundary Layer Effects on Laminar Flows with Wall 

Slot Injection. J. Heat Transfer, vol. 87, No. 1, Feb. 1965, pp. 157-160. 

13. Libby. Paul A.; and Schetz. Joseph A.: Approximate Analysis of the Slot Injection of a Gas 

in Laminar Flow. AIAA J., vol. 1 , No. 5, May 1963, pp. 1056—1061. | 

14. Pai. Shih-L: Magnetogasdynamics and Plasma Dynamics. Prentice-Hall, Inc., 1962. 

15. Hughes. William F.; and Young. F. J.: The Electromagnetodynamics of Fluids. John Wiley 

& Sons, Inc., 1966. 

16. SchliCHTING. Hermann (J. Kestin, Trans.): Boundary Layer Theory. Fourth ed., McCraw-Hil) 

Book Co., Inc., 1960. 


459-174 0 - 73-5 



CHAPTER 3 

JETS 


In this chapter solutions are formulated for the problem of a laminar plane 
or axisymmetric jet issuing into an infinite medium, either stationary or moving. 
For a first approach the surrounding medium is assumed to be of the same fluid 
as the jet. More complex situations will be considered in later sections of this 
chapter. A uniform external pressure field in the surrounding medium is assumed. 

The equations employed in this chapter are valid only if the pressure in the 
interior of the jet may be considered equal to that of the surrounding medium. 
This requires that the surface tension of the jet be negligible and that the jet be 
fully expanded. A fully expanded jet is one in which the pressure at the jet mouth 
is equal to the pressure in the surrounding fluid (e.g., a jet emerging from a tube); 
an underexpanded jet is one in which the pressure is higher at the jet mouth than 
that of the surrounding fluid (e.g., a jet emerging from a reservoir). In the latter 
case the pressure in the jet interior does not reach the pressure in the surrounding 
fluid until after the vena contracta is reached. This situation is not considered 
here. 

3.1 PLANE JETS 

The plane jet is illustrated in figure 3-1 along with the coordinate system 
used in this chapter. . 

3 . 1.1 Incompressible Constant Property Flow — Velocity Solution 

The incompressible constant property equations of motion for a plane jet in 
a uniform pressure field are 


da 

du\ 

d 2 u 


a — 

+ V— = 

- /. i — - 

(3-1) 

dx 

dy) 

dy 2 
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FIGURE 3-1. — Plane jet configuration showing velocity profile at x — 0. 


— + — = 0 

dx dy . 


( 3 - 2 ) 


The boundary conditions to be considered are 

* u(0,y) = u p {y) y a (see appendix F) 

“(0 ,y) = u s (y) y > a 
u{x,<x>) = u s 

fly (*’ °) =0 

id*,0)=0 

The basic equations are made dimensionless by the following choices of di- 
mensionless variables: 
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*=-24 

pu c a 



a 


(3-4) 


Equations (3-1) and (3-2) may be rewritten in dimensionless form using the 
variables (3—4) as 


dU dU _d 2 U 
u dX + d Y dY 2 


(3-5) 


dU 

dX 




(3-6) 


The boundary conditions (3-3) in dimensionless form are 


U(0,Y) = U P (Y) 
U (0, Y) = U S (Y) 
U(X, 00) = UsM 


dU 

dY 


(. x , o)=o 


K(X,0)=0 


y « 1 
y > 1 


(3-7) 


3. 1.1.1 Highly implicit difference representation valid for small secondary 
velocities. — A finite difference representation must now be chosen for equations 
(3-5) and (3-6). The finite difference grid is shown in figure 3-2. The difference 
form selected for equation (3—5) is highly implicit in that not only are all T-deriva- 
tives evaluated at j+ 1 but, in addition, the coefficients of the nonlinear convective 
terms are also evaluated at.j'+l. This representation, which results in nonlinear 
algebraic equations for the unknowns U j+ 1 , t and *w, is necessary if zero and 
small secondary velocities are to be considered, since the usual implicit scheme 
with the coefficients evaluated at j is inconsistent for these conditions. This in- 
consistency is not discussed in detail, but for zero secondary velocity the usual 
implicit form results in the U velocity profile decreasing linearly from the edge 
of the jet to whatever value of Y is chosen as infinity. This result is obviously 
incorrect. The usual implicit scheme, which is also discussed in this chapter, 
does give correct results if the secondary velocity is of the order of the primary 
velocity or larger. 



60 


NUMERICAL MARCHING TECHNIQUES 


y 




The nonlinear difference representation chosen here is valid for all values of 

Usl IQ/* 




Uj+l,k+\ ~ Uj+\,k-\ 
2(A F) 


_ E^+i.ft-n —2Uj+i ? k + Uj+i,k-i 

(Ay ) 2 


(3-8) 


The representation of the continuity equation (3 -6) is conventional: 


Uj+\,k+l — Uj,k + 1 Fj+l,ft-t-l ~ Vj+l,k _ q 


a* 


AT 


(3-9) 


Equation (3-8) is nonhnear so that none of the usual techniques for linear 
algebraic equations may be employed. However, one very simple and effective 
iterative technique is now described. First, equation (3—8) is rewritten, using 
superscripts to indicate on which iteration that value was obtained; for example, 
k is obtained on the (/)th iteration while is obtained on the (/+l)th 

iteration. Equation (3—8) becomes 



1 + VW 

} j+i,k 

rtfU+D — f/U+ 1 ) -i 
u j+l,k+l l 

TJU+ 1) — 2t/ (,+ 1) {/(l+t) 

V AT J 

2(AF) 

(Ay) 2 


(3-10) 
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It is useful to rewrite equation (3-10) as 




yd) 

r j+ 1,A- 


1 


2(AF) (AF) 2 


rni+i) 

U j+i,k - 1 


r u u) 

U j+ 1 . k , 

2 1 

A* 4 

(AF) 2 J 


TfU+1) 
j+l, k 


+ 


yu) 

1 "1 

2(AF) 

(AF) 2 J 


(3-11) 


The first iteration is started by guessing values for Uj+ Uk and Vj+ lik - These 
guesses are usually the values at the preceding step upstream (i.e., Uj, k and 
Vj, k ). Taking / = 0 in equation (3-11) and writing this equation for A=0(l)n 
result in (n+1) linear equations in the (n+1) unknowns k , since f/j®*, k 
and Vj") t k are now considered known. As in the boundary layer case, n must be 
taken large enough so that on several points of the grid the U velocities are essen- 
tially that of the free stream, and n will have to be increased as the jet expands. 
Eventually n may be halved and AF doubled. When the set of equations has been 
solved for Uj_ k , equation (3-9) may be solved for A . +| : 


AF 


yio ={ad _r/. . \ 

j+i,k+l j+i,k AX'-j+Uk+l U J.*+W 


(3-12) 


All values of F^ k+l can be found in a stepwise manner from equation (3-12) 
by working outward from the centerline of the jet. 

The entire procedure can now be repeated for / = 1; that is, U j' + \,k and 

be ' n coefficients of a set of linear equations in tA 2) , k . These equa- 
tions are solved and then Fj 2) , k is obtained from continuity. The iterative process 
is repeated as many times as necessary until and k agree to within any 

desired degree of accuracy; a similar requirement exists for V}?* 1 * and .. At 
each iteration, the matrix form of the set of linear equations may be written as 


ft" 

2 





£/('+!> 
j+l ,0 


ft" 

(AF) 2 






«<» 

p[» 

n<« 




{/<'+') 

J+»,t 


ft" 


ft" 

ft« n< () 




f/»+o 

J+1,2 


ft" 



— — — 



X 

— 

= 

— 







— 


— 



o£i) 
n~ 1 

ft 0 -, 



(/('+>) , 


ft", 



"S 

ft" 

ft" 


£A'+ ,) 

J+l,n 


ftf-nw oo) 


(3-13) 
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iad 

otf 


1 


2 (AK) (AF) 2 

2 


l%> 1± l — 


AX 

JAD 


(AY) 2 

1 


0(0 = itM 

k 2 (Ay) (AF) 2 




(0 = 


^ uk u hk 


AX 


Equation (3—13) incorporates the symmetry condition at k= 0 which in finite 
difference form is 


I!. . . = 11. 


The coefficient matrix of equation (3-13) is tridiagonal and the method of appendix 
A may be used at each iteration to solve for the values of After the iteration 

process has converged, another step downstream may be taken and the process 
repeated. 

It might be noted that this iterative procedure is a composite of Jacobi and 
Gauss-Siedel iterative techniques as extended to nonlinear equations. Crandall 
(ref. 1) discusses these methods for linear equations. 

In some cases it may be desirable or necessary to either overrelax or under- 
relax the iterative procedure. If difficulty in obtaining convergence of the iterative 
process is encountered, then underrelaxation is indicated; overrelaxation is usually 
employed to accelerate an already convergent iterative process. The author’s 
experience with jet flows having uniform velocity profiles at the point where mixing 
of the' two streams begins is that underrelaxation is not necessary to obtain con- 
vergence. However, for the example discussed in section 3— 4, where the velocity 
profile in the primary was parabolic and the secondary was at rest, underrelaxation 
was necessary. 

Before discussing the relaxation procedure, we shall briefly mention the 
notation to be used. In the straight iterative procedure, the quantities f/j^ 
appearing in the equation of motion take on the values of U( l *^ k after each itera- 
tion, and then a new set of C/l^ 1 V s * s so ^ ve d for on the next iteration. Symbolically 
this may be written as 


t/<'> • 

j+l, k 


-f/('+ 1) 

^ j+l, k 
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In the relaxation procedure, the values of are modified somewhat from 

the previous ones. This modification may be expressed as 


{/(/> 
u j + 1 . *• 



k 


) 


where X is called a relaxation factor. Values of X in the range 0 ^ X < 1 correspond 
to underrelaxation while 1<X^2 correspond to overrelaxation. For X=1 the 
procedure again becomes straight iteration which simply corresponds to replacing 
the old value with the newly computed value. 

An iterative method such as this will necessarily be more time consuming than 
the usual implicit scheme in which only one set of simultaneous linear equations 
of the type (3-13) need be solved at each step; however, this representation is 
necessary to ensure a consistent solution for zero or small secondary velocities. 

One interesting consequence of employing the highly implicit technique is 
that since Vj,k does not appear in the equations, V(0, F) need not be specified 
at the mouth of the jet to start the marching procedure. Since V(0, Y) is not truly 
a boundary condition (see appendix F), this is at least esthetically pleasing. 

3. 1.1. 2 Implicit formulation valid only for large secondary velocities. — We 
now present an alternative formulation to the jet problem which is valid only if the 
secondary velocity is at least of the order of the primary velocity. This implicit 
scheme is very similar to the implicit scheme used for boundary layer problems in 
chapter 2 and in those cases where it can be used has a considerable time-saving 
advantage over the iterative method just discussed. 

The difference representation of equation (3-5) for this alternative formulation 
is 


• . Uj+i,k Uj,k .. f/j + l.fc+l Uj+t,ic- 

Uj,k— — f Fj.fc — 


- Ui 


j+l,k+l ' 


AX 


2(AF) 


2Uj+i,k ' 

(Ay>* 


Uj 


+ !,*-! 


(3-14) 


In order to facilitate a matrix representation, equation (3-14) may now be re- 
arranged as 


r Vj.k 

1 

u . r u J’ k i 

2 

2(AY) 

( AF) 2 

£/j+t ’ k - , + L AX + 

(AF) 2 . 




Vj.k 

2(AF) 


(AF) 




x_ 
I ,*+ 1 - 


(Ui.kV 

AX 


(3-15) 


■ i 

Equation (3-15) written for A: = 0(l)/i constitutes a set of (n+1) linear equations 
in (rt+ 1) unknowns which may be rewritten in matrix form as 
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/3o 

2 






Uj+ 1,0 


4>o 

(AT) 2 








0. 

Hi 





Uj+1,1 


1 


a 2 

02 

02 

— 


X 

Uj+ 1,2 

— 

4> 2 





1 0n-l 

Cln-l 


Uj+l,n^-i 


4>n- 1 





OLn 

0* 


Uj+l,n 


c/>„-n„(f/ 8 (oo)) 


(3-16) 

where 


a k 


-Vjj 


2( AT) 

(AT)* 


2 

AA ' 

(AT)* 

Vj,k 

1 

2(AT) 

(AT)* 

(Uj, k ) 

2 

AX 



At each step, the tridiagonal set of equations (3-16) is solved once, which provides 
Uj+i, k- Then from equation (3-9). 


V, 


j + 1 


, k+t — Vj+i , k — -^(Uj+i , k+i — Uj,k+ 1 ) 


(3-17) 


This equation is marched outward from the centerline to the secondary stream 
to provide all values of F J+ i ( * + i. The solution may now be advanced downstream 
one step. 

The representation (3 — 14) obviously has great time saving advantages over 
the representation (3-8). However, no guarantee can be made as to exactly how 
large it s /u p must be in order for the representation (3-14) to be valid. If any doubt 
exists, the results of (3—14) should be verified by carrying out at least a small part 
of the solution using (3—8). 

Both forms (3—8) and (3-14) are implicit. It would be possible to formulate an 
explicit solution to the jet problem which would, however, be valid only for nonzero 
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secondary velocities. The explicit formulation would have no advantages over the 
implicit formulation (3-14), since the times required for solution are comparable 
and there are stability restrictions on the mesh sizes which can be used with an 
explicit form. The explicit form, therefore, is not considered here. 

The truncation error of the finite difference representation at each step is of 
<9 (AY) 2 and O' (AX) for the momentum equation (both forms) and of d?(AF) and 
O (AX) for continuity. 

The implicit solutions are stable for all U 2 s 0. This has been demonstrated 
by Rouleau (ref. 2) for the form (3-14) and has been found to be true for form 
(3-8) by experience, although a stability analysis cannot be readily carried out 
because of the nonlinearity of the difference equation. Since only positive values 
of U should be encountered in the jet problem, the solution can be considered 
universally stable. It should be noted, however, that difficulties similar to those 
discussed in section 2.3.3 may occur if the disparity in velocity between the primary 
and secondary streams is too great. This can result in small oscillations in the axial 
velocity in the mixing region. The reason for this behavior is not understood. 


3.1.2 Incompressible Constant Property Flow — Temperature Solution 

Assuming constant properties and neglecting viscous dissipation, the energy 
equation for this problem may be written as 


( dt , dt\ , d 2 t 

pc ’( u Tx +v T y n k w 


(3-18) 


The boundary conditions are 


*(0, y) -=h 
*(o, y)=h 
t(x, 00 ) = t s 

g (*,°)= 0 


y ss a 
y > a 


(3-19) 


Equation (3—18) may be made dimensionless by the following choice of 
dimensionless variables: 


^ ts 

tp ts 

U = a! Up 
V=pva/fi 


Xfl 


plLpCL 1 

Y= y/a 


(3-20) 


When these variables are inserted in equations (3—18) and (3-19), the problem 
may be restated in dimensionless form as 
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dT ,d T 1 d 2 T 
U dX + dY Pr dY ^ 


T( 0, Y) = 1 
7(0, y) = o 
T(X, oo1=0 


dT 

~( X , 0)=0 


Y 1 

Y > 1 


(3-21) 


(3-22) 


A finite difference representation may now be chosen. The finite difference 
form given here will correspond to the finite difference form of the momentum 
equation (3-8) and should be used when that form is used. If the secondary 
velocity is sufficiently high to allow the use of the form (3-14) for the momentum 
equation, then the coefficients of the convective terms in the following equation 
should be made t/j,* and Tj.fc. The difference form of equation (3-21) is 


U, 


j+l.A- 


Tj+i,k ~ 


AX 


+ V J+1 


Ti 


,k 


j+\,k+ 


i-Tj 
2 (AY) 




^ 1 ?j+i,fr+i — 2T j+ i' k + Tj+^fr-i (3-23) 

Pr (AK)* 


Equation (3-23) is similar to equation (3-8) in that the coefficients are evaluated at 
j + 1. However, in the incompressible case being considered, the flow equations are 
solved first and the coefficients are hence known and the difference equation 
remains linear in T. 

Equation (3-23) may be rearranged in a more useful form as 


r 

i 

t _j_ n 

L 2(A Y) 

Pr(AY) 2 

Tk 



i2 


/MAT)* 


Tj+i,k 


Equation (3-24) written for £ = 0(l)n and expressed in matrix form is 
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/3o 

-2 


Tj+ i,o 



Pr(AY ) 2 



<pu 

«i 

pi n; 


T J+l , , 




ai „ pi fi>l 

X 

7j+l, 2 

= 

'-<£ 1 1 


a n- 1 Pn-l fin- 1 


Tj+i , n_] 




ah PI,. 


Tj+1, n 




(3-25) 

where 


a t = — 


ft 


W J+I, ft 

2 (AT) 

Pr(AY) 2 


2 

AA + 

Pr(AY) 2 

_Vj+i,k 

1 




2 (AT) /V(AT) 2 
Uj+\,kTj,k 
AX 


The coefficient matrix of (3-25) is tridiagonal and the method of appendix A 
may be applied. It is of course most desirable to employ the same grid for the 
velocity and temperature solutions. 

The truncation error of the difference representation is of G (AA) and G (AT 2 ). 
The representation is universally stable. 


3.1.3 Compressible Flow— Velocity and Temperature Solutions 


For the compressible case, we again assume that the jet is fully expanded, 
has no surface tension, and emerges into a uniform external pressure field. In 
the compressible flow situation the basic equations are coupled and must be solved 
simultaneously. 

The basic equations are 


P 


( du du\ d ( du\ 
r dx +V dy)~dy\'^y) 


(3-26) 


d{pu) | d(pn) _ Q 
dx dy 


(3-27) 
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(SI 3t\ S l.dt\ (du\‘ 

(3-28) 

pt = constant 

(3-29) 

II 

(3-30) 

II 

(3-31) 


Equation (3-29) assumes a perfect gas at constant pressure. Any other equation 
of state may be used if desired. 

The boundary conditions are 


u(0, y) =u p 
u(0, y) = u s 
u(x, 00 ) =u s 

^°>=° 
v(x, 0) =0 
t(0, y)~t p 
r(0, y) =t s 
t(x, °o) = t s 

~(x, 0)=0 


y^ a (see appendix F) 
y > a 


a 

y> a 


(3-32) 


These equations may be put in dimensionless form by the following choice 
of dimensionless variables: 



x= _ mz 

PpUpQ.~ 


y_ ppva 

P-P 


tp 



p* = £- 

Pv 


(3-33) 
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For these dimensionless representations the conditions in the primary stream at the 
jet mouth have been chosen as reference values. Inserting these variables into 
equations (3-26) to (3-31) gives 



(3-34) 


Hp*U) Hp*V) _ n 

BX BY 


(3-35) 


f?)+ 0- »«>•($)' CH*) 


(where the Mach number in the primary stream at A =0 is M p = u,J ’Vy<%t p , and 
the Prandtl number at the same location is Pr= ( pc p lk) p ) 



(3-37) 


M*=(7y 


(3-38) 


k*~(T)o 


(3-39) 


The usual power law relations for p. and k have been assumed as in the preceding 
chapter. Any other relationship may be readily considered. 

The boundary conditions (3-23) in dimensionless form become 


U(0, Y) = 1 

U( 0, Y) = Us/u p 
U(X, oc)= u s /up 


dU 

BY 


(X, 0) = 0 


V(X, 0)=0 
T( 0, Y) =1 
7(0, Y) = tsltp 
T(X,o o) = t s ltp 

nT 

T~(X,0) = 0 


T«1 

Y> 1 


i 

y>i 


(3-40) 


3. 1.3.1 Highly implicit representation valid for small secondary velocities.— 
Equations (3-34) to (3-39) may now be expressed in finite difference form. An 
implicit representation similar to that used for equation (3-8) in section 3.1.1 
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is used here for both momentum and energy in order that the formulation may 
be valid for zero and small secondary velocities. The representation which must 
be used results in nonlinear difference equations. Since this is the case, the equa- 
tions must be solved using an iterative method; therefore, it is not necessary to 
always evaluate the properties in such a way that they are known when a given 
equation is considered. Evaluating the properties in this way was useful in sections 
2.1.4 and 2.2.4 since the linearity of the difference equations was preserved. 
Somewhat better accuracy can presumably be obtained, however, by evaluating 
the properties simultaneously with the velocities and temperatures in each equa- 
tion. The solution in this case can be accomplished by using an iterative method, 
and since an iterative method is already necessary, no complications are added 
to the solution. 

The difference representations of equations (3-34) to (3-39) are 


n* Iff- , HtHdL UiJi | u 
pj+\,k ' 'J+U 


Uj+i,k+i Uj+i.k-i 


] 


= ^+i ,* 


+ 


2(A T) 

U j+l ,k + 1 — 2Uj+i'ic+ Uj+l,k-l 
(AT) 2 
* 

"j+i 




l.fc+l P'j+l.k-l Uj+l,k+l ~ Uj+l,k-\ 
2 (Ay) J L 2 (AT) 


. P 


n* II — n * II n* V — n* V 

"j+i ,k u j+l,k rj'k u j,k Vj+i.k+i 'j+i,k+i "j+i ,k j+i ,k « 

AT AT 

r 

* \jt T j+ i, k -Tj, k T j+ i, k+i — T j+1 ' k -i 

j+i, k [ u j+i,k IT + Tl+J.* 


AT 


+ 


Pr p+i,*. 


2(AT) 
Tj+i, k +i — 27} + i^ + 
(AT) 2 


j 

[ k J+i,k+i ~~ k j+l,k-l ~\ -[ h+i.k+i ~ 

L 2(AT) J L 2 (AT) Jj 


+ (y— i) MX,, 


(3-41) 

(3-42) 


(3-43) 


* _ 1 

Pj+i , k v (3 44) 

1 j+i, k 

*£i,*=(WK (3-45) 

k ?+i, k = ( T J+>.«) 9 (3-46) 


The iterative method of solution for equations (3-41) to (3-46) discussed 
here is quite similar to that employed in section 3.1.1 for the incompressible mo- 
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mentum equation. It is not necessarily the fastest way to solve the set of difference 
equations but it is reasonably fast and is very straightforward. As in section 3.1.1, 
the superscript / on a quantity indicates that quantity was obtained on the (/)th 
iteration, while the superscript (Z+l) indicates the (Z+l)th iteration. Equations 
(3-41) and (3-43) are rewritten as 


o*U) yd) u *d) u *U) — a *d) 

Pj + i,k' j + i,k _ fZJ±l ,k **j+i,fc+i *j + i,fr-i 

2(AE) (Ay ) 2 4(AE) 2 


ro *(» Z/ (i) 

IJU+ 1) 4- “j+'.fr ■ k 

J L A* 


(AE) : 


i U il+1) + 

j+i,* 


rn *(0 1/(0 
"i+l, fr i+i, k 

PjIV,, 

if *(/) — u *(0 

fj-M.fc + l 'j + 1 , If — 1 

2(A V) 

(AT) 2 

4(Ay) 2 


n *(0 nu) tj. . 
Pj+l, k U j+l, k U J- k 

AX 


1 £/«+ 1) 

J j+\,k+i 

(3-47) 


and 


— o*d) yd) k* (l) (k* U) — k* u) ) 

Pj+l ,k- j+i,k _ j+i ,k , v j + i,fc + l "-j + i.k-i' 

2(A Y) Pr(AY) 2 ^Pr(AY) 2 


] TU + 1) 


rn* (i > !/('+!> 2 k*d) ro* (l) V (l) 

4_ i p j +'-k “i+uk + + r p j+i.k y j + i, 


AX + Pr(AY) 


k*U) 

,k J+I ,k 


2(AY) Pr(AY) 2 

TU+ 1) 

I J+l.A+l . 

/!/«+ 1) —//((+ 1) ,2 D *(« rju+DT: 

= f-v— 114/ 2 U* ( ' ) | J +1 ’ fr+1 j+i.fc-A I J+'.fr J+I,*- J ’ 

(7 0^1+1,* ( 2 (AE) J + AA' 


(^u+,-^; ) fc -i) 

4Pr(AF) 2 


(3-48) 


Equation (3-47) written for Z =0(l)n now constitutes (n + 1) linear equations 
in the (ra+1) unknowns £Zj+V,*> since those quantities with superscript ( Z ) are 
considered known from the previous iteration. Equation (3-48) represents a 
similar set of equations in 7’U + 1 I *• For each iteration the procedure is to solve the 
set of equations represented by equation (3-47) for then the set repre- 

sented by equation (3-48) for Ty+,'\., and finally the equation of state (3-44) for 
p*+i + ,k t0 yi eld 


fl *u+i) = 
*7+1, k 


TU+l) 

J+i,fc 


(3-49) 


The continuity equation (3—42) may now be solved for Ej+V* giving 


ya+n ■ 

J + 1 , Ar + 1 


rt + U+i) 
rj+i,k 

n *(l+t) 
rj-i- 1 , k+ 1 


V(l+ 1) 

j+l,k 


AY 

AX 


( 


P 


*(;+i) 
) + i,k 


P 


*U+D 

j+l,fr+l 


(/(/+!) - 
J+l, k 


PjU 

o*d+ 1) 

f J j + 1 ,*+1 


tfj.*) 


(3-50) 


459-174 0 - 73 -6 



72 


NUMERICAL MARCHING TECHNIQUES 


Finally, equations (3-45) and (3-46) are used to give M*+ , 1 + j5 r ) and 

All quantities now have been determined for the (Z+l)th iteration and the 
process can be repeated to find values for the (Z + 2)th iteration. This should 
continue until the values of each quantity obtained on a given iteration agree to 
within some specified accuracy with the values for that quantity obtained on the 
preceding iteration. 

The set of linear equations in represented by equation (3-47) may 

be written in matrix form as 



- 2^,0 


(AT) 2 



/3</> 

n «> 


«<» 

/ 3 <» 



a U) 




{/<'+» 

j+1,0 



UU+i) 
j+ 1,1 


X 

f/(/+D 

j+1,2 



f/U+1) . 

j+1 , n-1 

ft 0 


£/</+ 1) 

J + l . n 


4>\ l) 

W-W"{Uslu p ) 

(3-51) 


where 


a' 


n *U) VU) „*(/) „*(/) _ „*(!) 

( () + 1 ,k j + l,k Hj+1 ,k I f*j+i , ft+i r-j+i,k-1 


k 2(A Y) (AT) 2 ’ 4(AT) 2 

P « AX (AY) 2 






0 *U) r AD „*</) u *(f) _„*(» 

r^j+\, k* j+i ,k i,k *j+i,fc+l ^'j+i,k — l 

2 (AT) ~~ (AT) 2 4(AF) 2 

AX 


and the set of linear equations represented by (3-48) for T1|+ 1) A . may be written 
in matrix form as 
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-2 £*<» 







T(l+ 1) 



H ° Pr(AY y 


j+1, 0 


Po 

£*;<» (3[ (t) fi'«> 


TU+ 1) 

j+i, l 


4>'\o 

n 2 'to 

X 

Td+ 1) 
j+1,2 

= 


a'(» ft'<» 


TU+i) 



n — 1 r'n- 1 M-l 


j+ 1, n-1 


+ n- 1 

PT 


TU+ 1) 

j+i, n 




where 


(3-52) 


— Q *U) 1/(0 t*(0 t*(i) _£*(/) 

a -(i)_ fj+i.kn+l.k " )+\,k Vi,*+1 Vi,fc-1 


2(AF) 


Pr(AY) 2 


4Pr(AY) 2 


Pi 


n *( 0 rjil+i) 9**<« 
n^ n+i.kUj+i.k . j+i,k 

k AA Pr(AY) 2 


0*0) jAl) lc*(l ) t*(0 — £*») 

flon_ *J+l.*Aj+l,<: j+1,* j+l,fr+l j+1,fr~i 

*' 2(AF) Pr(AY) 2 4Pr(AF) 2 


<K (,, = 


o *(0 //(i+i) 7 ^ r /7U+1) £/((+!) 

_ _y¥\,klJj+\,kl j,k ^y_ ^ ) A/ 2 /H.* </ ) - J+l ’ — 1 - ,+ .- l .'.Azj 


AA 


2(AK) 


The matrix of coefficients in both equations (3-51) and (3-52) is tridiagonal and 
the method of appendix A can be used to solve the sets of equations. 

If desired, overrelaxation or underrelaxation can be applied to any or all 
of the equations given here. The method is discussed in section 3.1.1. Only ex- 
perience and experimental calculations will indicate whether anything can be 
gained by going to the relaxation procedure. 

3. 1.3.2 Implicit representation valid only for large secondary velocities. — As 
in the incompressible case, if the secondary velocity is large, the coefficients of 
the convective terms in the momentum and energy equations can be evaluated 
at the A-position corresponding to j (i.e. , at a position where they are known from 
the solution at the preceding step). This makes it possible to obtain linear dif- 
ference equations if the manner in which the properties enter the equations is 
chosen carefully. Linear difference equations are, of course, most desirable since 
each set of linear algebraic equations need be solved only once at each axial 
station. This is in contrast to the many solutions necessary at each step in the 
iterative method which is required for nonlinear difference equations. 
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The linear difference representations of equations (3—34) to (3-39), valid 
only for high secondary velocities, are' 

* T T! Uj,k . t r Uj + 1 ifr-H U J + 1 

j. k U ).k ^ 


Pj 


, fr — 1 


= Pj. A' 


2(AY) 

U i+ 1 . fr+ 1 2(/j + 1 , fr ~h (7j+ l , fr-1 

(AT) 2 


] 


ii* — a* 1 

f U j+i , k+\ Uj+i , k-i 

2 (AT) 

2(AT) 


1* 

} j. k 


P i + 1 , k + 1 ■ k P i . fr U j ■ k . Pj + I , k+ I Tj + 1 ■ ft+ 1 Pj + i . fr Tj + 1 ■ 

AT - AT 

/7 Tj+i ,K~Tj,k . ■/ Jj±L. a ' +i Illj±±j. k ~' 1 

j '*' at + 2(AT) J 

_ W it f T’j+i.fr+i — 27’ f+1 ,fr + 7’ f 

"MM , 


(3-53) 


= 0 (3-54) 


+ 


(AT) 2 

af. *+i ~af a - 1 1 r , fr+i ~ Tj+ 1 , a- 

ft / * T/A I j ft / « T/\ 


2 (AT) 


2(AT) 


i+i ■ fc-i 1 


+ (y-l)M 2 M j% 

P/ + ..* = tT I - 
p/ + ,,a-(^ + ..aK 
^J+i , fr = (Tj+uk) 11 

Equations (3 _ 53) and (3— 55) may be 
-53) becomes 


V 


'j+ 1 . *•+ 1 ~ U j-n , /.--I 

2 (AT) 


(3-55) 

(3-56) 

(3-57) 
(3-58) 

rewritten in more useful forms. Equation 


~Pf.frTj.fr fl*k ■ pf,k+ 1 Pffr-| "|,- r /- 

2 (AT) (AT) 2 4(AT) 2 J 

Pf.kUj.k 

AT + (AT) 2 

, I Pi.fr Tj ■ fr P.f , fr P-f , a- + 1 ~ Pn.k- 1 

+ l 2 (AT) (AT) 2 4(AT) 2 


t/ 


j+i , fr 




J + 1 , A*+l 


n * U' 1 

= J ^ J ' k (3-59) 


and equation (3-55) becomes 
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- P* ,Yj. >■ k U ^U+i-Kk-1 


2(A Y) Pr(AY) 2 4Pr(AY ) 2 

2k*. rp* k Vj.k k* 


2k? -| r 

+ /V(AT) 2 J Tj+Uk+ [ 

= (y ~ \ )M 2 p fL* k ( 


Tj+i,k-\ + 

L L A /1 

k* , . - k* 


[ 


PlfUi.k 

AX 


k* — k 

: j,k+ 1 j,^-i j 

9 2 4Pr(AT) 2 J j+1, ' M 

)’ + •'' 7T ~ (3-60) 


2(AT) Pr(AK) 2 4Pr(AT) 

' Uj+\,k+i — f/j + J . * — i \ 2 p* k Uj.kTj.k 

2(AT) j + AX 


The set of equations corresponding to equation (3-59) written for k = 0(l)n 
must be solved first at each axial position for Uj+\,k ■ This set may be written in 
matrix form as 


„ - 2m* 0 





ft’ (AT) 2 




(f>0 

«i /3i fl| 




<t> 1 

a-i ftz fla 


Uj+i.2 


<t>l 

— — — 

X 

— 


— 

Oln- 1 fin- 1 fl«-l 


Vn-, 


<j)n-i 






fin 


U n 


<f>n fln^s/ Up 


(3-61) 

where 


«fc = 


_, -P***0.* P-j.k 

2(A Y) (AT) 2 4(AT) 2 


*-i 


p* JUi k 2 p* 

o = lliiA j i J' k 

pk AX (AT) 2 

O - P 1 Z ±1 nix '<*+.- ****-. 

k 2(AT) (AT) 2 4(AT) 2 


4>k 


P*,U 2 

— k j,k 


AX 


The matrix of coefficients in (3-61) is tridiagonal and the method of appendix A 
may be applied. 

Next, the set of linear equations corresponding to equation (3-60) is solved 
for 7j+i,*. The set can be written in matrix form as 
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00 

— 2k * 0 




Tj+i,o 



Pr(AF) 2 





«1 

0 ; 

nj 



Tj+i, i 





& n; 


X 

Tj+ 1,2 

= 

<K 



1 

i 

XD ^ 

I' I 

ffn-1 


Tj+ 1 , n-i 


Vn-l 



Oi n 

Pn 


Pj+1, n 


(f>n Qntsftp 


(3-62) 


where 




,_-pf, k Vj, k 


k*k 


X* _ /,* 
K j,k + 1 K j,k - 1 


2(AF) Pr(AF) 2 4Pr(AF) 2 


o' — Pj,kUj,k 

Pk 


2kU 

AX ' Pr(AY) 2 


ry, _ Pj, I.Vj, k k K, k + 1 k* k _ i 
*' 2(AF) Pr(AY)' 2 4Pr(AF) 2 


. > Pj,*Uj, k Tj,k . , 

+*——AX +(y ’ 






*+ 1 — 1 , *• 


2 (Ay) 


I 1 


The matrix of coefficients in equation (3—62) is also tridiagonal. 

Equation (3—56) can now be used to find p* +l and then the continuity 
equation (3-54) is used to find Solving equation (3-54) for Vj +1:k+i gives 




j+i, *+i • 


( p1 «.* ' 

\ 1/ 

AF 

r / p** 

\r; | 

( Pj*+l,* ' 

\ 11 

' Pj+l, fc+1 1 

j Fj+1 

'’ fc + AX 

- \pj+,,*+i 

1 U J, k — 1 

' Pj+i, *+i > 

J Uj+i,k 


(3-63) 


Equation (3-63) can be applied in a stepwise manner starting at / = 0and moving 
in the direction of increasing A. Finally the property relations (3-57) and-(3-58) 
are used to obtain i a- and kf + i k . 

The solution is now complete at the present axial station and a step AX may 
be taken and the process repeated. The truncation error of the difference equations 
is of O (AX) and € (AT 2 ) for momentum and energy and of O (AX) and 0 (AY) for 
continuity. The equations are stable for all U 3= 0. . 
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3.2 AXISYMMETRIC JETS 

The problem configuration and coordinate system for the axisymmetric jet 
flows to be considered are shown in figure 3-3. While there is considerable simi- 
larity between the formulations for the plane and axisymmetric cases, variations 
in difference representations and techniques due to the different form of the basic 
equations in the two cases would appear to make a complete presentation of the 
axisymmetric formulation worthwhile. 


3.2.1 Incompressible. Constant Property Flow-Velocity Solution 

The incompressible equations of motion for the axisymmetric jet are 


P 


(“ 


du j du\_ /jl d / du\ 
dz dr / r dr \ dr ) 


1 djrv) _ Q 
dz r dr 


(3-64) 

(3-65) 


r 



Figure 3-3. — Axisymmetric jet configuration showing velocity profile at z — 0. 
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The boundary conditions to be considered here are 


r ^ a (see appendix F) 
r> a 


(3-66) 


u(r, 0) = Up 
u(r, 0) =u s 
u(<*>, z)=u s 

f (0, *)=o 

dr 

i>(0, z) =0 


The basic equations may be made dimensionless by the following choice of 
dimensionless variables: 


U=± 

u p 

y_pva 

p 


Z = — 


pUpd i 


/?=- - 
a 


Equations (3-64) and (3-65) in dimensionless form are 

dU dU _ 1 dU dHJ 
U dZ + y dR RdR dR 2 

dU 1 d(VR) » 
dZ R dR 

The boundary conditions in dimensionless form are 


(3-67) 


(3-68) 

(3-69) 


U{R, 0) = 1 R =s 1 

U(R, 0) =~ R> 1 

Up 

f/(oo, Z) = jf . [ (3-70) 

Up 

V(0, Z) = 0 

3.2. 1.1 Highly implicit difference representation valid for small secondary 
velocities. —Equation (3-68) must now be placed in finite difference form. The 
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R 



FIGURE 3-4. — Finite difference grid for axisymmetric jet. 


finite difference grid is shown in figure 3-4. As in the two-dimensional case, a 
nonlinear finite difference form of the momentum equation is necessary in order 
that the representation be consistent for zero or small secondary velocities. The 
finite difference form chosen for equation (3-68) is 


6j+t,/.- ' . tr Uj -t-t.fr+l U j+ \ , k-\ 


U J+ 

M , k + 1 V 

Rk 2(A R) 


AZ ■ 2 (M) 

f Uj+\,k+l U) + \,k~\ Uj+l,k+l 2Uj+ 1, ft ~h Uj+I, k- i 


(A RV' 


(3-71) 


Equation (3—71) applies for all k > 0. For k = 0, a special form of the equation 
must be obtained by letting R —* 0 in equation (3-68). Equation (3-68; men 
becomes 


dZ 



(3-72) 


When L’Hospital’s rule is applied to the first term on the right side, equation (3-72) 
becomes 


dZ 


_ 2 §2LL 

R= o dR 2 


R = 0 


(3-73) 


Equation (3-73) may be written in difference form as 
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Uj+i,o Uj , o * r Uj+i,i — u_j+ i,o 


AZ 


my 


Incorporated in equation (3-74) is the symmetry condition 

> Uj+i, i = Uj+i, _i 

Continuity (eq. (3-69)) may be written in finite difference form as 

Uj+l,k ~ Uj, k _1_ ( Vj+\,k + \Rk + l — Ki+\, kRk ^ _ 


AZ 


1 / Yjit 1 ■ k + 1 

R k V 


A R 


(3-74) 


(3-75) 


A special form of continuity is also necessary for £=0. This may be found by 
letting R —* 0 in equation (3-69). This gives 


au 

dZ 


+ 2 — 

«=o dR- 


= 0 

K = 0 


(3-76) 


The finite difference form used for (3-76) is 



Uj +i,q Uj, o 

AZ 


+ 2 



(3-77) 


Equation (3-75) then applies for k > 0 and equation (3-77) for 0. 

The method of solution for equations (3—71) and (3—74) is very similar to that 
used for the plane jet in section 3.1.1. The superscript (/) indicates values obtained 
on the (/)th iteration while those with superscript (/+ 1) are the ones obtained on 
the (/+ l)th iteration. Equation (3—71), valid for k > 0, may be written in the form 


J/U) 

r j+l , k 


+ 


1 


1 


L 2(A«) 2R k (AR) (A R) 2 


r m 1 

r/(f+u 4. 

AZ- 


+ 


US l+l) 

J + l , k 


+ 


1 


1 


yw 

j+l , k 

L2(A R) 2R k (AR) (A R) 


- lH'+t) = 
2 w j+ 1 . A' + l 


( A *) 2 J 


AZ 


(3-78) 


Equation (3-74), valid for k = 0, may be written as 


j+i 


AZ (A R) 


0 


[/(/+!) + 
j+l, o~ 


L {ARY 


{/(') u 

U j+i\\ = J+ ' A °z (3_79) 


Equation (3-78) written for k= l(l)n along with equation (3-79)for A: = 0 now 
constitute (n+1) equations in the (n+1) unknowns f/9', 1 ^.. At each iteration, 
these may be considered as linear since all values with superscript (/) are known 
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from the preceding iteration. The set of linear equations which results may be 
written in matrix form as 


— 





0(0 i 

p " (A Ry 


f/('+o 

J+l, 0 



«{° /3(0 Q(0 


//('+') 
J+i, i 


4>\ n 

«J'> /3.y’ a«'» 


f/('+D 

J+l. 2 



— — — 

X 


= 

— 

a") fi (,) n<'> 

n-1 'll— l n— i 


{/('+') 
j+1 , n— V 


e, 

ft 0 


//('+') 
J+l, » 


W-tltfuJup 


(3-80) 


where 


K!'>, . 1 1 

q(I) j+ 1 , k _j 

~ 2 (A/0 2R*(AR) (A/?) 2 


and 


UK ' > 
A±L 

A Z 

yd ) 


p(i) = -J±LJi- 


(AR) 2 

1 


(k > 0 ) 

1 


0(0= — It l.iA — 

* 2(AR) 2R*(AR) (A/?) 2 


MnJ&^LL 

AZ 

t/<.' > 4 

A 7 I 


AZ (AR) 2 


(*= 0 ) 


The matrix of coefficients in equation (3—80) is tridiagonal, and the method of 
appendix A may be used to solve for the values *• at eac ^ iteration. In order 
to complete the iteration, the values of must be found from continuity. 

From equation (3-77) for k= 0 


yd+ 1 ) 

r j.+ 1 . i 


A R 
2AZ 




(3-81) 
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IAt+i) =VU+i ) ( 
j + 1 , fc + 1 J+Uk\ Rk+ J 


(A R)R, 
(A Z)R k W 


(//<'+>> - 
V J + l , fc 




(3-82) 


The values of ^ can be found in a stepwise manner working outward from 

k — 0. 

The iteration is now complete and the values just determined now assume a 
superscript (l) and the process is repeated. This is continued until the values of 
t/j'VA and £/<'). , k as well as V and Fj^ f k agree to within some predetermined 
accuracy. Then another step A Z downstream may be taken and the iterative 
procedure again employed. 

3. 2. 1.2 Implicit difference representation valid only for large secondary 
velocities. — As in the plane case, if the secondary velocity is sufficiently high, 
a linear representation of the difference equation for momentum may be used. 
This representation of equation (3—68) is, for k > 0, 


U Uj+l ,k — Uj,k . v U) + i, a- + i ~ Uj +\ , k - 1 

s ' k A Z 2(AR) 

__1_ Uj+ 1 , A + 1 Uj + I,k-1 . Uj+l.k+j 2£/j+i , k T Uj+ ) , 


Rk 


2(AR) 


k - 1 


(A RY 


(3-83) 


and the finite difference form of equation (3-73) is, for k = 0, 


II Fj+I, 0 — Uj, Q _ Uj+ 1,1 — Uj+ 1.0 

Uj -° A Z 4 (A/O 2 

Equations (3-83) and (3^84) may be written in more useful forms as 

Yjjl 1 


2(A/0 2/?a(A«) (A/?) 

Vyk 


+ 


/?) 2 ] + ["az + (A/?) 2 

2 L_V = ^ 

L 2 ( A/? ) 2R k (AR) (A/?) 2 J J+l '*' +l A, 


Uj +l , k 
U 2 


AZ 


and 



4 ' 1 

Uj+ 1,0 + | 

4 1 

TI 

u u 

L AZ + 

(A/?) 2 J 

. (A/0 2 J 

Uj+ 1 , 

1 AZ 


(3-84) 


(3-85) 


(3-86) 


Equation (3-85) written for A;=l(l)n along with equation (3-86) for £=0 con- 
stitutes a complete set of linear equations in the values of //j +I ,t- and may be 
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4 

/3 ° (A ft ) 2 


Uj+ .,0 


(fro 

fil fil 




(frl 

a 2 n 2 


£/j+ 1 , 2 


(fr-2 

— — — 

X 

— 


— 

a„-i fin- 1 fill-1 


£( J+l, ll-l 


(frn-l 

a„ fin 


U j+l, n 


( frn fi nit s! 


where 


(3-87) 


— ' >• 


a k = — 


■ + 


1 


2 (Aft) 2 Ra (Aft) 


1 

(Aft) 2 


/3a = 


Oh* 

AZ 


2 

(Aft) 2 


(Ar > 0) 



2 (Aft) 


1 1 

2ft* (Aft) (Aft) 2 


$ k = V)JbZ 


and 


ft -^*> + 
po T^T + 


AZ (Aft) 2 


(* = 0 ) 


The matrix equation (3-87) for Uj+, lk may be solved by using the method of 
appendix A. This set is solved only once for each axial position. After the values 
of Uj+ 1, * have been determined for a given value of Z, equations (3-77) for k= 0 and 
(3-75) for k > 0 may be solved for the transverse velocities to give 


V j+ ,,,= 


Aft 

2(AZ) 


(Uj, 0 Uj+I, o) 


(3-88) 


and 
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1 7 —i 7 ( R k \ (hR)Rk 

Vj+ '’ k+1 - Vj+1 ’ k \ Rk+ J 


(A Z)R k+i (Uj+uk- — Uj,k) (3-89) 

Another step A Z downstream may now be taken and the procedure repeated. 


3.2.2 Incompressible Constant Property Flow — Temperature Solution 

Under the assumption of constant properties and neglecting viscous dissipa- 
tion, the energy equation for the axisymmetric jet is given by 


pc p 


( U fz + V f- r ) = k 


(§H 1 dt\ 

\3r 2 r dr) 


The boundary conditions are 


t(r, 0 )=t p 
t(r, 0) =t s 
t(°°, z) = t s 

|(0,z)=° 


(r« a) 
( r>a ) 


(3-90) 


(3-91) 


Equation (3-90) may be made dimensionless by the following choice of 
dimensionless variables: 




Z = 


z^i 

pu p a 2 




(3-92) 


If these variables are inserted into equations (3-90) and (3—91) the problem may 
be restated in dimensionless terms as 
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T(R, 0) = 1 
T(R, 0) = 0 
T(°°, Z)—0 


f R (0,Z) = 0 


(R^ i) 
(R> l) 


(3-94) 


As in the plane case, the difference representation for the energy equation 
will correspond to the nonlinear representation of the momentum equation, which 
in this case is equation (3—71). If the form (3-83) can be used for the momentum 
equation, the coefficients of the convective terms in the next equation should be 
replaced by Uj, a and Vj,n- 

The finite difference form of (3—93) chosen is 


j j Tj +U k~Tj, k T j+ uk+l Tj +U 

Uj+l ’ k AZ + V ^’ k 2 (Aft) 


_L_ 

Pr 


Tj +\ , a-+ i ~2Tj +\ , a + 7j + i , k-i . 1 Tj +\ , k + 1 

I n 


Ti+t . A-) 


(Aft) 2 


Ra 


2 (Aft) 


(3-95) 


This equation is valid for k > 0 and may more conveniently be written as 

A 


Vj+ 1 . k 1 I 1 ] r I F Uj+I,k . 2 

2 (Aft) Pr( Aft ) 2 ' 2(Pr )ft*( Aft ) J [ A Z Pr(AR)\ 

. \ Vj + i, k 1 1 ] T Uj+i, k Tj, a 

L2(Aft) Pr(Aft) 2 2(ftr)ft fr (Aft) J /j+, ’ fc+1 A Z 


Tj+\, k 


(3-96) 


For £ = 0 a special form is necessary. Taking the limit of equation (3—93) as ft ~ * 0 
gives . 


U 


<PT 

dZ 


_2 d 2 T 
Pr 3ft 2 


R = 0 


(3-97) 


This may be written in finite difference form as 


Uj+ i,o 


Tj 


+ i. 


o ~ Tj, o 

A Z 


4 7j+i, i ~ Tj+ 1, o 
Pr (Aft) 2 


(3-98) 


Equation (3-98) incorporates the symmetry condition Tj +i , t = T j+u This 
may be rearranged in a more useful form as 
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Uhuq , 4 i r i r 4 

AZ Pr(AR) 2 ] J+u0 [Pr{AR)\ 


Tj+i 


Uj + 1 , 0 r,, o 

AZ 


(3-99) 


Equation (3-99) is valid for k = 0. 

Equation (3-99) along with (3-96) written for k= l(l)n now constitutes a set 
of n + 1 linear equations in Thu k and may be written in matrix form as 


4 

/3 ° . Pr(AR) 2 


Tj+i, o 


4>o 

Oil ill 


Tj+t, i 


4>.' 

al (3.2 1 

X 

Tj+ 1,2 

— 

(f> 2 

a n - 1 P'n-i ^n-l 


M 

1 


K-i 

A 


Tj+i, n 


4>' n 


where 


(3-100) 



_w L__ 

2(A R) Pr(AR) 2 

Uj+l, k , 2 

AZ Pr{AR) 2 

Vj+i,k 1 

2(AR) Pr{AR) 2 

Uj+l, kTj, k 

AZ 


+ 2(Pr)R k (AR) 
(k> 0) 

1 

2(Pr)R k (AR) 


and 


Po = 


Uj+uo . 

AZ 


4 

Pr(AR ) 2 


(* = 0 ) 


The matrix of coefficients in (3—100) is tridiagonal and the method of appendix 
A may be applied. A procedure of increasing the size of the field as the jet expands 
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while keeping the total number of points reasonably small should be employed. 
Details are given in section 2.1.1. It is, of course, most desirable to employ the 
same grid for the velocity and temperature solutions. 

The finite difference representation is universally stable for all mesh sizes. 
The truncation error of the energy equation is of 0(A R 2 ) and 0{A Z). 


3.2.3 Compressible Flow — Velocity and Temperature Solutions 

In the compressible flow situation the basic equations are coupled. For this 
case they are . 


/ du\ , du\ 13/ du\ 

(3-101) 

d (pu) 1 3 (pro) _ q 
dz r dr 


(3-102) 

dt , dt \ i 3 / , an 

“5T +,, 57)“7S7r r 57/ 


(3-103) 

pi — constant 


(3-104) 

M = M(0 


(3-105) 

II 


(3-106) 


subject to the boundary conditions 


u(r, 0) = up 
u(r, 0) = u s 
u(°°, z) = u s 


du 

dr 


(0, z) = 0 


v(0, z) = 0 
t(r, 0) = tp 
t(r, 0) = t s 
t(°°, z) = t s 


dt 

dr 


(0, z) = 0 


(r « a) (see appendix F) 
( r > a) 


( r =£ a) 
(r > a) 


(3-107) 




The basic equations may be put in dimensionless form by the following 
choice of dimensionless variables: 


459-174 0 - 73 -7 


I. 
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_ ppva 
P-p 

T = tltp 
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ppUpQ? 

R = rj a 

k* = k/k„. 
P* = fi/fi p 
p* = plp P 


(3-108) 


As in the plane case, the primary conditions at the jet mouth have been chosen 
as reference values. Inserting the dimensionless variables (3-108) into equations 
(3-101) to (3-106) gives 






I A 

R dR 



(3-109) 


d(p*U) 1 d(p*RV) 
dZ R dR 


(3-110) 


P <( 


u ~ + v ~) 
dZ dR/ 


_J d_ 

Pr(R) dR 



(y-1 )«>* 



(3-111) 


p*T= 1 


(3-112) 


(i*=(T)f 


(3-113) 


where 


and 


k*=(T)s 


M v = 


Up 

v y m p 



(3-114) 


The usual power law relationships have been assumed for equations (3-113) and 
(3-114). 
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The transformed boundary conditions in dimensionless form are 


(*« 1) 
(/?>!) 


(«« 1) 
(«> 1 ) 


(3-115) 


[/(/?, 0) = 1 

U(R, 0)=^ 

Up 

U (°o, Z) =— 

Up 

^(0,Z)-0 

F(0,Z)=0 

r(R,o) = i 

r(R, o)=- 

t p 

rKZ)= t 

g ( 0 , 2)-0 


3.2.3. 1 Highly implicit difference representation valid for small secondary 
velocities. —Equations (3-109) to (3-114) may now be expressed in finite dif- 
ference form. The form chosen is quite similar to that used for the plane case 
in section 3.1.3 and the discussions given there also apply to this case. The form 
is consistent for all secondary velocities including zero. Equations (3-109) to 
(3-114) are represented as 


_ sj< 

Pj+i.k 


U> 


j+1 , k 


Uj+\,k Uj'k r/ Uj+ 1,/c+l Uj+\ 


A Z 


:a«) J 


=Pj+i,k 


■ + v j+l . k 2 (A«) 

Uj+uk+i ~2Uj+ 1 , k ~b Uj+ 1 , fe-i 


+ 


(A Rf 

1 t^j+l,k+l Uj+\,k- 


R k 


2(A R) 


J ][- 


P‘?+\,k+\ /z/Vi,fe-l l Uj+i r k+\ Uj +\ , A’-l 
2(A R) \ 2(A R) 


(3-116) 


PjV 1 , /.■ Uj+ 1 , — p* k Uj, k ■ pff 

A Z 


iR k +i Vj+l,k+l — p*+i,kR kVj±h L k_ 

R k AR 


0 (3-117) 
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T, Tj+i yk — Tj, k v 

Uj+uk -£ 2 — *■ vi+u* 
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Tj + 1 , k + 1 Tj. + 1 , k _ ] 


2(Aft) 


1 rr. 

= _L h* , i± 

p r "j + 1 ■ fr 


Tj+ 1 , a -+ 1 27j + 1 , a- d~ 'lj+t , *•- 1 1_ 7}- fi,fr+i Tj + i, k 


+ 


(A/?) 2 ' ft* 2(Aft) 

^f+ 1 , k + 1 kf+ 1 , a- — i ~[ r r J+ i lt+ i Tj+ i t k -1 

2(AR) J [ 2(AR) 


‘] 


+ (y - 1 )*/>*„ , ' j" (3-118) 


P/+ I , A- = - 


1 


Tj + 1 , k 

P-/+ I, k = ( Tj+\,k) s 

kf +\, k = {Tj+ , , fr) 11 


(3-119) 

(3-120) 

(3-121) 


Equations (3-116), (3-117), and (3-118) are valid for A: > 0 only. For A: = 0, special 
forms are required. These are found by first taking the limits of equations (3-109), 
(3-110), and (3—1 11) as R— »0. Equation (3-109) becomes 


* n dU 


equation (3-110) becomes 

Hp*U) 

dZ 

and equation (3-111) becomes 


*tt dT 

pU M 


m 


|* = o 2p * \dR 2 ) 


+ 2 ^<9ft 


_ 2k* (d l T 
» Pr \9ft 2 


ft = 0 


= 0 


(3-122) 


(3-123) 


r) ... 


(3-124) 


Equations (3-122), (3-123), and (3-124) may be rewritten in finite difference 
form as 




Uj+ 1,1 — f/j+1.0 


pj+ 1 , ot/j+i , 0 — pUU j,0 

A ~Z 


(Aft) 2 
Ej+1,1 


(3-125) 


+ 2 pAgo (~^)=° (3-126) 
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Pj+l,t>Uj 


j+1,0 



o~ 7 j.<A 
AZ / 


4Aj+ 1 ; o Tj+1,1 Tj+ i_o 
Pr L (AR) 2 . 


(3-127) 


These equations are valid for k — 0. 

The iterative method of solution to equations (3-116) to (3-121) and (3—125) 
to (3—127) is identical to that used in’ section 3.1.3 for the plane compressible jet 
and described in detail in that section; therefore much of the description is omitted 
in the following presentation. As before, the superscript (/) indicates values ob- 
tained on the (/)th iteration while the superscript (1 + 1) indicates values obtained 
in the (/+l)th iteration. Equations (3-116), (3-118), (3—125), and (3—127) are 
now rewritten as 


o*U) 1 7(1) u*U) ir*U) „*(» — u *U) 

j+l,k ^ ^ ry+l.lr+l f^j+l.k-l 


2(AR) (AR) 2 2(Ra)AR ' 4(AR) 2 


l/( l+O 


+ 




£/<'+*> 


+ 


A Z (AR) 2 J 

r n*(i) VU) u*U) n*U) „*(» -„*( /) 

\“j+l,k j+i,k “ 1 , ft + j+i,k+i 1 , /c— i 


2(AR) (AR) 2 2(R k )AR 


4(A R) 2 
o*«) ’£/(') U 

_ H+l.k j+I.fr j,k 

AZ 


{/('+!) 

^j+l.k+l 


(3-128) 


f Pj+l.k^j+l.k _ V),* >1,* Vl.ttl Vl.A-l l +]) 

L 2(AR) Pr(AR) 2 2R A (AR)Pr 4(Pr)(AR) 2 

0 *(/) /fli+i) 9i-*(f) 

Pj+l,k u j+l,k ^ K j+l,k 




+ 


h 


+ 


- T(l + 1 

2 1 + 1 , 


+ 


A Z ’ Rr(AR)2l 

■/$?.**$>.* k*<9 


_ Vf __ Vuti Vi.k-t ~j 0 

2(AR) Pr(AR) 2 2R k {AR)Pr 4(Pr)(AR) 2 J 

r 7 f/-ui) v jm+ 1) V/U+l) .2 

. / , / j+ 1,*+1 i+1 , k—l\ 

+ (7 - 1 )*!« ,( ^ ) (3-129) 


AZ 


„*«) //(I) 4 U *(0 

Pj+i, 0 U J+1, 0 0 


AZ 


1 r/a+D + [ — u *(o 1 f/</+D 

J u j+i,o T [ (AR) 2 J+ 1 ' 1 

. O *(o (/(/) [j 

Pl+ 1,0 j+ 1,0 J ’° 


AZ 


(3-130) 
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and 


rni+ 1 ) 

r*j+i , 0 °j+], o 

! AZ 


+ 


4A£0 

TV(AT?) 


— ] r> ,+i) + \ 

)2j J+l, 0 [ 


-4 

&*(') 

Pr(AT?) 2 


TU+D 
J+U i 


o *(0 rja-t i) t. „ 

"j+i, o u j+i, o y J. 0 


AZ 


(3-131) 


The set of linear algebraic equations represented by (3-128) written for 
A- = l(l)n plus (3—130) for A: = 0 may be written in matrix form as 


0 ( o° 

“W.o 

(AT?) 2 





(/('+!) 

j+1,0 


ft” 


P\ n 

fl<'> 




^ j+l. 


</></> 


a l 2 l) 

(3«> 

n<» 


X 

f/G+l) 

j+1,2 

= 

i" l 1 




ft”. 



f/u+i) 

J+l.n-l 


— 1 




a U) 

ft 0 


j+ 1 , n 


W-WfUsIllp 


(3-132) 

where 


— o*U) VU) u*U) a *U) „*(» —a**') 

• jJO + j+l, A- H-j+1 ^j+l.fc | ^j+l.fr+l ^j+l.k-l 

~~ 2(AT?) (AT?) 2 2(T?*)AT? 4(AT?) 2 

n *U) TJU) 2 u* (l> 

S(D= Pj+1 ’ k j+i.a + 3+ j_^ (*>0) 

* A Z (A/?) 2 

„*<0 u *(0 a* 10 u,*<D — U* ,l > 

_ Hj + i r j+i j+l , k l x j+ 1 , A ^j+l ,ft+l H-j + i, fc _i 

* _ 2(AT?) (A/?) 2 2(/?j l )A« 4( AT?) 2 




n*(U {/(» Ui k 
"j+i,k u j+l ,k u ->' h 

A Z 


and 
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(0 = 


pHD (JU) 4u*<'> 

r'j+l ,0 u j + l ,0 , r-J+ i.O 


AZ 


(A H) 2 


(*=o) 


The set of linear equations resulting when (3-129) is written for A=l(l)n 
plus (3-131) for k = 0 may be combined in matrix form as 


/ 3 '(/) 

— 4 A* ( '> 

i+ 1 . 0 




TX'+l) 
j+ 1 , 0 


0 

P 0 

Hr (AH) 2 





a'<'> 

1 

0 '!° 

1 



7V+1) 
j+l , 1 


<t>\ U) 


«'(') 

2 

/ 3 'P) a;;') 


X 

7V+P 

j+l , 2 

- 

It 1 1 



a'(') 

w—l ^ ;i-l 

n'"> 

W — 1 


fU+l) 
j+l ,«-l 


4 >T, 



a'<*> 

pV) 
r n 


7XI+1) 
j + 1 , n ; 




(3-133) 

where 


— „*(') lAD L-%!) L*U) l*U) —k* (,) 

„,'(!) — _i± 1 ■ k j + 1 1 k j + I , k I j+ 1 I A I j + 1 , A-+ 1 j + i , A-i 

* 2 (£R) Pr(AR)- 2(R k )(£R)Pr 4 (Pr) (A/?) 2 


„*(/) jyu+O 

Q ’U)= H J +l > k j + '> k -i i+Uil (£ > 0) 

^ A Z Hr (AH) 2 * ' 

0 *U) JAO ^*(0 

r)'(/) = i ± 1 1 k j + 1 ! a J +l > k 

k 2 (A R) Pr (A H) 2 2 (H fr ) (A R) Pr 4 (Pr) (AH)* 


> + 1 ■ fr 


_ t.’KO 

i+i.A + i i+i.fr — 1 


p *U) m! + \) T k r (/(' + !) -f/U+D -(2 

<£V) = j - + 1 > k — i . k — - — f (y _ i ) M%fj. *u ) I — A ' — ■ A — 


AZ 


2- (AH) 


'2 

A- -I 


and 


PH 


'</) 


n *(!) A /('+') 4i-*<0 

_ Pj+i, o^j+i, o . o 

AZ (AH) 2 


(A = 0) 


For each iteration the set of equations represented by (3-132) is first solved for 
fH'+A. then the set represented by (3-133) is solved for 73'+ P and finally the 

" J+ I > n 
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equation of state (3—119) is solved for to yield 

1 


n m+D — 

Pj+i ,k 7 V+ 1 ) 

j+i , *• 


(3-134) 

The continuity equation for k = 0 (eq. (3—126)) may now be solved for 

Aft 


JAl+i) = 


' p l 

—hi— I], ._//(/+ 0 
„*(/+>) U J’° j+ 1,0 
lft/+i,o -l 


j+'.i 2(A Z) 

The remaining values of are found from equation (3— 117) : 


(3-135) 


P2W Rk 

yu+D = J -'' h ~ 


J+1./.-H pg'+V'i R k+ i j +i ’ k ftfc+1 MZ 


+ <3-06, 


Equation (3—136) may be solved in a stepwise manner working outward from 
A=l. Finally, equations (3-120) and (3—121) are solved to find and 

J+l yf \ 

kj+ [ + k‘ The iterative process is repeated until the solution has converged to the 
desired accuracy and then another step downstream may be taken. 

3. 2. 3. 2 Implicit difference representation valid only for large secondary veloci- 
ties.— As in the plane case in section 3.1.3, if the secondary velocity is large, the 
difference equations may be written in a linear form. The forms chosen for equa- 
tions (3-109) to (3-114) are 


* [~ ii Uj+i,k Uj,k . Uj+\,k+l ' Uj+l t k—l\ 

Pj.k [ lJ i.k AZ + V >-* 2(A R)— J 




Uj+l,k + l 2Uj+i,k--\-Uj+i,k-l , 1 Uj+l.k+1 Uj+uk 


(A ft) 2 


+ 


Rk 


2(A ft) 


^j,k + 1 [Uj+l,k+i U j+\,k-l~\ . 


2(A ft) 


1 


2(A ft) 


P?».k U j + Uk-ffj.k U j.k , P/ + ,.fc+, R kk\ V pi,k + l~P^,k R k V J + u 


f*k [Vj.k 


AZ 

Tj+i,k — Tj t ic 


Pr 


A Z 




Vj.k 


Mi 


Tj+I,k + 1 — Tj+i'ic-1 


-=0 


(3-137) 

(3-138) 


2(Aft) 


Tj +\ ,*■+! — 27j+i> + Tj+t,k-i 1 Tj+i,k+i~ Tj 


(Aft) 2 


+ - 


Rk 


2 (Aft) 


j+i ,a--i 

) 


+ 
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+ 




L 2( AR ) 

Jl 2(AR) Jj 


+ (y 


-i 


U, 


j+1 ,fc+l ~ ^j+l 


— f/, 


2 ( A/? ) 


l f *-l J 




/**+!.*= ( 7 W) / 

*/♦,.*= (*W)* 

For /r = 0, the following forms are needed for equations (3-122) to (3—124): 


(3-139) 

(3-140) 

(3-141) 

(3-142) 


and 


j ’° J ' \ AZ / ^’°L (AR) 2 J 

P*+1.0^ +1 -° — P*0^-° , 2 pf+l .0 ^0+' ■ 1 _ Q 

AZ AR 


Tj+i,Q — Tj'Q \ _4A:* 0 [" 7j + i , i — 7j+ i,o 


(3-143) 


(3-144) 


* ,t ( Tj+t.o-Tj'O \ 4 *,. 0 r 

“'■•M ~ir~r Pr [ (4R)! 


(3-145) 


Equations (3—137) and (3—143) may be rewritten in more convenient forms. 
Equation (3-137), valid for k > 0, becomes 


[ : 


-ptk V i.« + P 


* 


pj*,*+ 1 p/. t- 


2 (A/? ) (AR) 2 2(Ra ) AR 4(AR) 2 

- r p;,*^.* , 2 ^%, i p-** 

+ L AZ + (AR) 2 J J+l ' k L 2(AR) (AR) 2 


1 


U, 


j + J ,k-l 




P*A + 1-P* 


2(Rfc) AR 4( AR ) 

and equation (3- 143 ) , vabd for k — 0, becomes 


1 " 

2 


c/ : 




j+i.jt+i ■ 


AZ 


(3-146) 
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rpj% f/j.o, 4^*0 1 jj ,r-4^oi _ P * tt ui a 

Equation (3-146) written for Ar=l(l)n, along with equation (3-147) for 
k = 0, comprises a complete set of equations in Uj+u.-. This set may be written 
in matrix form as 


fio 


-4/*,% 


(AT?) 2 

«i fix Hi 

Ot‘2 fii IE 


Otn-t fin- X 

a,i fin 



U j+i ,0 


<j> o 


U J+l ,i 


d>i 

X 

Uj+ 1,2 

= 

4> 2 


Uj+X, n-l 


4>n - 1 


Uj+ 1 , n 


< pn HflUi/lIp 


where 


and 


(3-148) 



~ Pi k V Lk 

V-j.k 

II* 

■ P-j.k 

o:a- = 

2(AR) 

(ARY 

'■ 2(R k )AR 

/3 k = 

P},k Uj,k 

AZ 

2 Ptk 
(ARY 

(k > 0) 

o, = 

Pj*,k Vj,k 

P*k 

P*k 

ILk 

2(A R) 

(A RY 

2(R k )AR 


P-j,k-¥ 1 P-j,k - 1 


<t>i. — Pf,kUj,kl&Z 


A Z + (4R)= l * 0> 

Equations (3~ 139) and (3-145) may now be rewritten. For k> 0, 


r pf, kVj, k 

k*k 

k * k k l,k+x k l,k-l 

L 2(A«) 

Pr (ARY 

2R k (AR)Pr 4(Pr)(AT?) 2 . 


Tj+\'k-i + 
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+ 


PtkUj.k 2 A* k 


lj+ i,k 


+ 


n* V k* 

/ A . k '} . k h J , k 


A Z Pr (A/?) 2 J 

A- * A.* _ L* 

n j,k K j,k + 1 K j,k — 1 


L 2 (A/?) Pr(A «) 2 2 /?*(AP)Pr 4 (Pr)(AP) 2 J 


77 


j+ 1 , A'+ 1 




Uj+ 1, A-+1 — Uj+i, *-1^2 

2(Ayj j 


(3-149) 


(The relationship p* k Tj , *=1 has been employed in (3-149).) For A = 0, 


pf, ot/ J , 0 + 4 /c* 0 


■pj 


AZ (Pr) (AK) 2 J 


7 j+i, o 


+ 


-4a;,o 


LPr(AP) 2 


pf # o 7 j, o TTj , o 

AZ - AZ ^- 150 ) 


Equation (3-149) written for A = 1(1) n and equation (3-150) for A — 0 are 
a complete set of linear equations in 7 j + >,a- The set may be written in matrix 


form as 

o , -^ 0 
/3 ° Pr (AR) 2 

«i is; a; 

Q!2 @2 fl 2 

a n- 1 a„_, 

' fin 



Pj+1,0 


d’o 


7j+i , i 


</>! 

X 

Pi+I, 2 

= 



Tj+i, n- 1 




7j+ 1 , n 


d>;-a;(t s /«„) 


where 


(3-151) 


fc 2 (AP) 


A* 

_7la_ 


+ 


A? , 

J, A' 


A* 
j, k + 1 


A* 

*J.A -1 


(Pr) (AP ) 2 2 K*(Pr)(AK) 4 (Pr)(AP ) 2 


AZ Pr(AP ) 2 


2k J+_ 


( A > 0) 
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o, ellti *t.» 

k 2(A R) ( Pr)(AR) 2 2R k (Pr)(AR) 4(Pr)(AP) 2 


£•* — 


,, _ p* k Uj,kTj,-k , , A _ r^j+ufr+i 


AZ 


•+ (y 




Uj+\, k- 


2 (Ay) 


and 


AZ Pr(AR) 2 


(k= 0 ) 


The set of equations (3-148) may now be solved for Uj +iik using the method 
of appendix A, and then the set. (3-151) can be solved for Tj+ 1,*- using the same 
method. 

From equation (3^140) the density may now be found: 



P* +t ,k 


1 

T j+i, k 


(3-152) 


The continuity equation is next solved for Vj+i, k +i- First, for k = 0 from equation 
(3-144), . • 



(3-153) 


and for k= 1(1 )n from equation (3-138), 


Fj+l.fr+l I * D ) ')+l,k^~ \7(D \ ( ) (3^154) 

'Pj+i, fc+i^ fr+1 '' AZ(rvfr+i) \ Pj+\,k+i ' 


Finally, [i* + 1 k and k* +l k may be found from equations (3^141) and (3^-142). The 
solution may now be advanced downstream another step. 

All forms of both the momentum and energy equations given in this section 
are universally stable except for U < 0 which presumably, will not occur in the 
laminar jet flow situation. 

The truncation error for both the momentum and energy equation difference 
representations is of &(AR) 2 and (5 > (AZ).T'he truncation error of the continuity 
equation is of 0{ AR) and 6? (A Z). 
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3.3 OTHER PROBLEMS WITH A SIMILAR FORMULATION 

3.3.1 Jets With Body Forces 

The basic formulations given in this chapter may be modified to include a 
body force of any type (for more details on the methods of solution when the body 
forces are electrical or magnetic in nature, see section 2.3.4). Body forces due to 
gravitational effects may also be readily included. 

If the body force distribution is symmetric about' the jet centerline in the 
main flow direction of the jet, symmetry is preserved. If this is not the case, the 
jet is no longer symmetric and it becomes necessary to determine the velocity 
distribution across the entire jet cross section at each axial step. In the case of 
the plane jet this means only that the full jet width must be considered instead 
of solving for velocities in only half of the jet width and then applying symmetry. 
If the body forces are sufficiently large, it may also become necessary to include 
the effects of momentum flux in the direction in which the body forces are applied. 
The formulations of this chapter may then no longer be directly applied. For the 
jet which has an initially circular cross section, body force distributions not axially 
symmetric and alined with the main flow direction make the problem three di- 
mensional and compound the complexity of a numerical solution enormously. 
The three-dimensional problem is not discussed here, but some idea of the dif- 
ficulties involved and possible approaches to the problem may be found in later 
chapters of this book in connection with the discussion of flow in noncircular 
channels. 

3.3.2 Jet Mixing When Primary and Secondary Streams Are Different Com- 

pressible Fluids 

If a primary jet of gas issues into a secondary stream which is composed of 
a different gas, diffusion becomes one of the important mechanisms in the mixing 
process. The diffusion equation must then be included in the basic equations along 
with the proper equation of state, and the properties must be evaluated using the 
methods required for gas mixtures. 

As an example of this type of problem, we shall consider the formulation for 
the plane mixing of a primary jet of gas with a moving or stationary secondary 
stream of a different gas at a different temperature. The configuration is shown 
in figure 3-5. 

Pai (ref. 3) discusses the jet mixing of different gases, and the basic equations 
for diffusion may be found in Rohsenow and Choi (ref. 4) and Bird, Stewart, and 
Lightfoot (ref. 5). The equations given here are the result of the usual assumptions 
of the boundary layer type along with the assumption that the mass transfer due 
to diffusion involves a negligible momentum flux. 

To the author’s knowledge the finite difference formulation (or this problem 
has not been previously available, although Pai presents a solution for the iso- 
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FIGURE 3-5. -Plane jet mixing of two different gases. 


thermal case in which the basic equations are transformed into forms of the 
generalized heat conduction equation and then examined for several simplified 
cases (isothermal or isovelocity). 

The equations of momentum, continuity, and energy may be written as 


(“ 


d(Cpt) 

dx 


du du\ d ( du\ 

u Ft; — I = — u — 

, dx dy / dy\ dy / 

(3-155) 

d(pu) ! d(pv) Q 
dx dy 

(3-156) 

dy / dy\ dy/ \dy ) 

(3-157) 


In our discussion of diffusion, we employ the subscript a for the primary gas 
and 6 for the secondary gas. We define 


C* = CJp 


(3-158) 
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where C a is the mass of component a per unit volume, p the mass of mixture per 
unit volume, and C* the mass fraction of component a. In terms of C*, the diffusion 
equation may be written as 


dC* , 

pu^-+P v 



(3-159) 


where D is the diffusion coefficient. The D has been assumed constant which 
is an excellent approximation for most gases at constant pressure. 

We now require an equation of state for the gas mixture in order to express p 
as a function of C*, p, and t. We first express C* as 


c:=c„ip= 


N„M„ 

N„M (l + N b M b 


(3-160) 


where N a and N b are, respectively, the number of moles of gas a and gas b per unit 
volume of the mixture, and M a and M b are the molecular weights of these gases. 
Since 


N=N„+N b (3-161) 

where N is the total number of molecules in the gas mixture per unit volume, 
equation (3-160) may be rewritten as 


N„M„ 

" N„M„ + (N—N„)M b 


(3-162) 


The equation of state for the mixture is 

N=pffit ' (3-163) 


where 01 is the universal gas constant and p is the total pressure of the gas mixture 
(constant in this case). Combining equations (3-162) and (3—163) and solving 
for N a give 



+ V(l -C't) 


(3-164) 


where r\ = M „jM b . Equation (3-160) may now be written in the form 

N gM H 


(3-165) 


Solving equation (3—165) for p and using equation (3—164) finally yield 
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P = 


pM a 


(C* + 7,(1- C*))*t 


(3-166) 


The transport properties are assumed to be functions of temperature and 
concentration only. An extensive literature has been devoted to the subject of 
the transport properties of gases and mixtures of gases and it does not seem 
worthwhile to present expressions here for these properties. The reader is referred 
to Hirschfelder, Curtis, and Bird (ref. 6) and Reid and Sherwood (ref. 7) for detailed 
discussions. For our purposes it is sufficient to state that the properties may be 
any desired, function of concentration and- temperature without complicating the 
actual solution in any way. We therefore simply state 


Cp—c p (t, C*) 

P = p{t, C*) 
k=k{t, C*) 


(3-167) 

(3-168) 

(3-169) 


Equations (3—155) to (3—157), (3—159), and (3-166) to (3-169) now completely 
describe the problem. 

The boundary conditions for this problem are 


u(0, y) = u„ 
a(0, y) = « s 
u{x, °°) = u s 


ySii 
y> a 


(see appendix F) 


Ty^ 


= 0 


v{x, 0) = 0 
*(0, y) = t P 
t( 0, y) = t, 
t{x, °°) = t s 

£-(x,0) = 0 
dy 

C*(0,y) = l 
C* (0, y) = 0 

C*(x, °°) — 0 

0)^0 

dy 


y ^ a 
y> a 


y ^ a 
y> a 


(3-170) 
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The equations (3-155) to (3—157), (3—159), and (3-166) to (3—170) must now 
be expressed in dimensionless form. The following dimensionless variables are 
chosen: 


U = u/u p 

Y=yla 1 

II 

f: 1 
* s 

5" 

II 

* 

T= t/tp 

p.*=pip.p 

N* = N/N P 

p*=pipp 

Y_ x Pp 
ppP-pa 2 

Cp — CpI ( Cp)p 


(3-171) 


The concentration C* is already dimensionless. All reference values with sub- 
script p are evaluated at the primary jet conditions at X = 0. 

Inserting these variables into the basic equations, the problem may be 
rewritten in dimensionless form as 


p* 

\ dX dY ) dY\ p dY/ 


(3-172) 


d(p*U) d(p*V) 
dX dY 


(3-173) 

[ d(c*T) d(c*T) j 

>Y \ 


fdU\ 2 

(3-174) 

~PrdY\ k aKj +(y x) ^ 1 

(jf). 


dC* dC*\ 1 d ( ^dC*\ 



p*[u 

~dX +V W)~S^dY\ P 1 y) 


(3-175) 


* 1 
p r[c*+„'(i-c 0 *)] 


(3-176) 

where 

Mp y/y&ttp 




Sc= {p)) P 




459-174 0 - 73 -8 
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Pr= 



are the Mach, Schmidt, and Prandtl numbers, respectively, evaluated at conditions 
in the primary stream at X = 0. 

The boundary conditions in dimensionless form are 


U( 0, Y) = l 
U{ o, Y) = u s lup 
U(X, 00 ) =Uslu p 


|y (X, 0) = 0 


V(X, 0) =0 
T(0, T) = 1 
7X0, Y)=t s /t p 
T(X, oo )=tjt p 

AT 

iz(*’°)=o 

c*(0, Y) = 1 
C a *( 0, T) = 0 
C a *( A , «)=0 

\ 

dC* 

-^r(T, 0) = 0 


Y 1 

y > i 


y « i 

y > 1 . 


(3-177) 


y « i 
y > i 


A finite difference form must now be selected for this problem. In order that 
the formulation be valid for all secondary velocities greater than or equal to zero, 
and to ensure accuracy in the evaluation of the properties, a nonlinear difference 
representation will be employed. The forms chosen for the momentum, continuity, 
and energy equations are essentially the same as those used in section 3.1.3. The 
complete finite difference representation for the problem is 


n * TJ. Uj+l.k Uj , k , i/ Uj + 1 , k + 1 Uj+l.k-i 1 

P J+ t,k[ u J+i.* +Y J+ i,k 2( ^ y) J 

_ * Uj+i , A'+I ~ 2 f/j+l,A-+ Uj+t,k-l- 1 , 

^ +, ’ k L (AT)2 J 
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+ 


P-j + l , k+l P-j + l,k-l 

~Uj+\ t k + 1 Uj+I,k-1~ 

2 (Ay) 

[ 2(A Y) 


P? +i , k U J+ >, k p* k Uj,k Pj+l,k+l Pj+1,*+1 Pj+l.ft^j+l.A- 

_ AX + A? _ ° 

* T rr ’ ( C p)j+1. kTj+l, k ( C p)j,kTj,k 

Pj+i.* [ U ^' k Kx — : 

T , . ( c *)j+i,k+iTj +i ,k+i — (c p )* +i k i Tj +li k-i 

+ ’ / j+ l - k Ot\V\ 


(3-178) 

(3-179) 


= J-f k * 

p r { Uk 


2<A Y) 

7j+i,fc+i — 27j-n t fc + Tj 


] 


j + 1 , ft I j+\,k-\ 

(Ay) 2 


r L* — -i 

j+l, A+l J + 1 , k-rl 1 

Tj + t r k+i — Tj+ i,*-iT 

L 2 (Ay) J 

2(AF) Jj 


+ (Y-1 )M>U. k 


o* 

j+i,* 


fQ+i, k + 1 ~ T/j-i-i, fc_i 2 

2 (AY) 

„ ( C t)j+l.k-(C* a )j,k ^ v (^g)j+l.*'+ 1 ~ (C*)j+i,k - 

Uj+1 ' k AX + yj+, ’ k 2(AF) 

(C* )j+i,fc+i 2(C*)j+i ik + (C*)j+i,fr-i 'l 
(AF) 2 J 


(3-180) 


i 


Sc 

{ P^,k | 

+ 

P* 

j + 1 , k + 1 

21 


L 2(AF) JL 2(AF) Jj 

* = 1 

Pj+1 ’* r J+1 ,*((C*)j + ,.* + i,(l-(C*)j +ll *)) 

( c p )j+l, * = { c *)j+i,k(Tj+i, k, Cj+i, *) 

Pj+\,k = P*+l, k (Tj + i,k, Cf +t , k ) 

k *+l,k = k i+\,kWi+ l ’ k ' C f+l.k) 


(3-181) 

(3-182) 

(3-183) 

(3-184) 

(3-185) 


There is a very large number of possible iterative methods which might be 
applied to solve equations (3-178) to (3-185). The technique discussed here is 
very similar to that used in section 3.1.3 except for the presence of equation 
(3-181) (the diffusion equation) and the modified equation of state and property 
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relations. It should be noted that this iterative technique has not actually been 
applied by the author to this specific problem and, although there seems to be no 
reason why it should not work, the final proof must always be numbers on a sheet 
of computer output. Since the iterative method has been discussed in detail 
in sections 3.1.1 and 3.1.3, the presentation here is confined to the equations 
themselves. Equations (3-178), (3-180), and (3-181) are now reformulated slightly. 
The quantities with superscript (/) are from the iteration prior to the present 
one, while those with superscript (/+ 1) are to be obtained in the present iteration. 
Equation (3-178) is rewritten as 


p*U ) [ £/<» 

fj+l ,k [ j+l,* 


f/( ,+ i) rr 

-J±±dL y(i) 


[JU+i ) — 77(t+i ) 

j+l,*+i j+l 


AX 


j+l, k 


) ~\ 

,k - 1 


Ur* 1 * 

= u *(i) ^ + 

O'+l,* 


2 (Ay) 
(a y) 2 


,/c-l 


r „*</) _ n HD n 

*j+l ,/c+l H+l.A-1 

rf/U+i) — 

j+i,fr+i j+i.fc-i 

2 (Ay) J 

L 2 (Ay) J 


(3-186) 


Equation (3-180) is rewritten as 


0 *d > I [/</+ 
j+i.fc [ j +1 




AX 


+ JAD 

j+l.* 


( c *)(0 7X1+1) 7Xf+ ]) 

''^p'j+l,k + l J j + l,k + l > j+\ .k-l 1 j+l ,k-\ 


2 (Ay) 

, . r TO+D. _?7X'+i) +7X1+D 

= _{+*(<) | j+i.* + i J+i.* j + i,*-i I 

Pr 1 ' (Ay) 2 J 


r &*<0 —/c*U) 

I j+l.fc+1 j+l , fr-1 

^u+D 7x1+1) 

r j+i.*+i j j+i,*-i 1 

L 2 (AT) 

L 2 (Ay) J] 


r [/< ( + 1 ) — {/U + 1 ) n2 

+ (r-i)M^*» > ,.[ " t ~' ] (3_187) 

Finally, equation (3-181) is rewritten as 

i,fc I j+i,* 


0 *U) 
j + 


(cpjiyu- (Ojiyu i _ 

+ j+ 1 , k 


AX 


2 (Ay) 
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+ 


(A IT 

0*0) _ 0 *(() Y (C*) (,+ 1) — 1C*1< ,+ 1 > 

"j + l,A + l "j + l,A-l A a'jtl.hl a 'j+l , A* — 1 


scr j+, ' fc [ 


-pjl 


2 (Ay) 




2 (Ay) 


]} 


(3-188) 


Equation (3-186) written for £ = 0(l)n now constitutes a set of (n + 1) linear 
equations in the (n+1) unknowns t/j*+**- Equations (3-187) and (3-188) written 
for & = 0(l)n constitute similar sets of equations for an d (^*)j+V a - 

Equations (3-186) to (3-188) can be rearranged in the following more con- 
venient forms: 


-o*U) v (l) 
"j+l, k' j+l, k 

2 (Ay) 


a *(l ) U *u ) — u *0> i 

n+l ,* +1+1, *+l H+l,*-l ■ 

(Ay) 2 ’ 4(Ay) 2 J J +l - k -' 

r p *U) r r(D 2u*<*> 

| + j+l,*Oj+l,fc | ^**j+l ,fc 


AX 


(Ay ) 2 


1 t/o+l) 
J '1+1.* 


n *0) I/O) a *(l) „*U) — u*0) 

Pj+1, **j+l , fc +J+ 1 , fc +J+1, fc+1 *j+l , fc— 1 


2 (Ay) 


(Ay) 2 


4(Ay) 2 


{/O+D 

j+i. 1 


*+i 


n*0) rrO) rr 

AX 


(3-189) 


o*0) i/0> £*0) t*0) — 1*0) 

^j+ 1 , A: v P ' j+l,k-lV j+l,k "j+l, A , j+l,*+l j+l.A-l 


2(Ay) Pr(Ay) 2 + ‘ 4(Fr)(Ay) 2 


}n 


TU+ 1) 
j+l, A-l 


n *(l) , *v(0 rrU+ 1) 

^j+1 , fr (Cp /j+l, kUj+l, k ■ j+l, ft 

AX ' Pr(AY) 2 


] TU+ 1) 

J+l.* 


n *0) ( c *10) I/O) I-*0> Jfc*0) _ t*0) 

Oj+1,*^ p Jj+l,fc+l j+l, A j+l,* j+l.A+l J + l . A— 1 


2(AX) 


Pr(Ay) 2 4(/V)(Ay) 2 


}t< 


r(/+ 1) 

j+l, fr+1 


=(7-D^ t 


77U+1) _£/u+l) 

j+l , A + l j+l r 


2(A Y) 


U Vi 

■*0 


n *(0 (c*) U u+l) T ik 

Pj+1, A p -'j,* j+l,* ■)’* 


AX 


(3-190) 
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_ O *(o ym 
2 (AY) 


Pi 


HD 


j+ 1 , A- 


Sc (AT) 2 


o*(0 

fj+n+i 




4(Sc)(Ay) 2 



</+l) 
j+i, *-i. 


rr) *(» f/U+D 2o* (() ~i 
I "j + 1 . * j + 1 , fc | " j + 1 , fc fC’*')((+l) 

AT Sc(AT) 2 J v 


+ 


rn *U) P(t) n *U) 

| "j + l, k j + l,k _ " j + 1 , * 

2 (AT) Sc(AT) 2 


o*u ) -«*<'> 

*J+1,*+I K 


4(Sc)(AT) 


j+ — 1 /C’*\(f+1) 

1 2 v a'j+l,ft+l 


AT 


(3-191) 


For each iteration the procedure is to solve the set of equations represented 

by (3-189) for t/jiVk> the set represented by (3-190) for and finally the 

set represented by (3-191) for (C„) j+V *.• Equation (3-182) can now be solved for 

n *U+ 1) 

Pj + l,k- 

The values , 'may now be solved for from continuity (eq. (3-179)): 


ya+n 

j + l , * + l 


VU+ 1) 
j + l,* 



at, 

fpfjW’W. - 

pikVuk\ 

l p*U+D ) 

'"j+l, k+i ' 

AT ' 

i ri*U+l) 

v "j+l,Jfc+ 

, ) 


(3-192) 


The properties c*, p*, and k* can be found from equations (3-183) to (3-185). 
The iteration (/ + 1) is now complete. The iterative process may be repeated as 
many times as necessary until the values obtained on succeeding iterations agree 
to within any desired accuracy. Once the iterative process has converged, another 
step downstream may be taken and the solution obtained at that location using the 
same method. Over or under relaxation may be readily applied. (If there is difficulty 
in obtaining convergence, underrelaxation will probably be necessary.) 

The matrix representations of equations (3—188), (3—190), and (3—191) are 
now written. Equation (3-189) in matrix form is 



-«,o 
(AT) 2 




Wo 



a\ n 

fi¥> 

ny> 

- 


w. 


d></> 


; « ( 2° 

fif/> ny> 


X 

[/(?+!) 
j+l, 2 

- 





« (0 i 


[/(/+!) 
j+l, n- i 


c\ 



a u) 

n 

A 0 


f/(/+D 
j+l, n 




(3-193) ' 
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where 


o-'-' V'-' a* (,) 

/ ' j + 1 1 j+1 j ’ j+ 1 , k 

ay' = 


ft 0 - 




- n *<0 MO 
' j+i.A-j+ i 

2 (AY) 
o*n U (l) 

0+1 , A- j+l 

A* 

0 *(/> 1/10 
0+1,* j + l, A- 

2 ( Ay ) ( Ay ) 5 


+ 


(AF) 2 
(AF) 2 


+ - 


Mi 


*(/) 


*U) 


'j+i,A-+i o + i, *-i 


4(AF) 5 


u*<'> 
*Q+i , * 


M 


*<i) 


j+i,*+i Mj-j. I, fc-i 


=K'/) 


4(AF) ! 


, /n 

$ A- A V 


Equation (3—190) in matrix form is 


— 2k*(>) 





n’U) j+I '° 

P ° Pr(AY) 2 


7X1+0 
j+ 1 , 0 


K {,) 

«;*') a;<'> 


7X1+1) 

1+1,1 



<'> /3; (,) ay 

X 

711+D 

j + 1 , 2 

= 

<y 2 (i) 

«: (o , te «:°i 


711+1) 
j + 1 , M-l 



< (,) ^ 


7X1+1) 
j + 1 , H 


<f>'r-^'h s it P 


(3-194) 


where 


a 


'(') = 
a- 


a 


'</)= 

* 


O '(0 = 

ll k 


— D *0) 0*1(1) IW> t*(i> ’ 

"j+l, ll'^P 'j+l, *-l r j+l, Ar n 'j+l, * 

2(AF) 

Pr(AF) 2 

o*(i) o*W> f/ (,+ 1) 

0+1,*' *>'i+i.ArO'+l.fc , 

2k* u) 

j+l,A- 

A* 

Fr(AF) 2 

*<o 0*11') i/(D 

+0+1, A' //-'j+l.t+l j+l.A- 

£*(') 

j+l.A- 

2 (AF) 

Pr(AY) 2 


- + - 


t *(!) _k*(l> 

"j+l.fr+l a j+i,A--l 

4(Pr) (AF) 2 


t*(0 _ r*(i) 

0+I.A-+1 0+1. A - 1 

4(/Y)(AF) 2 
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2 


Finally, equation (3-191) in matrix form is 


3"(0 


V "U) 




,Sc(AF)V 




a’™ 

/3^'> 


PL\ W}», 

a 'V) «"(/) 
w r'n 


(cw:iio 


4>r 

(cXv:, 


4>" V) 

(CW!U 

= 

w 

(C:)%\\n-, 


4>T. ■ 

(Ca%V!„ 




(3-195) 


where 


,"</) 

7f 



k 


2 (AY) 


0 *{n O *(o _ a m 

rj+i,k . Hj + I,fc + 1 Hj + i t fc 

Sc(AF) 2 4(Sc)(Ay) 2 


0*(l) f/U+D 2n* (f> 

n »m_ Pj+i.fc j+i,fc | ^ i+i.k 

Pk ■ AX Sc(AF) 2 


0 *V) l AO 

_>jn, k r j 1 1, k 


O"<0 — ' j+i 

* 2(AF) 


p*U) 

r j+i ,k 


D HD -n*M 
Hj+l.fr+1 Uj+1, 


Sc(AT) 2 4(Sc)(Ay) 2 






A* 


The truncation error of the momentum, energy, and diffusion equations is of 
€?(AX) and (7 (AY 2 ). The truncation error of the continuity equation is of O (AX) 
and <7 (AY). 

Although no stability analysis for this formulation has been carried out, it 
may be safely assumed from previous experience that the representation is stable 
for all U 3= 0. 
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3.4 EXAMPLE PROBLEM -TWO-DIMENSIONAL JET 


As an illustration of the numerical technique, a solution has been carried 
out for a plane jet of fluid emerging from a finite slot with a parabolic velocity 
distribution into a stationary region of the same fluid (fig. 3-6). This problem differs 
only slightly from the problem formulated in section 3.1.1 for a uniform primary 
stream of velocity u p . The formulation given in section 3.1.1 may be used for the 
present problem if the velocity u p is used to represent the maximum velocity in 
the parabolic velocity distribution and if the boundary conditions (3— 3) are modified 
to become 


u(0, y) = «p ( i-^ ) 

U(0, y) =0 y> a 

u(x, °°) =0 

fy {x ' °> =0 
v(x, 0) = 0 



(3-196) 


Figure 3-6. — Plane jet emerging from wall with parabolic velocity di. .ribution into stationary fluid. 
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* 

In dimensionless form, the conditions (3-196) become 

i/(o,y) = i-y* y=si 


U(0,Y)=0 
U(X, oo) =0 

(X, 0)=0 

V(X, 0) =0 


y > i 


(3-197) 


The solution now proceeds exactly as outlined in section 3.1.1. 

The numerical solution was carried out with mesh sizes of AX = 0.001 and 
Ay=0.05 with n = 300. This large value of n made it unnecessary to expand the 
grid as the jet expanded, although clearly the number of mesh points in the 
y-direction was much larger than was necessary for small X; It was found neces- 
sary to employ underrelaxation to obtain convergence of the iterative procedure. 
An underrelaxation factor of 0.3 was used. 

Axial velocity U distributions obtained from the numerical solution are 
compared in figure 3-7 with the solution of Schlichting (ref. 8) for a plane jet 
emerging from a slit of infinitesimal height but with a finite momentum flux. The 
two solutions are compared on the basis of an equal momentum flux. The profiles 
at X = 0.2 shown in figure 3— 7(a) indicate that the expansion of the jet is about the 
same for both solutions. However, the Schlichting solution gives a higher center- 
line velocity since the source of the jet is concentrated into an infinitesimal height 
while the jet in the numerical solution emerges from a finite source. Much farther 
downstream at X = 0.8, as shown in figure 3— 7(b), the distribution of the source 
of the jet becomes much less important and the two solutions agree very well. A 
number of representative velocity profiles from the numerical solution are shown 
in figure 3-8. 
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CHAPTER 4 


FREE CONVECTION 

- Free convection (also called natural convection) results when a fluid in the 
presence of a gravity field undergoes density variations due to a nonuniform tem- 
perature distribution within the fluid. For almost all practical situations, the fluid 
can be considered as incompressible in the sense that variations in pressure do 
not significantly affect the density and that the effect of temperature variations on 
density can be adequately accounted for by using a coefficient of thermal expan- 
sion. Eshghy and Morrison (ref. 1) gives a complete discussion of the limitations of 
these assumptions. In addition, for large Grashoff numbers, a boundary layer model 
is acceptable for the free convection problem, and we shall employ such a model 
in this chapter. 


4.1 FLOW ON A VERTICAL HEATED PLATE 

The problem configuration considered first is shown in figure 4-1. The vertical 
plate is heated and the surrounding fluid is at rest. 


4.1.1 Velocity and Temperature Solutions 

The “incompressible” free convection equations (see ref. 1) may be written as 


( du du\ d 2 u n . 

p \ u Tx+ v Ty)~ p w +peM '~ 


G) 


du | dv _ q 
dx dy 


pCp 


dt 


dt\ 


d 2 t 


u — + v — = k 


dx 


dy) 


dy 2 


(4-1) 

(4-2) 

(4-3) 


where g x is the x-component (vertical) of the acceleration due to gravity and B 
is the thermal coefficient of volumetric expansion. 


115 



116 


NUMERICAL MARCHING TECHNIQUES 



FIGURE 4—1. — Free convection flow on vertical heated plate. 

The boundary conditions specified for the classical free convection problem 


are 

u{x, 0)_= 0 
u(x, °°) = 0 
u(0, y) = 0 
v{x, 0) = 0 
t(x, 0) = t w 
t(x, = 
t(0, y) = t x 


(4-4) 


Other boundary conditions may be readily considered when the numerical tech- 
nique is used as will be demonstrated in later sections of this chapter. 

The equations (4—1) to (4—3) and boundary conditions (4^-4) may now be put 
in dimensionless form by the proper choice of dimensionless variables. The 
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variables chosen are those used by Bodoia (ref. 2) for his investigation of confined 
free convection: 


U= 


V= 


v llL 

L 2 g x B(t w -t x ) U ~v{Gr) 

Lv 


T = 


t — t x 

t\JO' t y 


(4-5) 


X= 


g x B(t w — t x )L 4 L(Gr) | 


r -i 


where Gr= B{t w — t x )L 3 g x jv 2 is the Grashoff number and L is a characteristic 
length in the ^-direction. 

When these variables are inserted into equations (4-1) to (4-3), the basic 
equations become in dimensionless form 


dX dY dY 2 


dU dV 
dX dY 


= 0 


dT dT_ 1 d 2 T 
U dX + dY Pr dY 2 


(4-6) 


(4-7) 

(4-8) 


The boundary conditions (4—4) in dimensionless form become 

U(X, 0)=0 
. U{X, °=)=0 
U{0, Y) = 0 
V(X, 0) = 0 
T{X, 0) = 1 
T(X, oo) = 0 
T( 0, Y) = 0 


(4-9) 
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The only parameter appearing in the dimensionless problem is the Prandtl number. 

A finite difference form for equations (4-6) to (4-8) must now be chosen. 
Essentially the same type of formulation is employed as was used for the jet with 
zero secondary velocity in section 3.1.1. This form is necessitated by the zero 
velocity free stream, which will result in the usual implicit formulations being 
inconsistent as discussed in section 3.1.1.- The finite difference forms chosen 
for equations (4-6) to (4-8) are 

T 1 Uj + 1 . A Uj, k I T/- fA'+l,fc+l Uj+1, Jlr-1 

Uj+ '’ k AX +F ' +, ' fc 2(AT) ■ 


Uj+ 1 , fc+ 1 

— 2U J+Uk 

+ 1 , fc — 1 | 

(4-10) 


(AT) 2 


■1 — U),k+ 1 , 

Ej+i, *+i 

^0 + 1 » k n 

(4-11) 

AX + 

AT 

— U 


Uj+I, k 


Tj+i,k — - Tj.k 

AX * 


+ Vj+l ,k 


Tj+i,fc+i Pj+i. 

2 (AY) 


k - 1 


_ _1_ Tj+i.f+i — ITj+i'k + T j+ i,fc_i 

Pr (AT) 2 


(4-12) 


Since the difference formulation given here is nonlinear, an iterative scheme 
is required to obtain a solution. The method used here is very similar to that 
employed in section 3.1.1. The difference equations (4-10) to (4-12) are first 
rewritten as 


f/((+n _ t] . mi+ 1) — f/u+D 

rju) i +l ’ k —+i At) J+'’ k +' ■?+■•*- 1 

j+u* AA J+t 


2 (AY) 
tju+ i) _ 2U u+l) 4- 

_ i + 1 , k + 1 j+l,k j + 1 , k - 1 , (A—\ 

(AT) 2 i+l, k V* 

u}<+'\ +1 - Uj, k+l v«y\ +1 - m» k 

' 'ax — + AT =0 (4-14) 


7’U+l) —T TU+l) —TU+ 1) 

TJU+ 1) -J±UL — + yd+i) 1+LA+l j+uk-i 

j +l ’ k AX i + '’ k 2 (AT) 


1 


TU+ 1 ) _ 9 TU+ 1 ) 4 - TU+l) 

j+l.fr+l j+l.fr J+1 , A— 1 


Pr (AT) 2 


(4-15) 
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where the superscript (Z) indicates values obtained on the (Z)th iteration and the 
(/ + 1 ) indicates those to be obtained on the (/-hi) th iteration. 

Equation (4-13) may be rewritten in a more useful form as 


1 


VO) 

j+1 


(AT) 2 2(AE) 


] + [ 


(A Y) 


■+ 


AX 


H 


f/o+i) 
j+1, A 


-1 


+ 


VO) 

j+1, A- 


L (AK) 2 2(AE) 


t/(/+D 
J+1 1 A'+l 




AX 


TO) 

j+1, A- 


(4-16) 


Equation (4-16) written for Zr=l(l)n now constitutes n linear equations in the n 
unknowns since the quantities having superscript (Z) are assumed known 

from the previous iteration. As is usual for external flows, the value of n must be 
chosen sufficiently large so that a number of points in the grid are essentially in 
the free stream. The value of n must be increased as the boundary layer grows, 
and eventually it will become worthwhile to halve n and double AY. The choice 
of an initial value for n and AY is somewhat difficult, but reasonably good values 
can be obtained by referring to the classical analytical solutions for the free 
convection problem (refs. 3 and 4). The set of linear equations may be written 
in matrix form as 


where 


/3</> 

n</> 





(/(/+') 
J+1, 1 


4>? 



ny> 




(/('+') 
j+1, 2 




“s’ 




X 

T7U+ 1) 

j+ 1 , 3 

= 

1 Lt 



<1, 

A 0 -, 



Uo+o 

j+ 1, n- 1 


e, 




a U) 



[/(/+» 
j+i. n 




(4-17) 




vw 

j+i,fc 




(a Yy 

; 2(AE) 

2 

1/(0 

, j+1. A' 

- (AYY 

1 AX 

l 

l AO 

+ j+1, A 


(AT) 2 2{AY) 


459-174 0 - 73 -9 
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U u) u 

0<A= J+ \~r - k + n ,) 


AX 


j+l, k 


The matrix of' coefficients in (4—17) is tridiagonal, and the method of appendix 
A may be used to obtain a solution for 

Equation (4—14) may next be solved for V ^ 1 l) k+l : 


AY 


JA'+ 1) =M/+D __ ({/(/+!) —U 

'j+i.lt+l r j+\,k u j,k+l ) 


(4-18) 


This equation may be solved in a stepwise manner working outward from the 
plate. 

Equation (4—15) may now be rearranged in a more useful form as 


-1 


V('+D 

j+l , k 


l(Pr)(AY) 2 2 (AT) 


; + 




r 2 

7X1+D + 

*-«■*-« l_(p r )(Ay)2 aa 


7x1+1) 
r J j+l ,k 


+ 


r _i yv+D 

I 1 U j +l - A ' 7X1+1) _ j+Uk j,k 

|_(/V)(Ay) 2 2(AT)J AX 


{/( !+ 1) 77 


(4-19) 


Equation (4r-19) written for ,/c=l(l)n constitutes n linear algebraic equa- 
tions in the n unknowns 7J*+9 # This set of equations may be written in matrix 
form as 



n;<»> 




7X1+ 1 ) 
j+ 1,1 


<#>;<!» -«;<!> 

«;«> 

.& (0 ' 




7X1+1) 

j+l ,2 


<K (,) 






7X1+1) 
j+l, 3 


<t>r 



— — 

— 

X 

— 

— 

— 




fl r( « 

r'n-l n-1 


7X1+1) 

J j+l, n -1 






<<» /3' (<) 


7 x 1 + 1 ). 

j+l , n 


K U) 


where 


«'<!)= thL 

k (Pr) (AY) 2 2(A Y) 


(4-20) 


C 
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_ 1 K< ,+1 > 

n'(i)= 1 — 1 ■- 

k (Pr) (AY) 2 2(A Y) 




( 0 = . 


no+i) t 

LJ j+i,k J j,k 


AX 


As in the momentum equation solution,- the method of appendix A may be used. 

The iterative technique now consists of solving the sets of equations (4— 17), 
(4-18) and (4-19) in that order repeatedly until the values obtained on a given; 
iteration agree with those obtained on the previous iteration to within some 
predetermined accuracy. 

Preliminary calculations by the author indicate that the iterative process 
may not converge unless some underrelaxation is employed. The relaxation pro- 
cedure is discussed in detail in section 3.1.1. The underrelaxation factor found 
useful in the preliminary calculations was 0.3, but this should be determined for 
any given problem by experimental calculations. 

The formulation given here is stable so long as U & 0. The truncation error 
is of (7 (AX) and (7 (AY 2 ) for momentum and energy and <7 (AX) and (7 (AY) for 
continuity. 


4.1.2 Heat Transfer Solution 

The local Nusselt number is given by 

Nu x = - q — ■ 

k(tw toe) 


or 



di 

dy 


x 

y= o 


(t w t x ) 


(4-21) 


(4-22) 


When the dimensionless variables (4-5) are used, equation (4-22) becomes 

W (Gr) (4-23) 

y=o 

where 


■ . dT 
Nu * = ~dY 


Ci _ gxB(t w — t„)L 3 


is the Grashoff number based on L. In difference form this can be written as 
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,, r3r i+ ,.o-47’ /+ ,,, + 7’ )+ ,, 2 l /T , wy _, ^ 

Nu x = I J 2(& Y) W ( Gr ) (4-24) 

(see appendix B, section B.l). The average Nusselt number is given by 


Nu,„ = xj n NuxdX « (4-25) 

This equation can be readily evaluated using Simpson’s rule (see section 2.1.3, 
eq. (2-31)). 

4.2 OTHER PROBLEMS WITH SIMILAR FORMULATION 

4 . 2.1 Combined Free and Forced Convection on a Vertical Heated Plate 

This problem can be solved using the methods of this chapter, but only for 
so called “aiding” flow in which the free stream velocity is in the same direction 
as that induced by free convection. “Opposing” flow, in which the free stream is 
in the opposite direction, results in a flow reversal in the velocity field and in- 
stability of the finite difference technique. In order to approach this problem, it is 
necessary to solve the entire flow field simultaneously and to specify boundary con- 
ditions far above and far below the plate, an extremely difficult task which is be- 
yond the scope of this book. 

For aiding flow, only a few changes are necessary to the formulation in section 
4.1.1. The boundary conditions (4—4) become 

u(x, 0) = 0 
u(x:, °°) = u„ 
u(0,y)=u„ 

v(x, 0) = 0 (4-26) 

t (xs, 6) 
t(x, oo) = 
f(0, y) = t„ . 

In dimensionless form, the conditions (4-26) become 

U(X,0)=0 
U{X, ») = u„ 

U( 0, Y) = U„ 

V(X, 0) = 0 (4-27) 

T(X, 0) = 1 
T(X, °o) = 0 
F(0, Y) = 0 


i 
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where 

U = £“* 

* L 2 g x B(t w —tcc) 

The matrix equation (4-17) is modified only in the last row of the right side 
column vector, where c is replaced by WJ — WJUx ) . 

Even though the free stream velocity in the case now being considered is 
nonzero, it is strongly suggested that the difference forms (4-10) and (4 — 1 2) be 
retained, since preliminary calculations indicate that various numerical difficulties 
may be encountered if the usual implicit form is used when the free convection 
velocities become appreciably higher than those in the free stream. 

It should be noted that the dimensionless variables may if desired be re- 
defined using U x as a characteristic velocity, but this gains little, and the limiting 
case as U x _» 0 cannot be readily considered. 

The heat-transfer results may be obtained by using the formulation of section 
4.1.2. 


4.2.2 Free Convection With Wall Temperature or Wall Heat Flux a Function 
of Position 

In the formulation given in section 4.1.1, it was assumed that the surface 
temperature of the plate is specified and is constant. If instead the surface tempera- 
ture is a function of x, or if a heat flux (which may be a function of x) is specified, 
then the problem must be reformulated. 

If the wall temperature is a function of x, then only minor changes are needed. 
The wall temperature t^o at x = 0 replaces t l0 in the dimensionless variables (4—5). 
The boundary conditions (4-4) are then rewritten as 


U(X , 0) = 0 
U{X, oo) = o 
U{ 0, T) = 0 
V(X, 0) = 0 

T(X, 0) = T W (X) = 


tw{X) to o 

^WQ tyz 


T(X, oo) = 0 
T{ 0, Y) = 0 


(4-28) 


The matrix equation (4—20) must be slightly changed in that the first row of the 
right side column matrix, (d>J (,) — a' (,) ) becomes — a'l^TAX)). 

If a wall heat flux is specified (which in general may be a function of*), then 
the reformulation is more extensive. The boundary conditions (4-4) become 
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u(x, 0) = 0 
u(x, 0°) =0 
«(0,y) = 0 
u(x,0)=0 

-kj^(x,0) = q(x) 

t(x,°°) = t x 
t(0,y) = t x 

The new choice of dimensionless variables replacing (4-5) is 


(4-29) 



ii= 


vk 

L 3 g x Bq 0 U 



V 


T _ ( t — t x )k 

qoL 

y— p2fc 

Vg x Bq 0 X 



(4-30) 


where q a is a reference heat flux (e.g., at the the leading edge of the plate). Using 
these variables, the basic equations (4-6) to (4—8) are unchanged. 

The boundary conditions (4—29) become in dimensionless form 


U(X,0)=0 
U(X,°°) = 0 
U (0, T) = 0 
V(X, 0) = 0 

-%xx,0)=^ 

or q o 


T(X,°°)=0 
T(0,Y) = 0 


(4-31) 
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L 

The heat flux condition at the plate in (4—31) must be expressed in finite 
difference form as 


3 TO-'TO+rfcS <?(**») 

2 (AT) qo 


(4-32) 


Equation (4-32) along with equation (4-19) written for A=l(l)n constitutes 
(n+1) equations in the (re+1) unknowns 7' j ( |+ 1 ) f _ This set of equations may be 
written in matrix form: 


3 -4 1 





T(!+ r) 
1 , 0 


^0 

«;<'> jsjto a;<'> 





7V+0 
•j+ 1.' 




n;<'> 




TP+P 
j+l ,2 



a s (,) 




X 

TP+P 

j+ 1 , 3 

= 

i i ^ 






T(l+ 0 
•‘j+l, <i-l 








r(/+D 

1 j+ 1 , « 


tf 0 


where 


a '( 0= 

* (Pr) (AT) 2 


VU-n) 

j+i,k 

2(A Y) 


(4-33) 


9 [/('+» 

*'(/> = 1 + J +i - k 

Pk ( Pr)(AY ) 2 AX 

yu+D 

o '(■/)= 1 — i±LL 

* (Pr)(AT) 2 2(AF) 


//(/+D T 
J+l.fr 

A* 


<fc (/) = ^V" (*>o) 


Q (X j+i ) 

cf>’ = 2(AY)^ 11 (k = 0) 


9o 


The matrix of coefficients of (4-33) may be easily made into a tridiagonal one 
(see section 2.1.2) and the method of appendix A used to solve for The 

iterative process is identical to that used in section 4.1.1 with the matrix equation 
(4-33) replacing (4-20). . 
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The heat transfer solution for the local Nusselt number must be slightly 
reformulated from that given in section 4.1.2. The local Nusselt number is given 
by 


N u x 


qx 


k(t W t oc) 


(4-34) 


which is, in dimensionless form, 

Nu x = 


X 

(L 4 g x Bq Q \ 

fg(*)l 

T w 

V v*k ) 

. <7» . 


(4-35) 


4 . 2.3 Free Convection With MHD or EHD Body Forces 

The methods which may be used for this problem are virtually the same 
as those presented for the other problems in this chapter. The only change is the 
presence of an additional body force term in the momentum equation and if 
necessary the proper field equations. See section 2.3.4 for details of the method. 

No difficulty is encountered if the additional body force aids the free convec- 
tion flow, but if it opposes it, the solution cannot be carried beyond any point at 
which flow reversal occurs. 

4.3 EXAMPLE PROBLEM-FREE CONVECTION FROM A HEATED 

VERTICAL PLATE 

The problem chosen here as an example of the numerical technique is the 
vertical flat plate free convection problem formulated in section 4.1. The wall 
temperature is assumed constant and the fluid is assumed to be “incompressible” 
in the usual free convection sense. Similarity solutions for this problem have been 
obtained by Polhausen (ref. 3) for Pr= 0.73 and by Ostrach (ref. 4) for a wide 
variety of Prandtl numbers. 

The numerical solution was obtained for a Prandtl number of 1.0. The mesh 
sizes used were A X= 0.0001 and A Y= 0.025'. The number of points employed 
in the F-direction was n=100, which resulted in a value of F= 2.5 effectively 
representing infinity. This value of F was sufficiently large for values of X up to 
about 0.01, which was as far as the present solution was carried. Larger values of 
X would necessitate expanding the mesh. Underrelaxation with a factor of 0.3 
was necessary to obtain convergence of the iteration. 

The results are shown in figures 4—2 and 4-3. The similarity solution of 
Ostrach (ref. 4) yields velocity and temperature profiles which may be represented 
as single curves if the similarity variables 



Dimensionless temperature (t - W/(tw Dimensionless similarity variable, 
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Figure 4-3.— Free convection temperalure profiles for Prandll number Pr— 1. 
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• £ 2X'lz 

and , 

' Y 
V V2X'I< 

are employed. These results are shown in figures 4-2 and 4-3 along with the 
results obtained from the numerical solution after 10 steps downstream (.¥ = 0.001) 
and 100 steps downstream (A = 0.01) from the leading edge. The numerical 
results have been transformed into the similarity variables and 17. After 10 steps 
the velocity profile from the numerical solution agrees with the similarity solution 
to within a maximum error of less than 9 percent, while the temperature profile 
is very accurate. After 100 steps the numerical and similarity solutions yield 
virtually identical results for both the velocity and temperature distributions. 
The deviation of the velocity solution at .¥ = 0.001 (10 steps) from the similarity 
solution is due' to the combined effects of the leading edge singularity and the 
small number of ‘transverse mesh points within the boundary layer. The behavior 
of the numerical solution near the leading edge is thus qualitatively similar to that 
found for the boundary layer example in section 2.4. The effects of the leading 
edge singularity can be confined close to the leading edge by employing small 
AX steps in that region. . , 
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CHAPTER 5 

TIME DEPENDENT BOUNDARY LAYERS 


A considerable amount of work has been published recently on the numerical 
solution of time dependent viscous flows. Some typical examples of this work are 
references 1 and 2. However, these solutions have for the most part been con- 
cerned with problems which^are spacewise elliptic, that is, problems such as flow 
over a cylinder or weir, or free convection in a closed cavity.' These are, in general, 
problems in which all terms in the Navier-Stokes equations must be retained. 
It is not the purpose of this chapter to present techniques for problems such as 
this; rather, our attention is confined to transient problems describable by differ- 
ential equations which in their spatially varying terms are similar to those dis- 
cussed elsewhere in this book. Problems of this type include transient free 
. convection on a flat plate (analyzed using finite difference methods by Heliums, 
ref. 3) and the flat plate boundary layer with an oscillating free stream (analyzed 
numerically by Farn and Arpaci, ref. 4). 

5.1 PLANE TRANSIENT BOUNDARY LAYER 

The problem presented here is that of the transient boundary layer on a flat 
plate when the free stream has an arbitrary motion in time parallel to the plate. 
Both incompressible and compressible formulations are presented, with the 
explicit incompressible velocity formulation essentially that of Farn and Arpaci 
(ref. 4) with some minor changes. 

5.1.1 Incompressible Flow — Velocity Solution 

The equations of motion for the incompressible case are 
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— + — =0 
dx dy 


(5-2) 


where 6 is time, and the coordinate directions and velocities are as shown in 
figure 5—1. 

The pressure gradient impressed on the plate can be found by writing the 
equation of motion for the inviscid free stream: 


1 dp_ du x du x 
pdx~ dff * dx 


(5-3) 


When equation (5-3) is substituted into equation (5—1), the equation of motion 
in the boundary layer can be written as 


du du du du x du x d' 2 u 

Te +u Tx +v T y -~dd +u -~di +v ~df 


(5-4) 


The initial and boundary conditions for the problem can be stated as 


u (*,y,0) =uo (x,y) 
v (x,y, 0) = v 0 (x, y) 
u (0, y, 0) = u x (0, 6) (see appendix F) 
u (*,0, 6) =0 
u (x,™,0)=u x (x,6) 
v (x, 0, 6) =0 



(5-5) 


u«<o.e> 


Uoolx.S) 



Figure 5-1. — Problem configuration for transient boundary layer on a flat plate. 
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Dimensionless variables must now be chosen. A characteristic velocity is 
needed and is specified here only as u c since the one chosen depends on the prob- 
lem being solved. The dimensionless variables are 


U = ulu c 
y _ P l, L 


X = j^~ 
L’piic 

Y=ylL 



(5-6) 


As before, L is a characteristic length along the plate. When variables (5—6) are 
inserted into equations (5—4) and (5-2), the dimensionless equations of motion 
are 


where 


8U f dU dU dU x _ dU x d*U 
dr + U dX +y dY d T ^ Ux dX + i)Y* 

(5-7) 

dU dV n 

(5-8) 

dX dY 


U x = uju c 


The boundary conditions (5-5) become in dimensionless form 

U {X, Y, 0) = U a (X, Y) ) 

V(X, Y, 0) = V u (X, Y) 

U{0, Y, t) = U x (0, t) 

U(X, 0, t)=0 ( ’ 

U(X,™,t) = U x (X,t) 

V(X,0,t) = 0 

A finite difference representation must now be chosen. To the author’s 
knowledge, all such formulations appearing in the literature are explicit, but an 
implicit method would also appear to have its merits, so both are presented here. 

5. 1.1.1 Explicit representation . — The explicit representation of equation 
(5-7) is 
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Uj+U k+l, i Uj+I, k- 1, i \ (dUx 


2(AF) 


+ 


h 


+ u 

dr dX/J+'-i 




Uj+l,k+l,i 2£/,'+i , a, f ~t~ f/j+i , 


./+ 1 ' k, i ~r~ G j+i , A - 1 . i /r_-ir»\ 

(AY) 2 { j 


The i subscript in equation (5-10) corresponds to the present (known) time step 
and i + 1 to the future (unknown) time step. This representation is explicit in that 
equation (5-10) can be solved directly (explicitly) for £/+,+-, /+U 


U iM*\ 

50 dX)j +ul . 


Uj+ 1 , A, i+1 — f/j+1, k, i 


+ Y j+t 


Uj+\ # fc+j , t//+i , a--i , i~\ /dU x 

. k, i 

[ 2 (A Y) J [dr 



• i Uj+t, A + l, I 1Uj+\ 


(AY) 2 


ii±l 


(5-11) 


The values of U at each point in the flow field at the time step i + 1 can thus 
be found in terms only of values at time step i. 

After the U field has been determined at time step t + 1, the V values at 
this time step may be found by writing equation (5~8) in difference form: 

+ 1 , A* +l,f+l , k 4- 1 , i + 1 | ■ Yj + 1 , A~ + 1 ■ i + 1 . Yj + 1 , k , i + 1 ^ ^ 

AX 

Solving for 1 , a-+ i , f-t-i yields 

Ej+l ,fc+l , i+l = fj + 1, 

Equation (5—13) may be solved in a stepwise manner for each value of X, work- 
ing from the plate to the free stream in the F-direction. 

The explicit procedure can now be summarized. The initial conditions on 
U and V are specified over the entire flow field at t = 0. One time step At is now 
taken with the subscript t+1 in equations (5-11) and (5-13) corresponding to 
values at this new time and the subscript i corresponding to the initial condi- 
tions. Starting at the leading edge, we can now use equation (5-11) to solve 
for the values of U at the new time, one step AX downstream, working outwards 
from the plate. Another step AX downstream can now be taken and the process 
continued until the values of U are known over the entire field at the new time 


AF 




k , * + 1 


AF 

AA 


(Uj+ !,*•+! 


■Uj, 


A + l,i+l 


(5-13) 
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step. Equation (5-13) can now be used in exactly the same pattern until all values 
of V at the new time step are known. A new time step At can now be taken and 
the process repeated. 

Since the solution is explicit, it is to be expected that there are necessary 
conditions for stability. These conditions are given in reference 4 and are 


1 , » 

[U/AX + 2/( AT) 2 ] ^ T 


(5-14) 


2 

\V 


A Y 


(5-15) 


In order to keep At positive, condition (5-14) also implies the same stability 
criterion on negative U velocities necessary in the implicit formulations for 
steady flow given in previous chapters, that is, if U < 0, then 


U \ « 


2(AX) 

(AT) 2 


(5-16) 


which, in general, is satisfied only for very small values of (— U). This means that 
only very small backflows are permissible and is an important restriction on the 
method, since large negative values of U x also obviously cannot be permitted. 
Thus an oscillating component of the free stream flow can only be permitted if 
it is superimposed on a steady positive part of U n sufficiently large so that U x 
always remains positive. 

The truncation error of the difference equations is of C7(At), (7((AY ) 2 ), 
and O (AA) for momentum and G( AX) and O (AY) for continuity. 

5. 1.1. 2 Implicit representation. — Despite the fact that the implicit formulation 
to be discussed here has apparently not been often employed, it has the great 
advantage of universal stability so long as U 3= 0. This means in particular that 
there is no restriction on the size of At. Very commonly, in using the explicit 
formulations, such small values of At are required that computations can become 
extremely time consuming. Since the matrices encountered in the implicit formu- 
lation discussed here are tridiagonal, it would appear that the time required for a 
complete set of calculations at each time step will be approximately the same as 
that required for the explicit method, but the values of At which may be used are 
very much larger than those permitted by the stability restrictions of the explicit 
method. As a result, it is likely that the implicit method would require less com- 
puter time than the explicit method to reach the same value of t. As of this writing, 
apparently no such comparisons have been carried out, so the superiority of the 
implicit method remains to be proven. 

There are many possible choices of implicit forms for equation (5—7). The one 
chosen here is 
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TJ ( U.i+1, k, i+1 Uj,k,i+l \ 

i ’ k ’ i+ '[ AX ) 

. «/ r ^+G fc+j, »+l t/j+l, fr— 1 , i+ 1 1 

+ Kj ’ fc - i+1 L 2 (Ay) J 


-( 


dUv.j, dU'A 

dr +U °° dX) j+ltU 


2 (AY) 

U i+ i ,k+ 1, i+1 2Uj+i , fc, i+1 + t/ J+ i , fc-1, i+1 

(Ay) 2 


(5-17) 


Equation (5-17) is highly implicit since every quantity appearing in it with the 
exception' of one U value in the backward time difference is evaluated at the 
unknown i+1 time step. The representation is also spacewise implicit in exactly 
the same sense as the implicit representations used for the steady state problems 
treated in the preceding chapters; that is, for each time value, the solution in- 
volves solving a set of simultaneous equations in U at each spacewise AX step 
starting at the leading edge of the plate and marching downstream. At each time 
step the solution is thus very similar to that given in preceding chapters. The 
subscript corresponding to r will be fixed at i + 1 until the entire flow field at that 
time has been determined. Equation (5-17) may be rewritten in a more useful 
form: 


f V], k, i+l 1 

L 2(AT) (A1 


(AY) 2 ] 


Uj+i,k-l, i+1 + 


\ Uj, k, i+t 2 jj 

L A* ^(AT) 2 At_T j 


j+ 1, k, i+1 


-] 


1 [ j, 

L2(Ay) (Ay) 2 J Ui+1 ’* +M 

_(dU~ . j, dU*A 
\dr dX) j+1 , i+i ' At 


Uj+uk.i . Uf > k, i+1 


(5-18) 


This equation, written for A: = 1(1) 

/ 3i fli 

a 2 f3 2 n 2 

O’:! Ha 

• 

Otn—l fin-i H/i-i 

Oi„ / 3 „ 


, may be expressed in matrix form as 


t7/+i,i,i+i 


</>l 

Uj+ 1,2, i+1 


02 

U j+l,3,i+l 


03 

— 

= 

— 

— 


— 

— 


— 

Uj+ 1 , ii — i , i+i 


</>/!- 1 

Uj+ 1,11, i+1 


< fill 


(5-19) 


where 
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Otk = 

ftk — 
ill; = 

4>k = 


— Vj.k.i+I 

1 

2 (AT) 

(AT) 2 

Uj.k,i + 1 i 

2 , 

AX~ + 

(AT) 2 + 

V i.A-.f+i 

1 

2 (AT) 

(AT) 2 

(dU x TI 

dU x \ 

(it +u 

x dX-)i + 1 


X 

At 


+ 


Uj+\,k,i , Ujk.i+i 


. At 


- + - 


AX 
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The matrix of coefficients in equation (5-19) is tridiagonal and the method of 
appendix A may be used to obtain the values of Uj +Uk . 

Continuity (eq. (5-8)) may be written in the same way as for the explicit 
solution (eq. (5-12)) and solved for Vj+,, k+i j +1 : 


Vj+l,k+ 1,1+1 — JO+I.Am'+I *v (Uj+i,k+l,i+l Uj,k+l,i+l) (5~ 20) 

The V s may be obtained from equation (5-20) in a stepwise manner working 
outward from the plate. 

The implicit method can now be summarized. The initial conditions are 
first specified over the entire flow field. The flow field at t= At, one time step later, 
can now be found by starting from the leading edge and marching downstream. 
The solution at the leading edge is specified as a boundary condition, and the 
velocity distributions one step AX downstream are found by solving the matrix 
equation (5-19) for the U’s and equation (5-20) for the V's. Another AX step 
may now be taken and the velocity distributions determined. This procedure is 
carried out in this manner until the entire flow field, as far downstream as desired, 
has been found at t=At. Another time step may now be taken and the entire 
flow field again solved for. The process may be repeated as many times as neces- 
sary to determine the solution for any given value of t. 

The method should be universally stable for all mesh sizes as long as U 2= 0. 
The truncation error is of (?{AX) and £?((AT) 2 ) for momentum and &(AX) and 
d?( AY) for continuity. 


5 . 1.2 Incompressible Flow — Temperature Solution. 

The energy equation for the transient incompressible boundary layer prob- 
lem is 


pc„ 


( 


d t dt d t 

Te +u Tx +v T y 


) 



(5-21) 


\ 


459-174 O - 73 - 10 
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. Two different thermal boundary conditions at the plate are considered in 
the present formulation — a constant wall temperature and a constant wall heat 
flux. These conditions are assumed to be independent of both position and time. 
Formulations for those cases where the boundary conditions may be functions 
of position and time are basically no different and are mentioned briefly in sec- 
tion 5.2. 

The initial and boundary conditions considered here are 


and 


or 


t(x, x, 0) =t 0 (x, y) f 

t(0,y, 0)=UO, 0) 
t(x, 00 , 0) = t x (x, 0) 

t(x, 0, 0) = t w (constant wall temperature) 

— k — —Ow (constant wall heat flux) 

dy y=o 


(5-22) 


The problem can be restated in dimensionless form by using the following 


dimensionless variables: 

y 

3 la 

II 

£5 

fxO ■ 

v= PvL 
V- 

\ L 2 pu c 

and 


iji ^ ^IC 

tc tw 

(constant wall temperature) 

or 


qwL 

(constant wall heat flux) 
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All quantities are as defined in the preceding velocity section, and t c is a charac- 
teristic reference temperature chosen to suit the particular problem at hand. 
Equation (5-21) may now be written in dimensionless form as 


dT fJ dT y dT = 1 d 2 T 
9 t U dX + ^dY PrdY 2 


(5-24) 


and the boundary conditions (5-22) become in dimensionless form for constant 
wall temperature 


T (X, Y, 0) = = T’o (X, Y) 

^ tc tw 

T{ 0, Y, t) = T x ( 0 , r) 

tc tic 

T(X, 00 , T ) = ~t» = Tx ( X , 

tc tic 

T (X, 0, r) = 0 
For constant wall heat flux, 

T(X, Y,0) =-±- (to (X, Y) - t c ) = T 0 (X, Y) 
qwL 

T (0, Y, T) (t x (0, t) - t c ) = T x (0, r) 

<? 1 oL‘ 

T, (X, °°, t) =—^7 (*» (A, t) — t c ) = T x (X, r) 

W*-* 

^(A, 0 ,r )=-1 


(5-25) 




(5-26) 


As was the case with the velocity solution, either an explicit or implicit finite 
difference representation can be chosen for equation (5-24). The representation 
chosen should be the same as that used for the velocity solution. 

5. 1.2.1 Explicit representation. — Equation (5—24) may be represented in 
explicit finite difference form as 


Tj+ 1, k, i +1 — Tj +i 

At 


,k,i . ,, ITj+i'iC' i 7j, A-,i\ 

+ AZ J x 

1 jr T 1 , A* 4- 1 , i Tj+ 1 , A*—l , ! j 

+ >W, . [- gW) J 


_ 1 r 1 , fc+M 1 , fc, j + 7) + i, ft-i, j l 


m 


(AT) 2 


(5-27) 
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This explicit representation may be solved directly for Tj+i,k, t+U 

Tj+ 1, k, j — Tj , k, 


Tj+ 1, k, i+i Tj +iyk ,i At j f/j+i, k, j ^ 

v r T j+i 




AX 

k+l, i Tj+ i t ic- 


“] 


2(AF) 

1_ [ Tj+i t ic+i ,j 2Tj+i,k,i + Tj+i y k- 

Pr [ 


(AT) 2 


;+i, <c-i, i j | 


(5-28) 


The values of T at time step i+1 can thus be found in terms of the values of 
U, V, and T only at time step i. These values of /T at the new time may be found 
in any spacewise order desired. At each- time step the velocity solution may be 
carried out first, and then the temperature solution. Another time step can then 
be taken and the process repeated. 

To the author’s knowledge, no stability analysis of (5-28) is available. How- 
ever, by analogy with equation (5—11), the stability criterion can reasonably be 
expected to be 

5 s At (5-29) 

U/AX + pr (Ay)2 

Whether the condition (5-28) or the conditions (5-14) and (5-15) are the deter- 
mining factors in the choice of At depends on whether Pr is greater or less than 
one. Similarly, the choice of A Y is determined by the velocity solution for low and 
moderate Prandtl numbers, but high Prandtl numbers may require a very fine 
AF mesh for the temperature solution which as a matter of convenience would 
also be employed for the velocity solution. 

The truncation error of the energy equation is of G{A r), &(AX) and €{ (AF) 2 ). 

5. 1.2.2 Implicit representation. —Equation (5-24) can be written in implicit 
finite difference form as 


T’j+l.k. i+t Tj+I,k,i , TI ( Tj+l.k,i+\ Pj,k,i+l \ 

At +Uj,k,i+iy AZ ) 

, TT \ T i f 1 , k+l , i + 1 Tj+i 1 , i+1 I 

L 2 (AF) J 

~27’;+i,fr, i+1 H-Tj+i.a--!. 


= j_rz: 

Pr . 


J±l . k+l , i+1 j+i , k, i+1 ~T~ 1 j+\ , A--i , i+1 

(AF) 2 J 


(5-30) 


The method of solution for equation (5—30) is very similar to that employed 
for the implicit momentum equation (5-17) in section 5.1.2. Equation (5-30) 
is first rewritten in a more convenient form as 
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frj.A-.i+l 1 1 j i , [ Uj,k,i+\ . 2 , rp 

2 (A Y) Pr(AT) 2 J J+I ' k ~ u 1+1 [ AA Pr(Ay) 2 ' t 'ArJ J+,A ’ ,+1 

, f Fj.fr.j+i 1 1 rp Tj+l, k,i . Uj,k,j+ 1 Tj.fc.i+l 

+ L2(AK) Pr(Ay) 2 J J+1,A+1 ’ i+I At A* 


(5-31) 


For the constant wall temperature boundary condition, equation (5-31) 
written at time step (i+ 1) for k= l(l)n constitutes n equations in the n unknowns 
Tj +lt ic, i+i for each value of j. These equations can be written in matrix form as 


0 ; a; 


T J+ 1 , i, i+i 


4>: 

a' /3' n.' 


Tj+ 1,2, i+l 


<t>* : 

«:'i 03 fig 


T}+ 1,3, i+.l 



— — _ 

X 

— 

= 

— 

a ll- 1 011- 1 ^ll-l 


Tj+l, ll — l , i+l 


<K-x 

0,', 


Tj+l, n, i+l 


<t>h-WnT* 


(5-32) 


where 


, Vj,k,i+l 1 

2 (AT) Pr(AY)- 


i Uj, k, i+ 1 


0A = 


+ 


+ 


1 


AA F*r(Ay) 2 At 


a 


i _ Vj, k, i+l 1 

k 2(AF) Pr(AT) 2 


jj' _ Tj+l,fr, i , Uj,k,i + 1 Tj, k, i+l 

k ~ At AX 


The matrix of coefficients in (5-32) is tridiagonal and the method of appendix 
A may be used to solve for 7j + i, - 

If the constant wall heat flux boundary condition is used, the wall tempera- 
ture Tj+ 1 . n, f+i becomes an additional unknown. The finite difference form of 
the heat flux condition is written as 


ar 

BY 


x=o 


3 7^+ i,o, i+i +47)+ 1 , i,,- + i Tj+ 1 , 2 , i+i 


2(AT) 


= -l 


(5-33) 
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(see appendix B, section B.l). This equation must be added to the set shown in 
equation (5+52). The matrix equation becomes 


-3 

2 

-1 




T 


-l 

2(AF) 

AF 

2(AF) 




* j + l, 0, i + l 



P\ 

n; 




Tj + 1, i,i + i 


d>[ 


«2 

Pi ■«; : 




Tj+l, 2, i+l 


<t>2 



“ I I _ 



X 

z 

— 

— 





ft;-, 


Tj+i, n-i, i+l 







fin 


T j + i, n , i + i 


4>,—£i„T x 


(5-34) 

where all quantities 1 ^ are defined as for equation (5—32). While the matrix in equa- 
tion (5-34) is not tridiagonal, it can be made tridiagonal by a simple transformation 
(see section 2.1.2). The solution may then be carried out by the method of 
appendix A. 

For each time step, the solution is now carried out as a marching solution in 
X by solving a set of the form (5-19) for U, solving equation (5—20) for V, and then 
solving a set of the form (5-32) or (5-34) for T, beginning at the leading edge of the 
plate and moving downstream. 

As indicated in the discussion of the implicit velocity solution, there is every 
reason to think that this implicit temperature formulation will be universally stable 
if U 2= 0. The truncation error of the implicit energy equation representation is 
of <7 (At), <7(AX) and ^((AF) 2 ). 

5 . 1.3 Incompressible Flow — Heat Transfer Solution 

The transient incompressible heat transfer may be analyzed in a manner 
identical to that of section 2.1.3 for the steady state incompressible flat plate 
case. Time-averaged Nusselt numbers may be obtained by a simple application 
of Simpson’s rule. 

5 . 1.4 Compressible Flow — Velocity and Temperature Solutions 

The coupled equations for the transient boundary layer flow of a compressible 
fluid are 


/'da 5 a du\ 

l>{M + “Tx +V Vy) 


dp d / da\ 
dx dyv dy ) 


(5-35) 
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dp a(pu) d{pv) _ 0 
30 dx dy 


(5-36) 

( at 3t , dt \ dp 3 ( dt V / 

' du\ 2 
,dy) 

(5-37) 

p = p&t 


(5-38) 

p = p(t) 


(5-39) 

\ 

k = k(t ) 


(5-40) 


The initial and boundary conditions for the problem are 


u(x, y, 0) = u 0 (x, y) 

«(0, y, 0) = u x ( 0, 0) (see appendix F). 
u(x, 0, 0) =0 
u(x, oo, 0) = Ux (x, 0) 
v(x, y, 0) = v 0 (x, y) 
v(x, 0, 0) = 0 
t(x, y, 0) = to(x, y) 
t{O,y,0) = t x (O,0) 
t(x, 00 , 0 ) =T x (x,0) 

and 

t(x, 0, 0) =t w (constant wall temperature) 

or 

— k~ =Q W (constant wall heat flux) 

dy y=o 

As in the incompressible case, we arbitrarily choose the representative constant 
wall temperature and constant wall heat flux cases for examination here. 

In the compressible case, little would seem to be gained by replacing dp/dx 
by its relationship to other free stream quantities. Therefore, u x (x, 0), t x (x, 0) 
and dp/dx(x, 0) are presumed known from the free stream inviscid solution. 
The dimensionless variables chosen for the problem are 
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U c 


V= 


pcvL 

Pc 
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_ PcO \ 

T PcL 2 


*_ P 

p* = — 

Pc 


T=- 

tc 


P = 

x= 


Pc 

XPc 

L 2 'p c u c 


k* = - 


* P 

P* = — 
Pc 


(5-42) 


Y = J 


All quantities in (5-42) having subscript c are characteristic values of that quantity. 
These characteristic values can best be chosen when the form of the free stream 
variations are known in any specific case. When the dimensionless variables (5-42) 
are inserted in equations (5-35) to (5-37) the equations become 

!H + u% + v§)- 


9 t 


dX 


dr 


dT 


dT 


— + u . y 

dr u dX^ dY 


dT.\ y — 1 


y 

+ ■ 


u 


dX 

d p 

clA 


1 d p. d ( *dU\ 
yM;. dX + dY\ fM dY/ 

(5-43) 

*Sp*r)-o 

dY 

(5-44) 




(5-45) 

P = p*T 


(5-46) 

p* = Tf 


(5-47) 

k* = T'i 


(5-48) 


In these equations, M c — UJ y/y&h c and Pr c — p c c p lk c - In formulating equations 
(5-43) to (5-48), a perfect gas has been assumed and power law expressions have 
been assumed for the viscosity and thermal conductivity, based on t c as a reference 
temperature. 
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The boundary and initial conditions (5-41) written in dimensionless form are 

U(X, Y, 0) Uo (X, Y) 


and 


or 


£/(0,T,t)=- M0 - t) =£U0,t) 

U c 


U ( x , 0, t) = 0 


U(X; oo, t ) = “? {X - ? t) = UJX, t) 

U c 


V(X, Y, 0 ) = m{X ' Y)pcL = y 0 (x, Y) 

Me 


V(X, 0, t) = 0. 


T(X, Y, 0) =l ° ( *’ y L T 0 (X, Y) 

tc 


r(o,y,T) = ' -" ( > 0,T) - =7 i ,(o,r) 

t c 

T(X,cc , T ) = t -d?Ll}=T x (X,T) 

tc 

T(X, 0, r) = twite =T W (constant wall temperature) 

_ <lwL 


-k 


dT 

dY 


r=o k c t r 


(constant wall heat flux) 


(5-49) 


A finite difference formulation must now be chosen for the problem. To the 
best of the author’s knowledge, no other difference formulation is presently 
available. The form chosen here is of the implicit type because of the inherent 
stability advantages of such a form. Equations (5—43) to (5-48) are written in 
difference form as 
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Pj,k,i+i 


/ Uj+i, A, i+l Uj+i,k,i' 

| + f Jj, k, i+l i 

(Uj+i 

k, i+l — 

Uj, A, i+l \ 

[\ At 


AX 

) 


+ Vj' Ic, i+1 


Uj+l, A+l, i+l — Uj+i,k~i , i+l 1 ) 

_ i / 

* Pj+l, i+l Tj, i+I \ 

L 2 (Ay) Jj 

•M y 

* 

1 

AX ) 


Pj, k, i+l '[ 


Uj+1 ,k+ 1, i+l 2 U j+l , k, !+l + U J+ . , k- 1, i+l 
__ 


Pj, A+l, i+l Pj, A-l , i+l 1 

P Uj+i, A+l, i+l Uj+i y k-l,i+\~ 

L 2 (Ay) J 

V 2 (Ay) J 


-50) 


Pj+l, A, i+l Pj+l, A. i i Pj + l,A+i,i+i t/j+l, fc+i, i+l Pf,k+i,i+l^j<k+i,i 


At 


i+l 


A* 


AX 


+ 


Pj+l , A+l , i+l Vi+ty A- + 1 , » + 1 P*+I , A-, f+1 Vj+\,k,i+\ 


a y 


-= 0 (5-51) 


n* 

Pj, k. i+l 


j + 1 , i+l Pj,i + 1 

AX 


?j+l,A,i+l ?j+l,A,i \ . j, ( Tj+i , fr, j+i 7’; , A- , i+l \ 

At j + f/j.t.i+i^ AX j 

i f ?j+i,A+ 1,1 + 1 — 7 j+i,a-i, i+i 1) 1 ,, / 

+ *0.AM+1[ 2(AK) Jj y \ 

I ]_\ I* \ T}+ I , A+l , i+l — • 27j+i , A. i+l + Tj + i . A-l ■ i+l 1 

Pr c \ V.-'+'l • (Ay) 2 J 


' k _l 


i+ 1 k* a — | , i + l 1 f Tj+i , A+l , i+l Tj+i , A-l , 


2 (Ay) 


i + l 


2 (Ay) 

+ (y - 1 mut A, ,•+ , [ Uj+ — A ' + ' ’ i+ 2(^Y) + ' * ' ~ J ^ 


52) 


Pj +1 , i + l Pj+ 1 , a, i+ lTj+ I , A, i + l 

Pf+\,k,i + i = (7j+l, fc, i+l) / 


k* 

ft j + 1 , A, i + l 


— ( Tj+] , A, i+l) !( 


(5-53) 

(5-54) 

(5-55) 


Assuming that the entire field of U, V, T, and all properties are known at 
time step i, we now proceed to determine the flow field and properties at time 
step i+l by starting at the leading edge of the plate and marching downstream. 
Equation (5—50) is first rearranged in a more convenient form: 
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' ~PU 

2 


2 (Ay) 


“j,k, i+1 , k + 1, i + 1 P 

(Ay ) 2 + 


4 (Ay) 


+ 


-T' 

’jyk- 1, i+l 
2 


[ 4 t ax (an* 


Uj + l,k-l, i+1 


U-, 


j+l,fc,i+l 


+ 


t/i 


Pj, k, i+J^J± A ’ i + 1 Pji k . ‘ + 1 _ Pj,k + l,i + l Pj.k-l ,i 

2 (Ay) (Ay) 2 4 (Ay) 2 

_ P tk,i + + Pf,k,i+iUj,k,t+i ^j+M+l ~ -Pj-.i+i 


j + l,Ac+l,l+l 


At AX \ AX 


') (5-56) 


Equation (5—56) written for k=\(l)n provides n equations in the unknowns 
t/j+i,*, i+i. This set may be written in matrix form as . 


i8i n, 


Uj+\, 1 , i+i 


01 

a 2 /3 2 n 2 


Uj+l, 2, i + 1 


02 

‘ . «3 j83 fl 3 


Uj + 1, 3, i+ 1 


03 



X 

— 

= 

— 

®n- 1 fin-l ff«-i 


’ 

+ 1 , n - 1 , i + 1 


0n- 1 

fin 

/ 

Uj+ 1 , n, i+1 


0n flnf/ x 


where 


(5-57) 


_ Pj, k, i+1 '+' _ Pj, k, i+1 , P'j,k+l,i+\ Pj,k~l,i+l 

a/ '~ 2(Ay) (Ay) 2 4(Ay) 2 

_ p*,k,i+i p*k,i+i^j’ k ’ i+i , ^p*k,i+^ 

P k At AY (Ay ) 2 

^ ¥ / £ jjj ^ 

Q pj, k, i+rJ’ i+l P'j, k, i+1 Pj,k+\, i+! ~Pj,k-l, i+1 

* 2 (Ay) (Ay ) 2 4 (Ay ) 2 

, Puk,i+lUj+'< k - i . Pf,k,i+i^i,k,i+t 1 /Pj+t,i+f— Pj, i+1 
0A_ At + AZ AY 
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The matrix of coefficients in equation (5-57) is tridiagonal and may be solved very 
rapidly by using the method of appendix A. 

Once the values of U J+1 ,k,i+i are determined we turn to the energy equation. 
Equation (5-52) can be rearranged in the more convenient form 


2 (A Y) 


L* k* _ k* 

i.k,i+ 1 . n j, A~+ l.i+l i,A--l.i+l 

Pr c ( AY) 2 ^ 4Pr c (AY)' 2 


Tj+t, fr_| , i+i 


Pj'.k.i+i . Pj.k,i+ \Uj-k,i+l 2kj' k |+i ' 

At AX ^ Pr c (AY) 2 \ Ij+, k - u ' 


+ 


a-, i+ 


i VjXi 


2 (A Y) 


i**. 


Pr c (AY) 2 


.*U a 


» i±i_ 




4Pr c (AY) 


if— 1 , f+1 
2 


T, 


j+ 1 , A-+1 , i+1 


. Pkk.i+lUj- k - i+, Tj.k.i+ 

At AX 


+ r - 1 u J . k . i 
y 


( ^i+i. i+i P>,i+\ \ 

\ A* j 


+ (r-iww.,*. (5-58) 


Equation (5-58) written for k= 1(1 )n now provides n equations in the n unknowns 
7)+..*, i + i. for the constant wall temperature case. This set may be written in 
matrix form as 


p[ 


Tj + 1 , l , i + 1 


(ff't — alTu, 

«2 Pi YL' 2 


Tj+'l, 2.1+1 


<t>2 

a 3 Ps ^3 


Tj + 1,3,1 + 1 


K 

~ _ 

X 

/• 

— 

— 

— 

1 fin- 1 ^«-l 




K-i 



7j+l , n, i+1 


K-n'nT* 


(5-59) 


where 
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, pf, k,i+tKi,k, 

a.. = - 


2 (AY) 


kf,k,i+ 1 

Pr c (AY)'- 


Ir* — It* 

, k + 1 , i + 1 , A- - 1 , i H 


4Pr c (AY) 2 


Q , __pf, k, i+l t Pj,k,i+lUj,k, i + 1 1 2 k* ki+ , 
Pk 


At 


AX 


Pr c (AY) 2 


_Pj*, k,i+lV}.k'i+ l k* kii+i k*k +lti + i k* k _ l 'H 
A 2 (AT) Pr c (AY) 2 ~ 4Pr c (AT) 2 

,, P*,k,i+tTj+t,k,l P* k, i + l kJj, k, i+I Tj, k, i+I 
<Pa- = : 


At 


AT 



+ ■ 


^ T’ ( Pj + 1 ’ i+l i+i \ 

~ Ui ’ k ’ i+1 \ A* j 

+ (Y ~ 1 )/^M* *.,+ ,[ ~ J+ ' ’ * ■ ' ' ' 2 iwP A '~‘ ’ ^ ' ] 2 


The matrix of coefficients in (5-59) is tridiagonal and the method of appendix A 
may be used to solve for 7j+i,*,i+i. 

If the constant wall heat flux case is to be considered, the wall temperature 
7j+i,o,f+i is an additional unknown. The necessary additional relationship comes 
from the heat flux boundary condition at the wall which may be expressed in 
finite difference form as 


■k* 

K j, 0, i+l 


37* j+ 1 , Q t j+i *f~ 4T j + i , 1 , i+i T j+l, 2. i+l Qipk 

2(A Y) }kct c 


(5-60) 


We are more or less forced to use k* „ j+1 in equation (5-60) to keep the equation 
linear in Tj+t, 0 , i+i ; one possible alternative exists, and that is to use k* +I g r 
Assuming that relatively small mesh sizes are used, either should be acceptable, 
and only computational experience will indicate which is preferable. The addi- 
tional row corresponding to equation (5-60) must be added to the matrix equation 
(5—59) along with a few other slight modifications. A more detailed description of 
the modifications necessary for dealing with constant heat flux cases is described 
in section 2.1.2. 

Next, the dimensionless density p* may be determined from the equation of 
state (5-53): 


* 7*1+1, i+i 

Pj+l,k, i+l T . , . . 

1 j + \, k, i+l 


(5-61) 


The continuity equation (5—51) may now be solved for Vj+\, j+i : 
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V. — Pj + l ’ fc >'+i V 

' 'j + i» fr+l, i+l ' 


* 'j+l,A%i+l 

rj + t, A+l, i+l 

AF 


Ar / 

l U j+l, k+1, i+ 


"j, fc+l,t+l 
3 j + l , fr+1, i+l 


Uj, fr+1, i+l ^ 


Ay / pf+,,fr.i+,-pr+ 1 ,fr,i 

At l p ; +1 ,* +M+1 


! ) 


(5-62) 


This equation may be solved in a stepwise manner, working outward from the 
plate. Finally, the properties are obtained from (5-54) and (5-55). 

Another step AX downstream may now be taken and the process repeated. 
When the solution has been carried downstream as far as desired, another time 
step At may be taken, and again starting at the leading edge, the solution is 
marched space wise downstream. As the solution is. obtained, only the quantities 
upstream of the point j+ 1 for time step t+ 1 and downstream of the point j for 
time step i need be retained. 

Although no stability analysis has been undertaken, it is reasonable to assume 
that the implicit equations are stable for all f/ 3= 0. The truncation error is of 
(7(AX) and (7((AY) 2 ) for momentum and energy and 6{ AX) and (7(AY ) for con- 
tinuity. 

5 . 1.5 Compressible Flow — Heat Transfer Solution 


The compressible flow transient heat transfer analysis is only slightly dif- 
ferent from the steady state incompressible heat transfer analysis discussed in 
section 2.1.3. The only modifications to the incompressible steady analysis are in 
the use of a variable k * in the heat flux equation (see eq. (5—60)) and in time averag- 
ing the Nusselt numbers by using Simpson’s rule. ' 


5.2 OTHER PROBLEMS WITH SIMILAR FORMULATIONS 

Any of the additional variations and complications considered at the end of 
chapter 2 on steady state boundary layers can also be readily included for the 
transient case. No details are given here since most of the extensions are straight- 
forward. Other problems which can be considered with little additional complica- 
tion include those in which the wall temperature or heat flux is a function of space 
and time, suction or injection which is a function of space and time, and transient 
flows with MHD or EHD body forces. 
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5.3 EXAMPLE PROBLEM -OSCILLATING BOUNDARY LAYER ON A 
FLAT PLATE 

-e 

As an example of the use of the numerical technique for transient flows, the 
solution obtained by Farn and Arpaci (refs. 4 and 5) for the oscillating boundary 
layer on a flat plate is presented. The plate is assumed to be stationary and the free 
stream oscillates periodically about a constant mean value. The init al conditions 
are assumed to be those of steady Blasius flow. The general boundary conditions 
(eq. (5-5)) presented earlier can be rewritten for the present problem as 

u{x, y, 0) = u B (x, y) 
v(x, y, 0) = Va t (x, y) 
u{ 0, y, 0) = u m + A sin <d 0 
u(x, 0, 0) = 0 . 

u(x , oo, 0) = u m + A u x sin ojQ 
v(x, 0, 0) = 0 

where u B (x, y) and v H (x, y) are the steady Blasius solution based on a constant 
free stream velocity of u m . The constant mean velocity in the free stream is also 
u m . The amplitude of the free stream oscillations is A u x and the frequency of these 
oscillations is <o. The dimensionless variables (eq. (5-6)) may now be defined 
with the characteristic velocity u c equal to u m . The boundary conditions (5-63) in 
dimensionless form are then 

U(X, Y, 0) = U B {X, Y) 

V(X, Y, 0) = V B (X; Y) 

U{ 0, Y, t) = 1 + A £/ x sin Wt 
U(X, 0, r) = 0 

U(X, 00 , r) = 1 + At/* 'sin ff'r =U x (t) 

V(X, 0, r) = 0 

where Ub{X , Y) and Vb(X, F) are the Blasius solution in dimensionless form, and 

A U x = kujllm 




and 
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M 

The equations of motion in dimensionless form are equations (5—7) and (5-8). 
These equations of motion are represented in explicit finite difference form as 
equations (5~10) and (5-12). 

The solution to these difference equations was carried out by Farn and Arpaci. 
Two cases were considered — high frequency and intermediate frequency. The 
values of the mesh sizes and parameters employed for these two cases are shown 
in table 5-1. Since the dimensionless variables used by Farn and Arpaci were 
different from those employed in this chapter, the numbers given in table 5-1 
have been converted to the variables of this chapter. 


Tabi.e 5-1. -Mesh Sizes and Parameters Employed by Farn and Arpaci (Refs. 4 and 5) 



Dimensionless 
mesh incre- 
ment, A Y 

Range of 
dimensionless 
mesh incre- 
ment, AAf 

Dimensionless 
time incre- 
ment, Af 

Maximum 

dimensionless 

axial 

coordinate,^ 

Amplitude of 
free stream 
oscillations. 

At/* 

Dimensionless 
frequency, W 

Near 

Far 

High frequency 

0.025 

0.05 

7X10< 

to 

.3 X 10- 3 

2 x 10-* 

0.082 

0^05 

IT x 10- 

Intermediate 

frequency 

0.025 

0.05 

1.2 X 10 -3 

to 

3 X 10-’ 

3X I0-< 

0.102 

0.05 

58.1776 


The authors’ primary interest in this solution was in the steady periodic 
behavior; in order to reach a steady periodic state, however, it was necessary to 
go through the transient. For both cases, five cycles were sufficient to attain steady 
periodic flow, but carrying the flow through this transient required considerable 
amounts of computer time. 

Figures (5—2) and (5—3) show comparisons of the results of the numerical 
solution with those of Lin (ref. 6) for high frequencies and Hill and Stenning (ref. 
7) for intermediate frequencies. Figure (5-2) shows the amplitude ratio AU/AU X 
for two different frequency parameters (Xff'=9.0 and AfF=25.8) as functions 
of Y VlF/2. These solutions agree very well with Lin’s high frequency analytical 
solution which is a function of Y VfF/2 only and hence yields a single curve. The 
phase angles of the velocity also agree well with Lin’s solution for high frequencies 
(see ref. 5). Figure (5-3) compares the amplitude ratio obtained from the numerical 
solution with Hill and Stenning’s approximate solution and experimental data 
for an intermediate frequency range. The agreement is again very good. For more 
detailed comparisons of both amplitude ratio and phase angle in the intermediate 
frequency range see reference 5. 
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Normalized distance from plate, YVwiT 


Figure 5-3. — Amplitude of intermediate frequency oscillations in Blasius flow (XIP=2A5). 
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CHAPTER « 


PARALLEL PLATE CHANNEL 


The treatment given for the parallel plate channel in the present chapter 
and that given for the circular tube in chapter 7 follow in many respects along 
similar lines. This similar treatment is due largely to the fact that both geometries 
are two-dimensional, although the effects of -the cylindrical geometry in the 
circular tube case cause sufficiently significant differences between the formula- 
tions to warrant separate chapters for the two cases. In some situations, detailed 
and lengthy discussions for the parallel plate channel and circular tube would be 
identical or nearly so; for such situations, the detailed discussions are given in 
the present chapter and reference is made to these discussions in chapter 7. 

6.1 ENTRANCE FLOW AND HEAT TRANSFER IN A PARALLEL PLATE 

CHANNEL 

The first problems to be considered in our discussion of confined flows are 
those of entrance flow and heat transfer in a parallel plate channel. The parallel 
plate channel has been chosen for initial consideration because the formulation 
illustrates the techniques used for confined flows without the complicating geo- 
metrical and three-dimensional factors of other configurations. The parallel 
plate channel geometry is shown in figure 6—1. This channel is an approximation 
to a rectangular channel of high aspect ratio. 

6.1.1 Incompressible Constant Property Flow — Velocity Solution 

The development of laminar flow in the entrance of a channel bears con- 
siderable resemblance to boundary layer growth on a flat plate. Accordingly, 
the most commonly employed model for this problem is a boundary layer model 
near the channel walls with a potential core toward the center of the channel 
which accelerates as the boundary layers grow (see Schlichting, ref. 1). This 
model does an entirely adequate job in most respects; it is questionable only 
near the channel inlet where transverse momentum effects are important and 
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FIGURE 6-1. — Problem configuration and coordinate system for parallel plate channel. 


hence the boundary layer model breaks down, and in the core region where viscous 
effects may actually be present. One other aspect of this type of model is that 
the velocity distribution at the inlet to the channel is assumed to be uniform. 
In actuality, the effect of the channel propagates upstream into the reservoir, 
causing the inlet profile to be rounded as shown in reference 2. In this reference 
Wang and Longwell obtained a numerical solution to the complete Navier-Stokes 
equations with all terms included for the two-dimensional problem of flow through 
an infinite stack of parallel plate channels. This upstream propagation effect 
did not influence the results strongly except for low Reynolds numbers (less 
than about 600). 

The model for the velocity entrance region which we choose to employ 
here is the same as the one used by Bodoia and Osterle (ref. 3) and is very similar 
to the one discussed previously except that equations of the boundary layer type . 
are assumed to apply over the entire flow field. This permits the viscous effects 
in the “core” region to be included. The transverse momentum effects which are 
important very near the inlet are again ignored, as are any upstream propagation 
effects. However, the velocity profile at the inlet to the channel may have any 
shape desired, including the uniform profile customarily employed. 

The following formulation is based largely on the work of Bodoia and Osterle. 
The equations of motion are assumed to be 


( dll du\ dp ( d 2 u \ 


( 6 - 1 ) 
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and 

s2i£-ff<£=o 
dx dy 

subject to the following boundary conditions: 

u(0, y) = no (assumed constant here, although a function of y 
is also permissible; see also appendix F) 


( 6 - 2 ) 


u(x, a) = 0 
£<*• °)=0 
v(x, 0) = 0 
v(x, a) = 0 


(6-3) 


p(0). = p 0 J 

The equations of motion may be made dimensionless by the following choice 
of dimensionless variables: 



y_ P va 
P- 

r _ (P~P o) 

pul 


x = X P* 
afyuo 



a 


Equations (3-1) and (3-2) written in dimensionless form become 


and 


dX dY 


d P d 2 U 

AY + 3E 2 


^ + ^=0 

dX dY 


(6-4) 


(6-5) 


( 6 - 6 ) 


with the boundary conditions 
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U( o, Y) = 1 
U(X, 1) =0 

§P (X, 0) = 0 

V(X, 0) = 0 
V(X, 1) = 0 
P( 0) = 0 


(6-7) 


We must now choose a finite difference representation. The grid used is 
shown in figure 6—2. We employ the usual implicit form for equation (6—5). 


rr Uj+I,k Uj'k , Uj+t,k + l Uj + 1,A- 

U ^ k ~~AX +Vhk 2(A Y) 


AX 


+ 


U j+ . , fc+i — 2Uj+i t fc+ Uj+i,k-i 
, (Ay)* 


(6-8) 


A somewhat unusual representation of equation (6-6) is chosen for a reason which 
will become clear shortly. The form is 


Uj+l , fc + l ~ Uj,k+ l + Uj+1, k~u. 
2(AX) 


j,k . V] + \,k + \ — Vj+1 ,k 
AY 


= 0 


(6-9) 


Equations (6-8) and (6-9) written for A: = 0(l)n constitute 2n + 2 equations 
in the 2n + 2 unknowns f/j+ i,o, . . . , Uj+i , Vj+ 1 , , , . . Yj+i > h ; and Pj+i. The 
number of unknowns can be reduced materially by writing the continuity equation 
(6-9) for A: = 0(l)re and adding together all of these equations. The resulting 
equation is 

Uj+ i,o+2 Uj+i t k — Uj, o + 2 ^ l Jj,k (6—10) 

* = i it=i 


If both sides of equation (6-10) are multiplied by AT/2, it can be seen to be the 
trapezoidal rule integration form of the equation 
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/////////// ////// ///////// ///////////////// / 


Y ° 1 ''-k = n + 1 





- 




k + 1 



"T 



-AX- 

AY 

V 



» 

\ 

k - 1 





j- 

•1 i 

i 

+ 1 

Y “ 0 

k = 0 





FlCURE 6-2. — Finite difference grid for parallel plate channel. 


which is an integral form of the continuity equation. This equation is, of course, 
not independent of any of those already given, but simply incorporates the bound- 
ary conditions on< V at the channel centerline and walls by requiring that the axial 
flow rate be a constant. The use of this equation to simplify the solution of confined 
flow problems was apparently first suggested by Bodoia (ref. 4) who called it an 
equation of constraint. 

Since equation (6-10) does not involve V, equation (6-10) together with equa- 
tion (6-8) written for £ = 0(l)n now constitute n + 2 equations in the n + 2 un- 
knowns Uj+ i,o, • • •, Uj¥ i,n and Pj+\. To aid in obtaining a solution, it is 
convenient to rewrite equation (6-8) as 


r- n* 

_ 2 (AY) 


1 

TJ 4 . U_LJj | 

2 ' 

(AT) 2 . 


(AT) 2 J 


r rj.*. 

1 

II. . 4 - ^ p 

uu+Pj 

_ 2 (AT) 

(AT) 2 . 

Uj + l.k+li ^ fj + l" 

AX 


( 6 - 12 ) 


Equations (6-12) (written for k = 0(l)n) and (6—10) may be written in matrix form as 
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where 


and 
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2 ® 0 

J_ 

AZ 

J_ 

AZ 

J_ 

AZ 

J_ 

AZ 


ff»-l fin-1 

a„ fin 


n„_, M 


J 

A* 



£/j+i, o 


s 


U J+U i 


<t> 0 


2 


d>i 


Uj+\, 3 


' 4>i 

X 

U'j+1, 4 

= 

4>s 


Uj+i, n 


•Q- 1 

3- 1 

1 


Pj + 1 


(f>n 


Oo — 


(Ay ) 2 

S = Uj , 0 + 2 £ l/ J)fc 


(incorporates symmetry at Y — 0) 


a k 


Vi, k L_ 

2(AK) (AK) 2 


o — Uhl I 2 

PA' - a v + 


AZ (Ay) 2 


«* = -^K~TT^ (k > 0) 


( 6 - 13 ) 


2 (Ay) (Ay ) 2 
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<t>k : 


Ujk+Pj 

AX 


The matrix of coefficients in equation (6-13) does not have the desirable tridiagonal 
character of the matrices encountered in the previous chapters on external flows. 
This matrix is, however, quite sparse. It would be possible to write a special 
computer program to solve the set (6-13) by taking full advantage of this sparse- 
ness. This would only be practical if a large number of production runs were 
contemplated and the savings in running time and storage space considered more 
important than the programming time required. As a general rule, it seems most 
practical to solve the set by using one of the standard routines for linear equations 
or matrix inversion which are available at any computer installation. A possible 
alternative is to solve the set by Gauss-Siedel iteration. This method will work 
effectively except for equation (6-10) (top row of eq. (6-13)), which must be dras- 
tically underrelaxed. (See chapter 3, section 3. 1.1.1 for details of the relaxation 
process.) 

After the set (6-13) has been solved for Uj+\,o, • • • , Uj+i, n and Pj+i, equa- 
tion (6-9) may be employed in the form 

AT 

Vj+\,k+ 1 = Vj+i,k 2 (AA) (^j +l ’ k+l ~ Uj’ k+ 1 + Uj+i, k — V j, k) ( 6 - 14 ) 
which may be marched outward from the channel centerline to give the values of 

Vm.i, ■ • v J+t ,„. 

Another step A A downstream may now be taken and the process repeated. 
This may be continued as many times as necessary. 

The use of two different AY mesh sizes, coarse near the center of the channel 
and fine near the walls, will aid considerably in reducing the number of unknowns 
and hence the size of the matrix in equation (6-13). This technique is described in 
detail in appendix D. 

The proper choice of the AX mesh size at and near the channel entrance is a 
very important factor in obtaining an accurate solution. This region represents 
difficulties of two kinds: first, the equations of the boundary layer type used in this 
chapter are not valid there because transverse (T) momentum and axial ( X ) 
second derivatives become important; and second, the entrance itself represents 
a mathematical difficulty in that it behaves like a singularity. The breakdown of 
the equations is not discussed here except to say that the boundary layer equations 
provide an excellent model except in a very small region close to the inlet. The 
mathematical singularity may be dealt with in the manner described in chapter 2 
for the leading edge in the boundary layer development problem, by keeping 
AX very small and hence taking a large number of steps in the region close to 
the entrance. As in the boundary layer case, the spread of the effect of the singu- 
' larity downstream is primarily a function of how many steps are taken to reach 
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a given X position; if a large number of steps are taken to reach this value of 
X, then the effect of the singularity there tends to disappear. The effect of the 
singularity may thus be confined to a region arbitrarily close to the entrance. 
After this singularity has been taken care of, the AX mesh size may be increased 
considerably. 

As usual, the only sure way to decide on final mesh sizes is to obtain solutions 
with succeedingly smaller mesh sizes until the solutions obtained on two suc- 
cessive mesh reductions agree to within the desired accuracy. 

The stability restrictions for this problem have been established by Bodoia 
(ref. 4) and are the same as those given in chapter 2 for the incompressible bound- 
ary layer problem. The formulation is universally stable for U 2= 0, and if 1/ < 0,then 


AX l 1 
| U\ (AT) 2 ^2 


(6-15) 



(6-16) 


which are generally satisfied only for very small values of | U\. 

The truncation error of the momentum equation is of G(AX) and G( (AY) 2 ) 
and that of continuity (7 (AX) and (7 (AY ) . 

Appendix C includes a discussion of inherent error in flow rate for confined 
flow problems of this type. 


6 . 1.2 Incompressible Constant Property Flow — Temperature Solution 

The energy equation for incompressible, constant property flow is uncoupled 
from the momentum equation once the velocity distribution is known. When 
viscous dissipation is neglected, the energy equation may be written as 


pc p 


( 


dt dt 

u \-v 

dx dy 


) 



(6-17) 


The two most commonly considered thermal boundary conditions for confined 
flows are constant wall temperature and constant heat flux per unit length in the 
flow direction. Both of these conditions are considered in this formulation. The 
boundary conditions can be stated as 


I 
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and 


I 


or 


f(0, y)=t 0 

Ty^ = ° 


t(x, a) = t w (constant wall temperature) 


(6-18) 


k~ ( x , a) =.q (constant wall heat flux) 
ay ^ 


The choice of the dimensionless temperature- variable is dependent on the 
thermal boundary condition which is to be considered. The remainder of the 
dimensionless variables are the same for both boundary conditions. The dimen- 
sionless variables chosen are 


T =- — —(constant wall temperature) 
£o tw 


k 

T= — (t — to) (constant wall heat flux) 
qa 



Uo 


y_ pva 

X= 

pa z u<\ 

a 


(6-19) 


The temperature problem in dimensionless form now becomes 


v *L+v*U 
u ax r dY 


i a 2 r 

Pr dY- 


( 6 - 20 ) 
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subject to 


or 


and 


T^O, Y) = 1 (constant wall temperature) 


T(0, Y) = 0 (constant wall heat flux) 
%(X,0)=0 


T(X, 1) = 0 (constant wall temperature) 


dT 

— ( X , 1) = 1 (constant wall heat flux) 
oY 


( 6 - 21 ) 


Equation (6-20) may now be expressed in an implicit finite difference form 
similar to that used for the momentum equation in the preceding section. This 
difference form is 


U, 


}.k 


L ± i 


XZL, 


XX 


'+ Pj.fc 


* j+ l , 


t-Tj 


2 (Ay) 


J-M , k - 1 


1 Tj+t, k+i 2Tj+i, fr + Tj+\ , i 

Pr (AK) 2 


( 6 - 22 ) 


Equation (6-22) can be rewritten in a more useful form as 


ZllXL 1 
2 (AE) Pr(AY) 2 


UhJL, 2 I 
. AT Pr{AY) 2 J J+ '’ k 

Vj,k 1 ] T _ Uj,kTj,k 

2 (Ay) Pr(Ay ) 2 J I i +l ’ k+l AT 


(6-23) 


Equation (6-23) written for & = 0(l)n forms a set of rc+1 simultaneous Unear 
equations in the values of Tj+i,*-. If the wall temperature is known (constant wall 
temperature case), then these n + 1 equations involve n+1 unknowns. The 
resulting matrix equation is 
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o; 


Tj + i , o 


00 

«l b; n;. 


7j+i, i 



P 2 Yli 


Tj+1 , 2 


02 

- — - 

X 

- 

= 

— 

1 /3A-1 ^«-i 


Tj+i, n-1 


0 n — 1 

«; P'n 


Tj + 1, n 


0; 


where 


and 


“ fc 2 (Ay) p r {\Yy 


Pa A* Pr(AY) 2 


L_ 

* 2 (Ay) Pr(AY) 2 


<t>k 


» Uj, kTj,k 

AX 


(*> 0 ) 


n:= 


-2 


0 Pr{AY) 2 


(k = 0 ) 


(6-24) 


The matrix equation (6—24) is tridiagonal and the method of appendix A may be 
used to obtain a solution for the 7j+i,*’s. 

For the constant heat flux case, the wall temperature Tj+ i, n +i is unknown, 
resulting in n+2 unknowns. The additional necessary equation, which expresses 
the heat flux at the wall, may be written in difference form as 

2+1 ~4 , 7 , ) + 1 , n+ Tj + 1 , n - 1 _ 1 . 

2(A Y) 16-25) 


See appendix B for a discussion of the backward difference form chosen. 
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The matrix equation (6—24) may be modified to include the additional unknown 
and equation by adding on an additional row and column. 

The last few rows will then appear as 


— — 


> . 


- 


— 

<-l ft'n-l 

<Ki 


X 

Tj+i.n-l 

= 

d>' , 

Ot'n 

ft'n 



Tj+i, n 


K 

1 

-4 

3 


T j + i, n + i 


l 

■2(Ay) 

2( AT) 

2(A Y) 




(6-26) 


where the elements are defined as in (6-24). 

The element 1/2 (AT) in the last row makes the matrix in (6-26) nontridiagonal. 
However, the matrix may be made tridiagonal by eliminating this element. This 
can be accomplished by dividing the last equation by 1/2 (AT), multiplying it by 
a n , and subtracting the next to the last equation from it. The resulting last few 
rows are , 


\ 






1 ft n - 1 


X 

Tj + i, n - 1 

= 

K-i 

a 'n 

ft'n ft; ■ 


T j+i. „ 


K 

o 

(-4 a' n -p' n ) (3 «'—«') 


Tj+i, n + 1 


2(A YX-tS 


(6-27) 

The equation (6—27) has a tridiagonal matrix of coefficients and the method of 
appendix A may be used. 

As discussed in the external flow chapters, the mesh sizes used for the velocity 
and temperature solutions should be the same for convenience. The fineness of 
the Ay mesh will be determined by the velocity solution for moderate to low 
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Prandtl numbers and by the temperature solution for large Prandtl numbers. Of 
course, numerical experimentation (including refining the originally chosen mesh 
size) is necessary to verify any choice of mesh size. 

The solution can be carried downstream in the usual manner, solving first 
for the velocity distribution and then for the temperatures at each axial station. 


6 . 1.3 Incompressible Constant Property Flow — Heat Transfer Solution 

f 

In order to solve for the heat transfer in confined flow situations, it is first 
necessary to find the bulk (mixed-mean) temperature. This quantity is defined 
for the parallel plate channel as ,. ' 



(6-28) 


Inserting the dimensionless variables (6—19) into equation (6-28) gives 


T b = 


/; 


UTdY 


£ 


UdY 


-i: 


UTdY 


(6-29) 


The dimensionless bulk temperature 7), may be calculated numerically by em- 
ploying Simpson’s rule: 


A Y! “ 

Tftb+i = "g - ( Uj+i,oTj + i'a 4- 4 Uj+\,kTj+\,k 

' * = 1 , 3 , 5 , 7 . . 


+ 2 2 Uj +i , k Tj +uk ) (6-30) 

k= 2, ti, 8 . . . ' 


Equation (6—30) requires an even number of spaces across the half channel ( n 
must be odd). 

The local Nusselt number is given by 


where 



h{t w t b ) 



(6-31) 


so 


y=a 


(6-32) 
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Nu x = ■ 


d£ 

dy v= « 

tb £ w 


(2a) 


(6-33) 


For isothermal walls, equation (6-33) may be written in dimensionless form as 


Nii x = 


dT 


2 dY 

y= i 


T b 


or, in finite difference form, 


Nu x 


(37%, , »+ 1 — 47%,. h + 7j+i, „_i) 


2(AF)7’ ft | J+1 

For constant wall heat flux, the expression is 

-2 


Nu x z 


or, in finite difference form. 


Nu x = 


T b — T w 


-2 


(6-34). 


(6-35) 


(6-36) 


(6-37) 


T b |j+, Tu,\j+\ 

The mean Nusselt number is given by 

Nu m = + J o X NuxdX (6-38) 

This may be computed by using Simpson’s rule as 

Nu m \j-¥\ = 'y ( /V« x |o + 4 ^ yVu x |t + 2 , Nu x \i + Nu x \j+i 

A J+' \ 1 = 1 , 375 , 7 ,... 1 = 2 . 476 , 8 ,... > 6 

'* 

(6-39) 


The calculation of ./Va m |j + i can only be done at every other AX step so that an 
even number of intervals fromA'=0(y = 0) will be involved. 
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6 . 1.4 Compressible Flow — Velocity and Temperature Solutions 

For the viscous compressible flow in a parallel plate channel, no fully de- 
veloped flow situation can exist in the usual sense. As the pressure changes along . 
the channel, the density must also change, resulting in a velocity distribution 
which continually varies with axial position. The entire length of the channel, 
from entrance to exit, may thus be considered an “entrance” region. The same 
model is used for the compressible case as was employed earlier for the incom- 
pressible case; equations of the boundary layer type are assumed to apply over 
the entire flow field. The flow may be either subsonic at the entrance, as from a 
reservoir, or supersonic, as from a supersonic diffuser. In either case, if the 
flow approaches a Mach number of 1 in the channel, then considerable care in 
computation and interpretation is required. This is discussed in greater detail 
following the formulation. . 

The coupled equations of motion and energy are 


/ du , du\ dp d I du\ 

(6-40) 

d(pu) d(pv) _ Q 
dx dy 

O 

(6-41) 

/ dt (It \ dp d ( . dt \ /duY 

(6-42) 

Assuming a perfect gas, 


p = p3it 

(6-43) 

and as in the external flow problems considered in previous chapters, we assume a 
power law relationship for the viscosity and thermal conductivity: 

p= p»(t/to) f 

(6-44) 

k = ko{tlt 0 ) !l 

(6-45) 

where the 0 subscripts represent reference values, here chosen as 
at the channel entrance. ■ 

The velocity and pressure boundary conditions are 

conditions 
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u(0, y) = i (see appendix F) 
u(x, a) =0 

v(x, 0) = 0 
v{x,a)=0 


(6-46) 


p(0)=Po J 

The thermal boundary conditions considered include either a constant wall 
temperature or constant wall heat flux condition: 


and 

or 


t (0, y) = to 


t(x, a) = t w 


clt , , 

Ty <*• “> 


<7 


(constant wall temperature) 
(constant wall heat flux) 


(6-47) 


The following dimensionless variables 

are chosen: 


Y xp-o 

Uo 

poUoa? 

y_ p n va 

Y =y 

P-o 

a 

T=- ' ■ 

k*=-r 

to 

ko 

P=P- 

p.* = — , 

p« 

p- 0 


P*=-e- 


Po 


The reference values, with subscript 0, correspond to the conditions at the entrance 
to the channel. 

When the dimensionless variables (6-48) are inserted into equations (6-40) 
to (6-45), the problem may be restated' in dimensionless form as 
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p* ( U —+V — ) = — — + — ( ft*—) 

P \ dX dVj yM% dX ay\ p dYJ 


d(p*U) d(p*V) 
dX dY 


(6-49) 

(6-50) 




P = p*T 
p* = (T)f 
k*=(T)y 


(6-52) 

(6-53) 

'(6-54) 


where Mo = Uol \IySftt and Pr= p.oC p lko. 

The boundary conditions (6-46) and (6-47) become, in dimensionless form, 


u( o, y) = i 

U(X, 1) = 0 
f^(AT, 0)-0 

V(X, 0) = 0 
V(X, 1) = 0 

P{ 0) = 1 J (6-55) 

T( 0, T) = l 

^(X,0) = 0 

T(X, 1) = T W 


and 


** if <*•■>=£ 


(constant wall temperature) 
(constant wall heat flux) 


- A finite difference representation must now be established for this problem. 
The finite difference form chosen here is based on the so-called “post-boundary- 
layer” equations of Walker (ref. 5) for the circular tube. The finite difference 
representations of equations (6-49) to (6-54) are 
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\u-A 

j.k [ u J’ k 


Uj+\,k — Uj,k T . Uj+i,k+\ — Uj+i,k-t 

-+ V j,k — 


AX 


-1 Pj+i-Pj 

' yMl AX 


+ P 


* j Hi 

J, k 


2(A X) 

U j+i, k+i 2 U j+i, T- U j+\ t k - 1 


(AX) 2 



r Uj+i,k+i — Uj+i, k - 1 1 

L 2 (AX) J 

L 2 (AX) J 


(6-56) 




U j+i, fc+i Uj 


h fc+l , * Uj+l,k Uj,k 

~ . pj ’ k [ 2(AX) . 


2(AX) 


/ Uj, k+i Uj, k \ r Pj+i Pj I / p* k+t Uj, k+i \ 

\7’ Jl * +i + 7WL 2(AX) J \ 7W / 


Xj+i, fc+i T j, ft + i 

2(AX) 


/ Pj, k U k \ 

■ Tj+i,k~Tj,k i 

\ Tj, k ) 

L 2(AX) J 


+ — — -r-~ =0 (6-57) 


AX 


_* T tt Pj+l,k Pj,k i rx Tj+ltk+l Tj+\,k-\ 
p l.*[ V ‘- k AX +V ‘-‘ 


2(AX) 


y — 1 Pj+i~Pj k* k ^Tj+\,k+\ — 2Tj+\,k+Tj+\ 
~^r Uj ’ k ax + lv 


[ 


(AX) 2 


-1 " 


+ - 



r Tj+\,k+i Tj+i,k-i “I 

L 2 (AX) J 

L 2 (AX) J 


Uj,k+ 1 — Uj,k-1 

U j+\,k+\ Uj+i,k-l 

L 2 (AX) 

2(A X) 


p j +t Pj+l,kTj+l,k 

(*WM 

*£i.*=(*W)* 


(6-58) 

(6-59) 

(6-60) 

(6-61) 


Several comments are in order concerning this choice of difference representa- 
tions. The unusual and somewhat lengthy representation of the continuity equation 
(eq. (6-57)) includes the perfect gas law and was chosen to keep the equation 



PARALLEL PLATE CHANNEL 171 

linear' and to avoid the necessity of an iterative type of solution. The form also 
has advantages in forming the integral representation of continuity, as will be 
seen later. The representation of the viscous dissipation term in equation (6-58) 
also serves to eliminate nonlinearities. 

The finite differences forms of the momentum, continuity, and energy equa- 
tions written for A: =0(1) re now constitute 3re + 3 simultaneous equations in 
the 3re + 3 or 3re + 4 unknowns f/j+i.fc, Vj+i,k, 7}+ 1 , * , and Pj+u the number de- 
pending on whether the constant wall temperature or constant wall heat flux 
condition is desired. Note that, despite a considerable amount of effort devoted 
to that end, these equations are still not Unear, due to the representation of the 
d(p*V) IdY term in continuity (eq. (6-57)). In this last term in equation (6-57) 
both p* and V are unknown and are multiplied together. The equations can be 
made Unear and the number of equations substantiaUy reduced, but first equations 
(6-56) and (6-58) are rearranged in a more convenient form. Equation (6-56) 
becomes 


Pj,k'J’ k Pj, k + Pj,k + l Pj.k-l 


2(A Y) (A Y) 

+ 


4(AF) : 


Uj+i'k-i+ — 


PlkVj'* , 2 Kk 


A* (AT) : 


] u j+l ,, 




P*k + t-P?,k-i 

j Uj + \,k+\ + 

r 1 1 

l 2 (AY) 

(AF) 2 

MAY) 2 

[yM 2 AX] 




AX yM 2 AX 


(6-62) 


and equation (6-58) becomes 


1 Kk , 1 k * k+ \- k * k -Y 




2(A T) Pr (AT) 2 Pr 4(AF) 2 
■P**^.* , 2 Kk 


Tj+i,k- 


+ 


AX Pr (AY) 2 

i *;. +1 -***_, 


Tj+l, k + 


Pi%^.* 1 Kk 


Pr 4(AF) 2 


Tj+\,k+\ + | (y — k . 


(7-1 )Mfa* k 


Uj,k+\ — Uj,k- 
4(A Y) 2 


2(A Y) Pr (Ay) 2 

fJj, k+ I ~ Uj,k-l 

4(AF) 2 

( 1-7 )Uj, k 


} u j+i . 


k - 1 


j|^ + .,* + i + [ (Ajr) \ p »* 


y(AX) 

(1 -y)Uj, k Pj 
y(AX) 


(6-63) 


Equations (6-62) and (6-63) written for k = 0(l)re constitute 2re + 2 equations 
in the 2re + 3 unknowns t/j+i,*, Tj+ iik , and P j+ , (This is for the constant wall 
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temperature case; if the constant wall heat flux case is considered, there are 
2n + 4 unknowns.) The number of equations for the constant wall temperature 
case can be brought to 2n + 3 without adding any additional unknowns by adding 
together the continuity equation (6-57) for each value of A =.0(l)n. This yields 


i | 


Uj+l,k-H Uj_J 

2(AX) 


1 1 , . * r Uj+i,k—u J , k '\ 

'T'W 2 (AX) J 

/ Uj, k + 1 Uj, k \ r Pj + 1 —Pj 
+ \Tj, k+l - Tj'Jl 2 (AX) 


P * />•+ 1 Uj . k+l [ Tj+\, k + 1 Tj, 

2( AX) 


;+i j ' 


k+l 


pf.k-Uj.k r Tj + l.k Tj,k~ 

T~ k L 2( AX) . . 



(6-64) 


Substituting the equation of state (6—59) as necessary and multiplying by (AX) 
(AT), equation (6-64) can be rewritten as 


k=0 L \ 1 j 1 j, k+l / 

■ * it ( Pj + i Pj + Uk\ 

+ p J .* t, p* (t-- t-t)J 


AT 

2 


— 2 ( p/, k+\Uj ’ fc+1 + P *, Ac 

k=0 ' 


NAT 
•' " ) 2 


(6-65) 


Note that the nonlinear term referred to earlier has vanished from equation 
(6—65) because of the repeated additions of terms with opposite sign. 

Equation (6-65) along with equations (6-62) and (6-63) written for A = 0(l)re 
now constitute a complete set of 2n + 3 linear equations in the 2n + 3 unknowns 
Uj+i, k , Tj+\,k, and Pj+i for the constant wall temperature case. The set may be 
written in matrix form as 
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flo — 


-2 n* 


(AY) 2 

K* ^a-+. zKnzi 

“* 2 (AY) (Ay) 2+ 4(AF) 2 


fik '■ 


, 2 Pj% 


AX (A Yy 


* 


ft*- 


pl^j-x p?. k ^%+ i - p ;, a - 


* 2(AK) (AF) 2 4(AF) 2 

o* i / 2 P- 

= Pj, k U j, A r J 

* k AX yMjJfAX) 

17 a- = l/yM^AX) 

, p*^-* *** 

2 (AY) Pr(AY)- + 4Pr(AY)> 


ft 


, P** U J,* . 2 **, 


AX Pr(AY) 1 


* 2(AF) Pr(AYY 4Pr(AF) 2 


**= (t-D/W^a 


Uj, fr+l — U ), A-l 


4(AF) 2 


(Jb> 0) 


% 


y(AX) 



PARALLEL PLATE CHANNEL 


175 


, (l-y)Uj.kPj 




y(AX) 


F-n*^± 

to ~Pj,o 2 

E k = p* k .(AY ) (k> 0) 

-p* 0 Uj, 0 (AY) 


E!>- 


2(7’,«) 


-p* k Uj, k ( AY) 

(*> 0 ) 


Ay 


S = I (PM + ,^M + . + Pj!,^M) f- 


4> 


For the constant wall heat flux case, 7j+i,M+i (the wall temperature) is also un- 
known. This adds one unknown to the set of equations. The additional necessary 
equation is the heat flux boundary condition in equation (6-55), which may be 
written in difference form as 


i* 7j+i.«-i 

K J,n + 1 


-■-47’, + i.„+3f; 


2(A Y) 


i+i.n + 1 j _ 


qa 

koto 


(6-67) 


or 


Tj 


+i ,h-i ' 


'47j + i,„-h37j + i ,/J + I 


2qa(AY) 


( 6 - 68 ) 


This representation, using k* n+v is in the interests of maintaining linearity. Many 
other possible representations of the heat flux condition are possible, but since k* 
is in general a function of T, it is difficult to envisage any other representation 
which would keep the equation linear in T. The additional equation (6-68) must be 
incorporated in the matrix form which will now have its dimension enlarged by one. 
The resulting matrix equation is 
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-j* 


c — ^ . I 

-©- -e- ■©- 1. 

1 -i- 4 ^ 1 

| -& O' <*> 

II 

© - n 

7 

q * © — m 

7^7 

7 + + 1 

STS ' £5 1 

i + + 7 7 7 1 

1 1 

1 7 7 7 + 

1 

X 

© ~ oi | 

p- p- p- | 

7 

1 $r p* p p p* I 

7 

1 "f? '{? o O 



G « o 



G.ca 7 bq 



7 _ ^7 

ca 'a -< bq 

| 


1 

i-i i 


d | 

1 . 1 


G c£ 1 



G <a '£ 

bJ 


ca'a 

bq 


7 

G 

7 

-# hi 

1 


1 ca a 

.1 •# b| 



7 

1 

li . 1 

4 1 

G 1 

1 t 

1 1 

d 1 

f i 

M 

bq 

© _ -v| 

G <33- « 

M 

-3- 

bq 

ca a 

-=h 

© 

bq 


(69-9) 
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where all symbols are defined as in equation (6-66) and 

n 2qa(AY) 

\ 

The matrix equation (6-66) or (6-69) can be solved by any of the standard 
methods for linear equations such as that given in appendix E. The use of a 
refined mesh near the wall as discussed in appendix D is very useful in main- 
taining accuracy while keeping the size of the matrix to a minimum. 

After this set has been solved, the density pJ+i,A- may be found by using the 
perfect gas law, equation (6-59), to yield 

pf + i. k =~^ (6-70) 

lj+\,k 


Continuity^ equation (6—57), can now be solved in a stepwise fashion, working 
outward from the centerline, to yield 



Finally, pf+uh and k*+ , , a- may be found from equations (6-60) and (6-61). 

Another step AX downstream may now be taken and the entire process re- 
peated as desired. 

For many wall heating and cooling conditions, the velocity of the compressible 
flow in a channel increases with increasing distance along the channel, primarily 
because of the decrease in density caused by the frictional pressure drop. The 
Mach number thus also tends to increase under these conditions. The marching 
procedure can be carried downstream until the local Mach number anywhere 
in the channel nears 1. At this point, certain difficulties develop which require 
some interpretation. This interpretation, based on the work of Walker (ref. 5), 
is now discussed. 
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One-dimensional compressible flow theory predicts that if the flow is sub- 
sonic at the inlet to a constant-area channel, then the Mach number cannot 
exceed 1 anywhere in the channel; and if a Mach number of 1 is reached in the 
channel, it must occur at the exit. The model employ'ed in the present discussion 
has certain one-dimensional aspects in that only the axial momentum equation 
is included; however, it also has a two-dimensional character in that transverse 
velocities and transverse variations in the axial velocity profile are permitted. 
As a result of these two-dimensional aspects, the predictions of the one-dimen- 
sional theory on the behavior of the Mach number do not apply directly to the model 
considered here, but might reasonably be expected to apply to the Mach number 
averaged over the channel cross section. W alker (ref. 5), in his work on the circular 
tube, found this to be essentially true; for the adiabatic wall cases he considered, 
the Mach number increased along the tube until the average Mach number be- 
came very close to 1. At this point, the local Mach number on the centerline of 
the tube was greater than 1. Attempts to carry the solution past this point in- 
variably resulted in numerical instabilities and a violation of the Second Law of 
Thermodynamics (the entropy generation became negative). This point was thus 
considered to be the exit of the channel. The fact that the model tells us the loca- 
tion of the end of the channel is not too surprising, in view of the fact that the 
parabolic equations considered here have no capability to “look ahead” and thus 
we are forced to specify both an inlet pressure and an inlet Mach number. In a 
real physical situation, the inlet Mach number would be a result of applying a 
certain pressure difference' over a given length of channel. We have simply 
turned this around by specifying the inlet Mach number and finding the length 
of channel necessary to satisfy alj conditions. 

The previous discussion, while strictly applicable only to the circular tube, 
also should apply without qualification to the parallel plate channel. 

Walker has also shown that difference representations of the type used here 
are stable for all U 2= 0 so long as the Mach number is not equal to 1. The stability 
at a Mach number of 1 could not be established. 

The truncation error is of (7(AX) and <7((A Y) 2 ) for momentum and energy 
andof(?(AA) and<!?(AF) for continuity. 

6 . 1.5 Compressible Flow— Heat Transfer Solution 

As in the incompressible flow case discussed in section 6.1.3, the local Nus- 
selt number is given by 


A u x 


2ha 

~Y 


(6-72) 


Complications arise, however, in that for the compressible confined flow case, 
the choice of a reference temperature for h is somewhat involved. Due to the 
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presence of viscous dissipation, the bulk temperature is, by itself, no longer 
meaningful in this context. Shapiro (ref. 6), based on previous work by McAdams, 
Nicolai, and Keenan (ref. 7) and others, recommends that the adiabatic wall 
temperature be used for this reference temperature. The adiabatic wall tempera- 
ture is defined as 


taw “ tm 



(6-73) 


where M m e is taken as the local Mach number averaged over the channel cross 
section, t m the mean temperature based on a one-dimensional model, and F is 
called a recovery factor. The value for F was found by McAdams, Nicolai, and 
Keenan (ref. 7) to average about 0.88 for air, and it has subsequently been suggested 
(e.g., Dorrance, ref. 8) that reasonable values for F can be obtained by using 

F = VP? (6-74) 


The two-dimensional analog of the one-dimensional mean temperature is 
the bulk temperature, so that we use 


tm *b ' 


J put dy 

f a 

pu dy 
Jo 

In dimensionless form, the mean temperature is 

[' p*UT dy 
Jo 


Tm — T/i — 


/> 


U dy 


= [' p*UT dy 
Jo 


(6-75) 


(6-76) 


The average Mach number is given by 


JJ ave 


lf‘ 

a Jo 



or, in terms of dimensionless quantities, 


M n 


,=Mo r 

Jo 


u 

Vt 


dy 


(6-77) 


(6-78) 


The dimensionless adiabatic wall temperature may now be formed, using 
equations (6-74), (6-76), and (6-78), as 
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T -- (/>* w ^) [ i+ ^ (Yh (/„' ^ 4] < 6 - 79 > 


We are now prepared to define 


/i = 


l*L 


dy 

V~ a 

tw 

taw 


(6-80) 


From equation (6-72), the local Nusselt number is then given by 


Nu x 


2a —■ 
_ oy 


tuj ta 


. (6-81) 


In terms of dimensionless variables. 


Nu x = 


dT 

dY 


T w Taw 

Equation (6-82) may now be expressed in difference form as 

l, , 2 (37j+i, n+l ~47j+i,n ~l-7j+i ,n-l) 

A'« x |j + i = 

where 


2(AE) (Tj+i.n+i T auj| j+ 1 ) 


(6-82) 


(6-83) 


Tau>\}+\ — ^pAu«^6+uo7j+i,o+4 2 f>f+i,kU J+uk Tj. 


,-Ij+l ,k ' 


+ 2 l 1 + Y ^ Y) "• fcY 


/ 2 


+ 4 1 T7vTTTi7* + ' 2 2 ' t/j+ ' ,fc 


^,3^7,.. ft*. A)'' 2 (W)*! 


Equation (6 _ 84) uses Simpson’s rule and requires n to be odd. 

As in the incompressible case, the mean Nusselt number is given by 


(6-84) 


Nu, 


1 f* 

,= - Nu x dX 

A JO 


(6-85) 
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or, in finite difference form, 


6vu x |o + 4 ^ Nu x \i + 2 21 A , u J | i + /Vu J .|j +I 'j 

J Ai + I \ i = 1,3,5, 7,... i=2,4,6,8, . . . ' 

This calculation may only be performed at every other AX step, so that 
number of AX intervals from A = 0 (j= 0) is involved. 


AX_ 

3 

( 6 - 86 ) 
an even 


6.2 OTHER PROBLEMS WITH A SIMILAR FORMULATION 


6.2.1 Flow in Parallel Plate Channels With Porous Walls 


In order to consider parallel plate channels with porous walls, the only modi- 
fications necessary to the formulations given earlier in this chapter are to the bound- 
ary conditions and equation of constraint (integral continuity). Bodoia (ref. 4) has 
briefly discussed this problem for the incompressibletcase, and essentially the 
same approach to that problem is presented here. The configuration is shown in 
figure 6-3, with the finite difference grid identical to that shown in figure 6-2. 

For the incompressible case, the problem formulation is unchanged from that 
in section 6.1.1, except that the boundary conditions (6-3) become 


u( 0, y) =u 0 (see appendix F) 
u(x, a) = 0 

~ (x, 0 ) = 0 

dy 

v(x, 0) =0 
v(x, a) =v w {x) 
p(0)-po 


(6-87) 



Figure 6-3. — Problem configuration and coordinate system for plane porous channel. 
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It should be noted that these boundary conditions correspond to a uniform in- 
let profile. Many other inlet profiles may be postulated and present no difficulties 
to the present method except for the choice of a reference velocity which would 
probably best be taken as uo. It should also be noted that if the suction or injection' 
velocity is constant with x and of the proper magnitude, it may be possible to get 
velocity profiles which are geometrically similar in a certain sense, but this is of 
little concern to us here. For details see Berman (ref. 9). Using the dimensionless 
variables (6-4), the boundary conditions (6-87) become 


[7(0, Y) = 1 
U(X, 1) = 0 


dU 

aY 


(X,0)=0 


V(X, 0) =0 
V(X,l) = V W (X) 
P( 0) = 0 


( 6 - 88 ) 


The equation of constraint (integral continuity), equation (6~10), becomes 


ii -t-9 V II II 4- 9 V TJ 2V W (X)AX 

Uj+ . 1 , 0+2 2 , Uj +Uk - Uj,o+ 2 2j u J,k 7 T 7 

k=\ . k = i 


(6-89) 


If Vuj(X) is known a priori, then no additional unknowns are introduced beyond 
those present in the impermeable wall case. The only modification to the matrix 
equation (6—13) is in the top element of the right column vector where S becomes 


S = Uj, o+2 ^ Uj 


j>k~ 


2V W (X)AX 

AY 


(6-90) 


Another reasonable possibility is that the velocity through the wall may be 
a function of the pressure difference between the interior and the exterior of 
the channel. This might correspond to a relatively thin porous wall, across which 
Darcy’s law (flow rate proportional to pressure gradient) may be applied. This 
model typically would yield a relationship of the form 


Vw | j+i — dPj+i (6 91) 


where A is a constant. 
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When equation (6-91) is substituted into equation (6-89), the matrix equation 
becomes 


1 2 

2 

2 - - 

2 

2 

2A(AX) 
A Y 


U j+i, 0 


s 

(3o ff o 





1 

AX 


Uj +i , , 


4>o 

<*i /3i 

fli 




1 

AX 


V j + 1,2 


<f> 1 

a 2 





1 

A* 


U j+ 1,3 


4> 2 


a 3 

fi 3 fla 



1 

AX 

X 

U j + l, 4 


4> 3 

i 

t 

(' 


— 

a„_i /3„-i 

n„_, 

1 

A* 


U j + 1 , n 


1 




OCn 

fin 

1 

AX 


P i + 1 


(f>n 


(6-92) 


/ 

where all symbols are as defined with equation (6—13). The computation of the 
K’s is not affected. 

If the suction or injection is not the same on the top and bottom of the channel, 
then there is no symmetry at the channel centerline, and the finite difference 
equations must be written at each point across the entire channel. The changes 
in the matrix form are straightforward. 

The compressible flow in a parallel plate channel with suction or injection 
has been presented in finite difference form by Buzzard (ref. 10). For the sake 
of unity of presentation, however, the discussion given here is based on section 
6.1.4 rather than the work of Buzzard. The approach is fundamentally the same. 

The modifications to the formulation of section 6.1.4 to account for the 
porous walls are again in the boundary conditions and equation of constraint. 
The formulation is unchanged except that the velocity and pressure boundary 
conditions (6—46) become 1 


459-174 0 - 73 - 13 



184 


NUMERICAL MARCHING TECHNIQUES 


«(0, y) — Uu (see appendix F) 
u(x, a) = 0 


g(*,0) = 0 


(6-93) 


v(x, 0) = 0 
v(x, a) ~ v w (x) 
p( 0) = Po 

Using the dimensionless variables (6-48), the boundary conditions (6-93) become 

U( 0, Y) = 1 
U(X,1) = 0 


fp (X, 0) = 0 


F(X, 0) = 0 
V(X, 1) = V W (X) 
P( 0 ) = 1 


(6-94) 


The temperature boundary conditions are unchanged. 

The equation of constraint (integral continuity), equation (6-64), becomes 


2 [ 

A’=0 L 


Uj+l,k+l Uj, 


} , A* + 1 


2 ( AX ) 


Pj, k 


2 (AX) 


v+ 



i Eli) 

r p -Pi 
r j + 1 j 

Pj,k+lUj,k+l 

r T —T i 

J j+I.A + 1 * j, A'+l 

V7j, t+ , 

+ tJ 

. 2 (AX) J 

Tj,k+\ 

L 2 (AX) 


Py iMy k T Tj+,,k T jk \ Pj* i.H+i^j+i.H+i 


Pj.k'-'j.k * j+l.k £ j,fr 
Tj, k L 2(AX) _ 


+ - 


AT 


0 (6-95) 


Substituting the equation of state (6-59) as necessary and multiplying by (AX) 
(AT), equation (6-95) maybe rewritten as 




+ 
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A Y (AX) r i+ ,,„ +1 /y, 

2 T j+Un+ , 

= £ (6_96) 

A'=0 ' . 7 

This equation differs from equation (6—65) employed in section 6.1.4 by the addi- 
tion of the term (AX) Vj+ 1 „+ , P J+ , /7j + 1 , „+ 1 . If the wall temperature Tj +t , n + 1 and 
the suction or injection velocity at the wall Vj+i,„+i are specified, then the term is 
merely an additional linear term in and the procedure of solution employed 
in section 6.1.4 may be followed directly. If, however, the flow through the wall is 
proportional to pressure through Darcy’s law, that is, 

V w \ j+i = AP J+i (6-97) 

then the term becomes nonlinear (quadratic) in Pj +I and of the form (AA) AP? + J 
Tj+ i,n+i. The only readily apparent approach to this problem is to linearize the 
term as (AA) (A) (Pj) (Pj +l )ITj + i, n +i (assuming the wall temperature is specified) 
although this will obviously result in some loss of accuracy. The accuracy will of 
course improve with decreasing AX. If the wall temperature is not specified (as 
in the specified heat flux case) then a nonlinearity in Tj+i,„+i is also introduced, 
which again would seem to be most readily resolved at the cost of accuracy by 
using Tj, m+i instead. Of course, all of these nonlinearities may be accommodated 
without loss of accuracy, but only by employing an iterative method for the entire 
solution at a considerable cost in computer time. 

For the specified wall temperature, specified suction or injection velocity case, 
the matrix equation (6-66) applies directly, with only the bottom right corner 
element of the coefficient matrix modified to become 


u (Ciil — Tj+Ui \ 
+ Pj, k Uj,u\p T ) 


G=±(pf, k+i Uj, k+l + P * k U hk ) 

k = 0 v 7 


\ (AF) 

(AA) Vj+i,„+ t 

/ 2 Pj + 

Tj+j,„+l 


(6-98) 


As in the incompressible case, the symmetry simplifications employed in the 
present discussion no longer apply if the suction or injection rates differ at the 
top and bottom of the channel and all quantities must be determined over the entire 
height of the channel. 


6 . 2.2 Developing Confined Free Convection Flow Between Parallel Plates 

The finite difference formulation and solution for developing free convection 
flow confined between parallel vertical plates has been obtained by Bodoia and 
Osterle (ref. 11), and the formulation given here is due to them. 

Much of the development is similar to that presented in chapter 4 for uncon- 
fined free convection, and the emphasis here is on the changes due to the confined 
nature of the flow. 
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The configuration to be considered is shown in figure 6-4. The two vertical 
heated plates are held at a constant temperature, higher than the inlet tempera- 
ture of the fluid. In the limit, as the plate spacing 2a becomes very large, the 
flow is essentially no longer confined, and the flow along each plate behaves as 
discussed in chapter 4. Bodoia and Osterle have assumed the velocity profile at 
the entrance to the channel formed by the plates to be uniform. This condition 
might be open to some conjecture, but the true inlet velocity profile could only 
be determined by solving the complete elliptic problem (most difficult indeed at 
the present state of the art). Since all of the flow must come from the — a: direction 
toward the +x direction in order for the parabolic equations used here to apply, 
the uniform inlet profile seems the most logical choice. It is conceivable that the 
actual inlet profile might even involve backflow, but in the absence of other ex- 
perimental or analytical evidence, we employ the uniform profile. 





Figure 6-4. — Problem configuration and coordinate system for heated vertical parallel plate channel. 
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The obvious difference between confined flows and the unconfined flows 
discussed in chapter 4 is the pressure gradient caused by the flow (or vice versa) 
in the confined channel. As is customary, we here define the pressure p as the 
difference between the actual pressure and the hydrostatic pressure which 
would exist if the entire fluid were at the inlet temperature: 

P P actual P hydrostatic (6 99) 

The equations of motion for the confined flow case are thus modified from 
equations (4—1) to (4—3) for the unconfined case only by the addition of the pressure 
gradient term to the momentum equation. The basic equations are 


/ du du\ 

T + 

= — jf + V + P*xB(l- 1„) 

(6-100) 


ax ay 

(6-101) 


( dt , dt\ . d 2 t 
\ dx ■ V dy ) fly 2 

(6-102) 


where symbols are defined as in equations (4-1) to (4-3). 
The boundary conditions are 


u(x, a) = 0 

du . .. 

— U, °) = ° 

u(0, y) = Uo (see appendix F) 

v(x, 0) = 0 

v{x, a) = 0 

t(x, a) = t w 

t(0, y ) = to 


(6-103) 


0 <*-°> = 0 


p(0) = 0 
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We define the following dimensionless variables: 


U = 


ua 


v(Gr) 


v 


Ppa 


H 2 (Gr)' 2 

t - t 0 
t u) to 


x = 


a(Gr) 


v= * 


(6-104) 


where 


Qr tp) 


The fundamental equations and boundary conditions (6-100) to (6—103) 
then become in dimensionless form, 


V *v +V *JL = -V + »*L+ T 

dX dY d X BY* 


se+'^-o 

dX dY 


dT v - = - - — 

U dX +y dY PrdY* 


(6-105) 

(6-106) 

(6-107) 
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U(X, 1) =0 


s/7 

ft (*< 0 ) = 0 • 


U(0,Y) = U o = 


Upd 

v(Gr) 
V(X, 0) =0 
V(X, 1) =0 
T(X, 1) = 1 
T(0, Y) = 0 
8T 


dY 


(X, 0) = 0 


P( 0) = 0 


(6-108) 


The parameters which appear in the problem are the dimensionless inlet 
velocity U o and the Prandtl number Pr. Since Up is a parameter, the question 
arises as to whether this formulation is also valid for combined free and forced 
convection. Indeed, this appears to be the case. In Bodoia and Osterle’s original 
work, the solution was carried downstream until P again reached zero (until the 
pressure in the channel reached the external hydrostatic pressure which would 
exist at to). For each value of Up, a corresponding channel length was thus ob- 
tained which corresponded to free convection only. For any channel length 
different than this one, the problem is actually one in combined free and forced 
convection in which Up must be considered as composed of two components: the 
free convection component, which is just sufficient to cause P to reach zero at 
the specified channel length, and the forced component, which causes P at the 
exit to be either positive (opposing flow) or negative (aiding flow). The portions 
of Up due to each effect cannot be determined without separately solving the free 
convection problem for the specific channel length of interest, which would require 
a trial and error process to determine the inlet velocity which results in P = 0 at 
the channel exit. 

The difficulties encountered in chapter 4 which required a nonlinear differ- 
ence representation are not present here, since the velocity throughout the 
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channel (except at the walls) is nonzero. We therefore employ conventional implicit 
difference representations similar to those used elsewhere in this chapter. The 
difference grid employed is identical to that shown in figure 6-2. 

Equations (6— 105), (6-106), and (6—107) become, in finite difference form, 


17 ^1 + 1. k ~~ Uj, k . y 7 E/j-fl, fc+1 Uj + l, fc-1 Pj + 1 Pj 

j ’ k AX j ' k 2 (AK). AX 


4- 


Uj + 1, k + 1 ~ 2Uj + l, k ~l~ Uj + l, fc-1 

(Ay) 2 


+ Tj +1>k (6-109) 


Uj+l, fc+1 Uj, k+ 1 Uj+l, k Uj, k , fj+1, fc+1 l 7 j + 1, fc _ 1 a Ift—lin'l 

2 (AX) Ay 1 ; 


Uj, 


i,k- 


Tj + i,k~Tj,k , T/ Tj+i,>.+i~7j-n,fc-i _ 1 7j+i,ic+i — 27j +t ,fc+ 7j 


AX 






2 (Ay) Pr 


(Ay) 2 


(6-111) 


The equation of constraint is unchanged from that employed in section 6.1.1: 


Uj+ i,o+2 jT Uj+i,k— Uj,o + 2 jT f/j,t 

fc= l fc=l 


(6-112) 


Equations (6-109) and (6-111), written for £ = 0(l)n, along with equation 
(6-112) constitute 2n + 3 equations in the 2/r + 3 unknowns Uj+ i,o, • • Uj+\n, 
Pj+i,o, . . .,7}+i,nj andij+i. 

Omitting the details and writing equations (6-109) and (6-111) directly 
in the most convenient form give 


r Ym. 

2 (AT) 


(Ay) 


,y) 2 ] U ) +l ' k ~ l+ [ AX + (Ay) 2 ] Ui+,,k + \_2(AY) 


+ 


(Ay) 

f- 

\ AX, 


(Ay) 2 


\ U*+Pj 

r i+t = ax 


j Uj+i t ‘k+v 

(6-113) 


r Zb* 1 1 T I \Uj." ■ 2 1 

L 2(Ay) Pr(Ay) 2 J Lax Pr(Ay) 2 J J+1,A ' 

if YiJi . 1 .1 f _ Uj,kTj,k 

L 2 (Ay) Pr (Ay) 2 J lj+l ’ k+l AX 


(6-114) 
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The energy equation (6-114) does not involve any unknown velocities at a 
given step and is therefore solved for T first at each step downstream. The matrix 
equation is identical to equation (6-24) and will not be repeated here. 

The matrix form of equation (6-113) is solved next. This matrix equation 
is identical to equation (6-13) except for a redefinition of </>* in the right column 
vector, which becomes 


U* k + Pi 

<K = J + Tj +iik (6-115) 

The method of solution used to solve the matrix equation is discussed following 
equation (6-13). 

After solving equation (6-110) for Fj+i,*+i (k = 0(l)n) , another step down- 
stream may be taken and the process repeated. 

Bodoia and Osterle have shown the present formulation to be universally 
stable for all U 2* 0. 

6 . 2.3 Flow in a Parallel Plate Channel With Body Forces 

The analysis of flows involving body forces differs little in general from the 
formulations given earlier in this chapter. For most situations such as magneto- 
hydrodynamics or electrohydrodynamics, the only changes are the addition of 
constants or modifications to the coefficients of the various equations. For a few 
more details, see section 2.3.4. 

The development region for a parallel plate channel in the presence of MHD 
and EHD body forces has been analyzed using finite difference methods by 
Shohet, Young, and Osterle (ref. 12). 

6.3 EXAMPLE PROBLEM- INCOMPRESSIBLE ENTRANCE FLOW IN 

A PARALLEL PLATE CHANNEL 

The finite difference analysis of the development region for incompressible 
flow in a parallel plate channel by Bodoia and Osterle (ref. 3) has been employed 
as a benchmark by a number of other investigators of this problem. The formula- 
tion was presented in section 6.1.1, and the results are given here as an example 
problem. 

Details of the choice of mesh sizes used by Bodoia and Osterle are not avail- 
able other than the statement that “Beyond a short distance from the mouth a 20 
point mesh across the channel was used, but close to the mouth a larger number 
of mesh points was used to obtain better accuracy.” However, personal communi- 
cations with Bodoia and Osterle and attempts by the author to duplicate their 
results indicate that something on the order of 40 AT mesh spaces were used near 
the inlet, with the AY spacing increasing gradually from about AY = 2.5X10- 5 
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at the entrance to AA=1.0X10 -3 far downstream. The calculations were per- 
formed on an IBM 650 digital computer. 

Figure 6-5 shows the development of the dimensionless axial velocity U 
as a function of X for various transverse positions. Figure 6-6 shows the pressure 
development. The information in these two figures is also presented in table 6—1, 
abstracted from reference 4. 

Figure 6—6 also compares the numerical solution with the solution presented 
by Schlichting (ref. I). Schlichting’s results were obtained by joining a power series 
expansion downstream to an asymptotic solution upstream, matching the veloci- 
ties at A" = 0.004. A rather sharp change in slope of the centerline velocity re- 
sulted. Schlichting’s technique apparently resulted in an excessively rapid growth 
of the core velocity and a smaller pressure drop than that found by the numerical 
technique. 

It is interesting to note that the numerical results, requiring many hours of 
computing time on a first generation machine, could be obtained in a few minutes 
on a modern third generation machine. 


Dimensionless 

transverse 
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Table 6-I.-Poiseuielle Flow Calculation— Dimensionless Velocity and Pressure 


Dimensionless Dimensionless axial position,^ 

transverse ~i 

position. Y 0.001 0.002 0.004 0.006 0.008 0.010 0.012 

0 1.0615 1.0751 1.1013 1.1244 1.1443 1.1615 1.1767 

.1 1.1443 1.1615 1.1767 

.2 1.1443 1.1615 1.1766 

.3 1.1442 1.1613 1.1763 

.4 1.1012 1.1243 1.1438 1.1604 1.1745 

.5 . 1.1010 1.1234 1.1414 1.1555 1.1665 

.6 1.0750 1.0993 1.1176 1.1290 1.1351 1.1373 

.7 1.0612 1.0725 1.0863 1.0874 1.0788 1.0655 1.0501 


.8 

1.0551 

1.0485 

1.0132 

.9665 

.9204 

.8798 

.8455 

.9 

.9587 

.3655 


.6204 

.5567 

.5136 

.4832 

1.0 

.0000 

.0000 


.0000 

.0000 

.0000 


-P 

.06210 

.07664 


.13075 

.15324 

.17306 

■S 

Dimensionless 

Dimensionless axial position, X 









position, Y 

0.016 

0.020 

0.024 

0.028 

0.032 

0.040 

0.050 

0 

1.2031 

1.2259 

1.2463 

1.2648 

1.2818 

1.3121 

1.3441 

.1 

1.2030 

1.2258 

1.2460 

1.2643 

1.2811 

1.3105 

1.3412 

.2 

1.2028 

1.2252 

1.2448 

1.2623 

1.2778 

1.3043 

1.3306 

.3 

1.2017 

1.2228 

1.2406 

1.2556 

1.2684 

1.2887 

1.3067 

.4 

1.1972 

1.2144 

1.2275 

1.2373 

1.2447 

1.2542 

1.2601 

.5 

1.1813 

1.1893 

1.1928 

1.1935 

1.1923 

1.1871 

1.1786 

.6 

1.1339 

1.1253 

1.1144 

1.1030 

1.0918 

1.0715 

1.0504 

.7 

1.0185 

.9896 

.9644 

.9429 

.9246 

.8950 

.8677 

.8 

.7922 

.7535 

.7241 

.7011 

.6825 

.6541 

.6291 

.9 

.4427 

.4162 

.3971 

.3825 

.3708 

.3534 

.3383 

1.0 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

.0000 

-P 

.22218 

.24992 

.27522 

.29873 

.32085 

.36192 

.40892 


Dimensionless Dimensionless axial position, X 


transverse 
position, Y 

0.060 

0.080 

0.100 

0.150 

0.200 

1.000 

0 


.3707 

1.4111 

1.4388 

1.4758 

1.4903 

1.499999 

.1 


.3663 

1.4039 

1.4292 

1.4629 

1.4762 

1.485000 

.2 


.3511 

1.3803 

1.3993 

1.4239 

1.4336 

1.440000 

.3 


.3195 

1.3357 

1.3454 

1.3573 

1.3619 

1.364000 

.4 


.2626 

1.2635 

1.2628 

1.2611 

1.2604 

1.260000 

.5 


.1703 

1.1565 

1.1467 

1.1336 

1.1284 

1.124999 

.6 


.0337 

1.0095 

.9938 

.9733 

.9653 

.969999 

.7 


.8475 

.8197 

.8022 

.7796 

.7708 

.765000 

.8 


.6112 

.5870 

.5720 

.5526 

.5451 

.540000 

.9 


.3275 

.3132 

.3042 

.2926 

.2880 

.250000 

1.0 


.0000 

.0000 

.0000 

.0000 

.0000 

.000000 

-P 


.45249 

.53258 

.60631 

.77507 

.93269 

3.33801 8| 
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CHAPTER 7 

CIRCULAR TUBE 


7.1 ENTRANCE FLOW AND HEAT TRANSFER IN A CIRCULAR TUBE 

' The flow and heat transfer in a tube of circular cross section have for some 
time been extremely popular subjects for analysis due to the enormous number 
of practical applications of this geometry. As in the parallel plate channel case 
discussed in the preceding chapter, the emphasis for the incompressible case 
is on the entrance region flow and heat transfer since the fully developed solu- 
tions are merely special cases of the formulations given; for the compressible 
cases, the entire flow is an “entrance” flow since no fully developed region can be 
defined. The problem configuration and coordinate system are shown in figure 7-1. 


* 


r 



Figure 7-1. — Problem configuration and coordinate system for circular tube. 
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7 . 1.1 Incompressible Constant Property Flow — Velocity Solution 


The model usually assumed for the entrance flow in a circular tube is the 
boundary layer model, which apparently provides a sufficiently accurate solution 
for engineering purposes. For the case of flow in the entrance of a porous circular 
tube, Hornbeck, Rouleau, and Osterle (ref. 1) have shown that a higher order of 
approximation, including radial momentum flux but not second derivatives in 
the axial direction, does not give significantly different results from the boundary 
layer type of model for Reynolds numbers greater than about 500. We shall limit 
the present discussion to the boundary layer model. 

The equations of motion are 


and 


du , du 1 dp (, / d 2 u , 1 du\ 

dz dr p d z \dr 2 r dr) 


(7-1) 



d(w) _ Q 

dr 


(7-2) 


The boundary conditions on velocity are 



u(r, 0) 
u(a, z) 

" (0, z) 

r 

v(a, z) 
v(0, z) 
P( 0 ) 


= «o (see appendix F) 

= 0 

= 0 

= 0 
= 0 

= Po 


(7-3) 


where uo is the inlet profile (usually but not necessarily assumed constant). 

The problem may now be restated in dimensionless form. The dimensionless 
variables chosen are , 



CIRCULAR TUBE 


197 


U = 


U 0 


V= — 

V 


p = 


(p-po) 


r = l 

a 


Z = 


vz 


(7-4) 


where uo is the mean velocity in the tube. In terms of these dimensionless vari- 
ables, the problem may be rewritten as 


dZ dR d Z dR 2 R dR 


dU d(VR) _ 

R M + ~^R ° 


(7-5) 

(7-6) 


subject to the boundary conditions 

U(R, 0) = 1 
U(1,Z)=0 

f(°,Z )= 0 

V(l,Z) = 0 
V(0,Z) = 0 
P{ 0) = 0 


(7-7) 


The finite difference formulation to be presented here has been given in the 
literature by Hornbeck (ref. 2) and Hornbeck, Rouleau, and Osterle (ref. 3).' The 
difference grid is shown in figure 7—2. Equations (7—5) and (7-6) are expressed' 
in difference form as 





Fk;URE 7-2. — Finite difference grid for circular tube. 
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Equations (7-10) and (7-11) can be written in finite difference form as 


Uj, o 


Uj+\, 0 — Uj, 0 _ 

AZ 


P j + 1 P j ' . U)+i.\ Uj+\,a 

A Z L (Aft) 2 


(7-12) 


and 


i +JJj + m ~ i — Uj,o 2Vj 


2(AZ) 


+ ■ 


j+ i . 

A/? 


= 0 


(7-13) 


Equation (7-12) includes the symmetry boundary condition on U at ft = 0 expressed 
in difference form as l/j+i, i = f/j+i, -i- Equation (7-13) includes the condition 

V(0,Z) = 0. 

Equations (7-8) and (7-9) written for k= l(l)n and equations (7-12) and 
(7-13) for k = 0 together constitute 2n + 2 equations in the 2n + 2 unknowns 
Uj+ 1 .*-, F j+I ,A-, and P j+1 . 

The system of equations may be considerably reduced in size by using the 
integral continuity equation as discussed in the last chapter. Adding the continuity 
equation (7-9) for A;=l(l)n and equation (7-13) for k=0 together, the resulting 
equation can be written in the form 


Aft U J+ , . 0 + 1 U J+ , . r) + | R,U J+ , , ; 


Aft + + t RtUj, k 


(7-14) 


Equation (7-14) is the finite difference analog of 


/: 


UR dft = a constant 


[■ 


y,, + _i 


1 


2(A ft) 2ftt (Aft) (Aft) 2 J J+ 


2J Uj +i ,k-i + £ 


U J^ + . 2 


A Z (Aft) 


■ r Khi 1 L_l f/ + (IU 

|.2(Aft) 2ft A (Aft) (Aft) 2 J u J +uk+t ^ \AZ/ rj+l 
and equation (7-12) as 


i] £/,».*• 

u? . + Pj 

_ j’ k J 


AZ 


rf^o 

[AZ ' (A ft) 


+ 


2 Uj + 1,0+ - 


(Aft) 2 J 


f/j+i. 1 + 




AZ 


(7-15) 


The use of this type of equation is discussed in more detail in section 6.1.1. 
It is now convenient to rewrite equation (7—8) as 


(7-16) 


(7-17) 


459-174 0 - 73-14 
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Equation (7-16) written for /c=l(l)n, equation (7— 17) for k = 0, and equation 
(7-14) now comprise n + 2 linear algebraic equations in the n + 2 unknowns 
Uj+t.k and P j+i . 

This set of equations may be written in matrix form as 


AR 

4 


3A R 


R> 


R* - 


fio n 0 


«i /3i fli 


Ot2 fit O 2 


«3 /3s CI3 


fin-1 

Rn 

0 


U j+i, 0 


s 

. . . 1 


1 

AZ 


tW 


4> 0 



1 

AZ 







1 

AZ 


£/,+ ., 3 


02 



1 1 

X 

c? 1 1 

— 

03 

&n—l fin- 1 

Cln-1 

1 

AZ 


Uj+ 1, H 


0n-l 


fin 

1 

AZ 




0n 


(7-18) 


where 
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and 


4> o — 


u i«+ p i 


A Z 


S = ^Uj, 0 +^ j P-U j , i + ±R k U j , k 

4 4 k = 2 


-Vj.it . 1 

<*a- = „ , : — + 


1 


2 (A/? ) 2R k (AR) .(A/?) 2 

(A: > 0) 


^ = 2 


n k — 


4>k 


A Z (AT?) 2 

> 0 .* 1 


1 


2(AK) 2R k (AR) (A R) 2 

P l k + Pj 


A Z 


(A > 0) 


(A > 0) 


Since the matrix of coefficients of (7—18) is not tridiagonal, no unusually 
rapid method can be employed, and Gaussian (or Gauss-Jordan) elimination 
is suggested (see appendix E). Once the solution has been obtained, another 
step A Z may be taken. 

It is strongly suggested that the variable mesh technique discussed in ap- 
pendix D be employed in this problem, since by using a fine grid near the wall 
where it is needed and a large grid elsewhere, the number of equations to be 
solved can be reduced materially. More details of the application of this technique 
to pipe flow problems may be found in reference 4. 

The representation given here has been shown to be stable for all (7 3= 0 
in reference 4. If U < 0 then the stability criteria which must be satisfied are 


A Z _ 1 

| U\ (A/?) 2 25 2 




(7-19) 


These will, in general, be satisfied only for very small negative values of U. 

The truncation error of the momentum equation is of (?(A Z) and (7{AR 2 ) 
and for continuity of <7 ( A Z ) and O ( A R ) . 
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7 . 1.2 Incompressible Constant Property Flow — Temperature Solution 
The energy equation for the problem considered here is 



dt dt 
u — +v — 
dz dr 



dH + ldl 
dr 2 r dr 



(7-20) 


Viscous dissipation has been neglected in equation (7-20) but could readily be 
included. Axial conduction has also been neglected. 

We shall again consider two commonly used temperature boundary conditions, 
those of constant wall temperature and constant wall heat flux. The boundary 
conditions for the problem are 


t(r, 0) — to (assumed constant, although again not necessary) 

t(a, z) = t w (constant wall temperature) 
or 

k (a, z) = q (constant wall heat flux) 
or 

and 

• f>, 2 )=° 


(7-21) 


The following dimensionless variables are now chosen 


or 


and 


T = 


t tu 
to t , 


(constant wall temperature) 


T — — (t — to) (constant wall heat flux) 

Qd 


u=± ■ 

do 

V =™ 

v 

z = _Z£_ 
pa l uo 


R = 


(7-22) 


The temperature problem in dimensionless form then becomes 
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subject to 
or 


and 

or 


BT v dT _ 1 / d 2 T 1 dT\ 
8Z 9R Pr\dR 2 RdRJ 


T{R, 0) ='l (constant wall temperature) 
T(R, 0) = 0 (constant wall heat flux) 

T(l, Z) =0 (constant wall temperature) 
dT 

—z: (1, Z) = 1 (constant wall heat flux) 
an 


(7-23) 


(7-24) 


The finite difference formulation to be presented next is essentially that of 
Hornbeck (ref. 5) except for minor changes to conform with the representations 
employed throughout this book. 

The difference form of equation (7-23) is 


r, T J+uk~ Tj, k 

Ui ' k Kz +Vj -' 


Tj+t,k+i Tj 

2(A R) 


+ 1, k-i 


Pr 


[T)+i,k+\ —2Tj + i t k 

+ T j+ ,,k-i 

1 

7jf+i,*+i — Tj+t'k-i 

L (Aft) 2 


+ Rk 

2(A ft) 


(7-25) 


This equation applies for k = l(l)n. 

For ft = 0 it is again necessary to apply . the limiting process as ft —*■ 0 to 
equation (7—23), which results in 


U §T 2 d 2 T I 

dZ «= o Pr 3ft 2 | r = o 


Expressing equation (7—26) in finite difference form yields 


Uj, o 


Ti 


j+ i , o ' 


Tj, o 


A Z 


4 Tj+ i,i I j+ 1, o 

Tr L (A ft) 2 . 


(7-26) 


(7-27) 


Equation (7-27) includes the symmetry condition expressed as 7j+i i i = rj + i _i 
at ft = 0. 

Equations (7-25) and (7-26) may be rewritten in more useful forms as 
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+ 


1 


2(AR)^2(Pr)R k (AR) (Pr) (A/?) 


2 


j+1, A -I 


t-I + 




A Z _r (Pr) (A/?) 2 J 


L + 


T, 


j+ 1 5 A’ 


^,A- 


1 


1 


2(A R) 2(Pr)R k (AR) (Pr) (AR) 2 


T j+l, A+i — 


U j, kT j, k 

A Z 


(7-28) 


and 


[ 


Uj. 0 


r -4 


U j, oT" j, o 


AZ (Pr) (A/?) 2 J [ (/+) (A/?) 2 J 7 ' J+I ’ 1 A Z (? 29) 


If the wall temperature is constant, equation (7-28) written for Ar=l(l)n 
and equation (7-29) for A; = 0 constitute a set of n+1 linear algebraic equations 
in the n+1 unknowns 7W- This set may be written in matrix form as 


a; fto 



Tj+i, o 



£>!l /3i fi 1 



T j+i , i 


<*>; 

A 

a; 


7j+l , 2 


d, - 


— • — — 

X 

— 

= 

— 


7 

G 

1 

1 V 
1 


Tj+i, n-1 




t n ' 

«„ Pn 


Tj+i, „ 




where 


(7-30) 


/So 


U i , » . 4 

AZ + (Pr) (AR) 2 


fi': 




-4 

(Pr) (AR)' 2 

U j, o Tj, o 

AZ 


and 



CIRCULAR TUBE 


205 


a,.~ 


ft = 
<K = 


Vj, k 




1 


2(A R) r 2(Pr)R k (AR) ( Pr)(AR Y 


+ - 


U± .± 

A Z ' ( Pr){ARY 

Vj, k 1 


(*> 0 ) 


1 


2(AR) 2(Pr)R k (AR) (Pr)(AR) 2 . 

Uj, kTj, k 

A Z 


(k > 0 ) 


The matrix of coefficients in equation (7-30) is tridiagonal and may be solved by 
using the method outlined in appendix A. 

If the constant wall heat flux case is to be considered, the wall temperature 
becomes an additional unknown. The necessary additional equation is supplied 
by the wall heat flux condition in (7-24) expressed in finite difference form as 


^Pj+ 1 , 11+1 '47^+!-, n + Tj + 1 
2(A R) 


= 1 


(7-31) 


where Tj+i,„+\ is the wall temperature. This additional equation must now be 
added to the system of equations previously described and the complete set 
may be written in matrix form as 


ft, fto. 


+ 

O 


fa 

«; ft ft; 


Tj+ 1, i 


fa 

ft ft ft 2 


Tj+ i,2 


ft 

— — — 

X 

— 

= 

— 

a n - 1 fin -1 ft/i-1 


Tj+ 1, n-i 


ft-, 

a n fin ft ii 


T j + 1 , n 


fa, 

1 -4 3 


Tj+i, n+ 1 


2(A R) 


(7-32) 
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where all symbols are as defined in (7-30). Although the matrix of coefficients in 
(7-32) is not tridiagonal, it may be readily made tridiagonal as is discussed in 
section 6.1.2, and the method of appendix A may be used to obtain a solution. 

After the solution has been obtained another step downstream may be taken 
and the process is repeated. 

It is of course best to obtain the velocity and temperature solutions together, 
solving first at each step for the velocity and then for the temperature. If it is 
desired to solve a problem in which the temperature develops from the tube 
entrance but in which the velocity is already fully developed (i.e., the Graetz 
problem); then the velocity solution is, of course, bypassed. 

The difference formulation for the energy equation is universally stable. The 
truncation error of the difference form of the energy equation is of <?(A Z) and 

<7((A/n«). 


7 . 1,3 Incompressible Constant Property Flow — Heat Transfer Solution 
The bulk (mixed-mean) temperature for the circular tube is defined as 


tb = 


/: 


2tt rut dr 


/: 


(7-33) 


27rru dr 


which, in dimensionless form, is 


- 2 l' 


URTdR 


(7-34) 


This bulk temperature may be calculated numerically by applying Simpson’s 
rule, which yields 


2(A R) 


I j+> 


( 2 

x *=1,3, 5, 7, 9, ... 


4(7 j+i, kRk-Tj+i, a- 


+ ^ 2Uj+i,kRkTj+uk\ (7-35) 

A=2, 4. 6, 8, ... / 


where n must be odd; that is, there must be an even number of spaces across 
the tube radius. If the variable mesh procedure mentioned earlier is used, then 
the integration will have to be done in two parts, each part covering the region of 
only one mesh size. 

The local Nusselt number is given by 



(7-36) 
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where 


h(t w -t b ) = k^- 
or 


(7-37) 


so 


Nu z = 


_d£ 

dr 


(2a) 


tb tu 


(7-38) 


For constant wall temperature, equation (7—38) can be written in dimensionless 
difference form as 


/ 9 dT 

\ -2 

«=i 

37 1 j+i,H+i 47’,+] > „ + T , „_i 

[~ 2 dR 

2(A R) 

j+i \ Tb 

/j+r 

7H+, 


Nu z 


For constant wall heat flux, 


so 


h(t w tb) q 


k(tb t w ) 


which may be expressed in dimensionless difference form as 


Nil; 


-(j4r) 

j+l \ 1 b -* w /j+l 


The mean Nusselt number is computed as 


Nu m = - 1 I Nu z dZ 


which may be evaluated using Simpson’s rule as 

1 


Nu„ 


l j+i Zj+ 


7 ,( 


Nu z 


+ 4 


Nu, 


1 = 1 , 3 , 5 , 7 , ... 


+ 2 ^ Nu z 

1 = 2 , 4 , 6 , 8 , ... 


(7-39) 

(7-40) 

(7-41) 


(7-42) 


+ Nu z 


(7-43) 


\ A Z 

j+i 


(7-44) 
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As discussed in chapter 6, the calculation of Nu,„ |j+i can only be accomplished 
at every other A Z step so that an even number of intervals from Z= 0 (j= 0) 
is involved. 


7. 1 .4 Compressible Flow — V elocity and T emperature Solutions 

The coupled equations of motion, energy, state, and property relations 
for the compressible flow in a circular tube are assumed to be, for a perfect gas, 


/ iu , du\ dp , 1 d ( du\ 

p \"5; + '*j' s "s + 7^r r 57j 


dj£u) | 1 d(£rv) 0 
dz r dr 


/ dt dt\ dp 1 d .( . dt\ j du \ 2 

pc p I u hi)— =u- — I \kr — +M — I 

\ dz dr) dz rdr\ dr) \dr ) 

p = p£%t 

p= n(t) = /x 0 

*-*(*>-**(s)'. 


(7-45) 

(7-46) 

(7-47) 

(7-48) 

(7-49) 

(7-50) 


As before, we assume a power law relationship with temperature for p and k. 
The velocity and pressure boundary conditions are 


u(a, z) = 0 

u(r, 0) = u o (again assumed constant, although a function of r is 
entirely permissible; see appendix F) 


fr ( °’ Z) = ° 
v(a, z) = 0 
i>(0, z) = 0 
p(0) = Po 


(7-51) 


The thermal boundary conditions to be considered are, as before, constant 
wall temperature and constant wall heat flux 
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at 

dr 


t(r , 0) = t 0 
(0, z) = 0 


and 

* 

or 

t 

kf 


t(a, z) = t w (constant wall temperature) 


(7-52) 


The dimensionless variables for this problem are 

Zp o 


Z = 


potioa* 


Uq 


V = 


pova 

Po 


T = 


to 


p=^ 
P 0 


« = - 
a 




p* = 


k o 

P_ 

Po 


* P 

p = — 

P 0 


(7-53) 


Employing these dimensionless variables, equations (7-45) to (7-50) may be 
written as 


p * ( U — + y 

P V BZ dR/ 


V—\ - 

1 dp 

■ III 

v dRJ 

y M% d Z 

R dR ' 

d( P *U) 

1 d(p*RV ) 

dZ 

R dR 



i a / 

' k * R *L 

U d z + 

(/V)/? a/? \ 

k R dR 


dU\ 

dR) 


(7-54) 


(7-55) 




P = P*T 


(7-56) 

(7-57) 


P*= (T)f 


(7-58) 
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k* = ( T)« (7-59) 

where M „ = uo/Vy^fo is the Mach number evaluated at to, and Pr= fioCp/ko 
is the Prandtl number evaluated at the same conditions (the inlet conditions). 
The boundary conditions on velocity and pressure are, in dimensionless form. 


U(l,Z)=0 
U(R, 0) = 1 

fs<°- z >-o . 

V(l,Z) = 0 
V(0, Z) = 0 
P{0) = 1 

The dimensionless thermal boundary conditions are 
T(R, 0) = 1 

f ( 0 , 2)=0 

and 

T(l, Z) =— (constant wall temperature) 
to 

or 

k* (1, Z) — y— (constant wall heat flux) 

oi\ k{)tt) 


(7-60) 


(7-61) 


A finite difference representation to this problem must now be selected. The 
representation given here is based on that employed by Walker (ref. 6) for what 
he called the “post-boundary-layer region.” The main difference from Walker’s 
formulation is that, in his equations, the degree of implicitness is arbitrary; in the 
present formulation, the equations are fully implicit in an effort to be consistent 
with the representations given elsewhere in this book. The actual numbers gen- 
erated should differ very little. The difference representations of equations 
(7-54) to (7-59) are 


Pj% [Ujj 


Uj+i,k Uj ,k 

A Z : ' 


V,.* 


U, 


'j+l, A-+ 1 ~ Uj+ 


2(A R) 




1 Pj±± - Pj . 

yM% A Z 
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Uj+i,k+i^ 2Uj+i t k 4 - Uj+i,k-i 1 Uj+ 1 , *+ 1 — Uj+ i t i—i 
~(AR) 2 R~ k Z(AR) 

m, k+ i~ ^j,k- ii r ^j+i.A+i Uj+i'k-i 


°*k + i ■ 


f Uj+l,k+\ Uj,k+1 


2(A Z) 


w,k +i - k-> -\ r l 
L 2(A R) J L 


2(A«) 


.-T 


+ 


r (Uj,*+i \ r^>. - Pj i 

L\7}.* + i/ \7j.JJ 2(A Z) J 


(7-62) 


+ 


/Pj,k+lU}- k+ '\ \Ti+ 1,*+1 *+'] 


7L 2(AZ) j 

/p* fc^O. 


V 7).* / 

. 2(AZ) J 

r 2 ' 

\ /Pj+i,*+i^ fc+, ^ +, >*+i — P)+\,k RkV i+'’ k \ 

\7(fc+i + /?*■, 

/ V A« j 


= 0 


(7-63) 


Pi 


j,k 


T , Tj +i ,k Tj,k , T r Tj+i t k+i Tj+i'k- 

Uj ’ k A Z +Vj ’ k ~ 


2(A «) 






+ 




7) + i,*+, — 27} + i,* + Tj+t,k-i 
(AT?) 2 


+ — 


1 Tj +t , k +i Tj+i'k-n f^A+i ^*, fc-i 


K* 2(AR) 

L . 2(A«) Jj 

( y -l)M>* fr [ 


‘"I ~ fc j,fr+i k },k-i 
. + L 2(A«) 


Uj,k + 1 — Uj,k-\ 

[t/j+i, ft+l — Uj+l , k—l 

2(A /?) J 

[ 2(AR) J 


(7-64) 
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P j + 1 = P * +1 , , k (7-65) 

/£.,*= (7WH (7-66) 

k?+i,k = (Ti-t-k) 0 (7-67) 


The complicated form of the continuity equation (eq. (7-63)) is required, 
as in the preceding chapter, in order to obtain a set of linear difference equations 
which can be solved without recourse to iteration. 

Special forms of equations (7-62), (7-63), and (7-64) are required for R = 0. 
These may be obtained by first taking the limit of equations (7~54), (7-55), and 
(7-56) as R —* 0. This procedure yields 


dU 

dZ 


d(p*U) 

dZ 


— — — + 2 P* 

yM\ d Z * B R 2 


+ 2 


Hp*V) 

BR 


= 0 


p*U 


BT 

BZ 


R - 0 


2-^ U — + — k* — 

y dZ Pr BR 2 


R = 0 


(7-68) 

(7-69) 

(7-70) 


These equations in finite difference form are, for (7-68), 




U i+u o-Uj,o 1 P j+ i-Pj 


AZ 


y m AZ 


3 <7 - 7i » 


Equation (7-63) gives the correct finite difference form for (7—69) when written for 
k = 0. For equation (7-70), the difference form is 


* Tj+ifi—Tjfi y — \ P j+ 1 

p* o U J* AZ = ~ Uj ’° 


A Z 


Pj 4 „ 

—t - 1 t-* 

+ Pr j’° 


7}+ i.i 7} 

. (A R) z 


j+i 


,0 


(7-72) 


The finite difference forms of the momentum, continuity, and energy equations 
written for k = 0(l)n now include 3n + 3 or 3n + 4 unknowns f/j+i.t, Vj+i ,k, Tj +i>k , 
and Pj+ 1 , depending on whether the constant wall temperature or the constant wall 
heat flux condition is used. Before considering a possible reduction in this number, 
it is convenient to rewrite equations (7-62), (7-64), (7-71), and (7-72) in more use- 
ful forms. Equations (7-62) and (7-64) for Ar=l(l)n become 


\-p*,k V u- 

Pu- 

P?,k Pj,k + l~ pf,k-i 

L 2(A R) 

(A RY 1 

2{R k )bR 4(A R) 2 


Uj+i, k -i + 



+ 
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(A R) 


Sts-li 

R) 2 J 


Uj+ 1,A + 


-plkVj* 

PjJt 

p-U 


2 (AR) 

(A/?) 2 

2{Rk) (A/? ) 

4(AR) 2 


Uj+ r,A- + l 


+ 


— n* V i k* 

Pj,k V J' k K j,k 


; + 


r 1 If. _ p ‘ : pj&a 

LyM8(AZ)J 

J,* — L* 

K j,k+l K j,k - 1 


yMg(AZ) + ' AZ (? 73) 




2(A«) (Pr)(AK) 2 2Rk(Pr) (AR ) 4(Pr)(A«) 


Tj+\,k-\ 


+ 


+ 


+ 


, 2a;, 1 

L AZ (Pr)(A/?) 2 J J+I,A ' 


\P*^ 

k* 

K j.k 

k* 

K i,k 

h* _ n 

j\A + l j\A-l 

2(A R) 

(Pr)(ARY 

2R k (AR)(Pr) 

4(Pr) (AR) 2 


j(y-D%;, [ 


Uj.k + r-Uj.k-> 

4(A tf) 2 




} u , r a-y)^ i p 
j *+.+1 y(AZ) 


y(AZ) Pj+ AZ (? 74) 


Equations (7-71) and (7-72) for k = 0 become 


\P*o U j,o 4 ^-o 
AZ + (A/?) 2 


] ty+..o 


+ 


-4m*,, q 
. (A«) 2 


v ‘*'-' + [^Kz\ p - 

p* t / 2 
0 J.o . 


Pj 


AZ y/W 2 ( AZ ) 


and 




-4 k* 


'(i-y)£ 6 .o- 


(7-75) 


^ + . 


yAZ 

P*o U j,o T j,o Pj(y—l)Ujo 


AZ 


y(AZ) 


(7-76) 


Equations (7-73) and (7—74) written for &=l(l)rc along with equations 
(7-75) and (7-76) for k = 0 now comprise 2n + 2 equations in the 2n + 3 or 2n + 4 
unknowns Uj+i,k , Tj+t,k, and P»u depending again on which temperature bound- 
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ary condition is considered. For the constant wall temperature condition, we are 
pne equation short of having a complete set of equations. This additional equation 
may be obtained by adding together equation (7-63) written for all /r = 0(l)n. 
This results in the following: 


2 ( 

/»•— o x 


Rk+i + Rh- 


) [pj% +1 u j^ + x+p* k fJ j+l , k +p* k+x Uj, k+i 
, * TT l p i+' W\1 A R 

+p ^ u Ay-~l)7)\-T 

Rk+i + Rk 


< 7 ~ 77 > 


Equation (7-77) along with equations (7-73) and (7-74) for &=l(l)n plus equa- 
tion (7—75) and (7—76) for A- = 0 now constitute a set of 2nd- 3 equations in the 
2n + 3 unknowns f/j+i.A, Tj+i,*, and Pj+i for the constant temperature case. This 
set may be expressed in matrix form as 



J+ 1 , o 
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where 


= p*o u i-o 4 M ; 0 - 

AZ ( AR ) 2 

-4/t* 
n — Lk2 
. !i ° (A/?) 2 


Pj,k^i’ k Pj'k 
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2(AR) (AR) 2 2(R fr ) (AR) 

P,%ty* , 2 M jt, . 
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(AR) 2 


Pf% + » ~P**-» 
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(A: > 0) 


* z- + 

2(ARi) (AR) 2 2 (Ra) (AR) 4(AR) 2 
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yA/ 2 (AZ) 


* = + 

** yM%(AZ) AZ 


n , Pi!o^o , 4 **o 

P() * ~ ' 


AZ (Rr).(AR) 2 
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-4A 


V.o 


0 (Rr) (AR) 2 
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/■* 

h j,k 
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2(AR) (R r )(AR ) 2 2R;(AR)(Rr) n 4(Rr)(AR) 2 

(yfc>0) 




AZ Rr(AR) 2 
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Uj,k+1 Uj,k - 1 
I 4(A R) 2 




(l-v)Uj.k 
r(A z) 


a ni* , p*" u j;jj. k 

9k y(AZ) A Z 

„ K,p* 0 (Atf) 

. £o ~ 4 


= ^ Rjc+Jtk^ p *^ (A/? } ( A > o) 




4(7 , > ,o) 

/?,+/?, + ,\ p;,^,,(a/?) 

Tj.k 


n 

A*=0 

//?A +/?A + 1 

l 2 

n 

A = 0 

/«a + «a + . 

1 2 , 


(k> 0) 


(Mi 

2 


For the constant wall heat flux case, Tj+i.ii+i is also unknown. The necessary 
additional relationship is the heat flux condition at the wall. In finite difference 
form this is ' 


AJV. 


37’ 


j+l . H+l 


47j + i,» + Tj. 
2 (AT?) 




i. »-i ^ _ 


ga 

knta 


(7-79) 


As in the parallel plate channel case, the use of k* lt+l is to ensure linearity of the 
difference equations. The error induced should be relatively small if, the mesh 
size in the Z-direction is kept small. 

The equation (7-79) increases the size of the matrix equation by one, and the 
resulting matrix is 
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(7-80) 
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where all symbols are as defined with equation <7— 78) except 

n= 2qa{&R) 

• 

Any standard matrix inversion or equation solving routine such as that 
given in appendix E may be used to solve the set (7-78) or (7-80). As mentioned 
many times before, a refined mesh near the wall is of considerable value (see 
appendix D). 

As in the parallel plate channel case, difficulty will be encountered when the 
average Mach number in the channel nears 1. For a detailed discussion see 
section 6.1.4 and Walker (ref. 6). Walker has shown that these equations are 
stable for all U 5= 0 (except possibly M = 1) and for all mesh sizes. 

The truncation error is of d?(A Z) and d7((A/?) 2 ) for momentum and energy 
and of ff (AZ) and (7 (A R) for continuity. For a discussion of the error inherent 
in flow rate for confined flow problems, see appendix C. 

7 . 1.5 Compressible Flow— Heat Transfer Solution 

The heat transfer formulation for the circular tube is virtually identical to 
that for the parallel plate channel presented in section 6.1.5, so only the differences 
and final results are presented here. 

The bulk temperature in the cylindrical geometry is given by 



(7-81) 


(7-82) 


(7-83) 


(7-84) 
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From section 6.1.5 it is recalled that the adiabatic wall temperature is given by 


t me ti) 

or, in dimensionless form. 


1 + VFr 


■ uw * b 


1 + VFr 


(V)*- 


(7-85) 


(7-86) 


The dimensionless adiabatic wall temperature can now be expressed for the 
cylindrical geometry as 


-H 


P *RUTdR j 


1 + 2 VPr (y-l)M'a ( f ~d \rY 
\J« Vf ) 


(7-87) 


The same expression derived for the local Nusselt number in chapter 6 
also applies here. It is 


Nu 2 = 


ar 



«=1 




(7-88) 


The value T w is specified for the constant wall temperature case and obtained from 
the temperature solution for the constant heat flux case. 

The finite difference form of equation (7-88) is 


Nu 2 


2(3Tj + i. „+ 1 47 1 j + \ , i, + T j+ 1 , H-i ) 

j'+i 2(AR)(T J+ > , M+l T (lW | , ) 


(7-89) 


where T mv \ , obtained by putting equation (7-87) in difference form, is 

( 4 2 Pj+i,k^^j+,, k Tj +uk 

' fr=1 ,3,5,7, ... 

\f 2V^(y-l)ilf|(AfiP 

' J+Uk KkUj + X.kl j+l,k j j 1+ g~ 


2(A R) 
3 


n - 1 

2 r-j +. 

k=2, * 4 , 6 , H , ... 


Rl;Uj+\,l_ ^ 2 y RkUj+,,k 




(7-90) 


In equation (7-90), n must be odd. 
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As in the incompressible case, the mean Nusselt number is given by 

Nu,„=^J Nu^dZ (7 _ 91) 

or, in difference form, 

Au,„ =— — ( Nu z +4 V Nu z +2 V Nu z +Niiz ) -r- 

(7-92) 

where Am,,, I is evaluated at every other AZ step, starting from the inlet'. 

j+i 

7.2. OTHER PROBLEMS WITH A SIMILAR FORMULATION 

7 . 2.1 Flow in Circular Tubes With Porous Walls 

<r 

In order to accommodate the consideration of porous walls in the circular 
tube, it is only necessary to alter the boundary conditions and equations of con- 
straint from those presented for the impermeable wall cases earlier in this chapter. 
There are also, of course, marked similarities to the parallel plate channel porous 
wall cases presented in section 6.2.1. Only the differences from already presented 
formulations and the final results will be presented. The configuration is shown 
in figure 7-3. The finite difference grid is identical to that shown in figure 7-2. 

Hornbeck (ref- 4) and Hornbeck, Rouleau, and Osterle (ref. 3) have presented 
detailed formulations and solutions for the incompressible flow problem, and 
the present formulation for the incompressible case is based on these investigations. 
Considering first the incompressible case, the formulation is as given in section 

7.1.1 except that the boundary conditions (7-3) become 
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u(r, 0) = Un (see appendix F) i 


a(a, 2 ) = 0 
i )u 


dr 


(0,z)=0 


v(a, z) =v w (z) 
v(0, z)= 0 

P( 0 ) =Po 


(7-93) 


or. in dimensionless form, 


■( 


U(R, 0)-=l 
U(\,Z) = 0 


dU 

BR 


(0,Z) = 0 


(7-94) 


V(l ,Z) = V W (Z) 

V(0,Z)=0 

The equation of constraint (7-14) in dimensionless finite difference form 
becomes, for the porous wall case, 


AR (lu j+uo + lUj +u , y±R k .U j+uk = AR ( \U } .« + \U } . , ) 

n A 7 

+ J l R k Uj. k -^R„ +l Vj + u,, + i (7-95) 

k =2 

If V j+i.H+i is a specified function of Z, then the matrix equation (7-18) can 
be employed directly, with the only modification a redefinition of S in the right 
column vector to 



Uj.o+^^Uj. 


A Z 




j + 1. »+1 


(7-96) 
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If Vj + i, H +i is a function of pressure (e.g., through Darcy’s law), 

V j+ i,„+i=AP J+ , (7-97) 


then an additional coefficient must be added to the matrix in the upper right 
corner. The new matrix equation is 


A R 
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3A R 
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AZ 
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fin-i 
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AZ 


Uj+\. n 
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a„ 

0- 

1 

AZ 


Pj + . 


0« 


(7-98) 


where all symbols are as defined with equation (7—18). 

The modifications to the compressible flow problem presented in section 
7.1.4 are similar. The thermal boundary conditions are assumed unchanged, 
and the velocity and pressure boundary conditions (7-51) become 
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u(a,z) = 0 
u(r,0) = uq 

v{a, z) = v w (z) 
d(0, z) =0 • 
P(0)=po 


(7-99) 


U{\,z) =0 
U(R, 0) = 1 

f (°,Z) = 0 

V(1,Z) = V W (Z) 
V(0,Z) = 0 
. P(0) = 1 


. (7-100) 


The equation of constraint (7-77), when modified to account for the porous 
wall effects, becomes 


/ Rk + 1 +Rk \ f * , * rr , * it ( ? T j+uk+ y \ 

2 y 2 / P/'. k+{Uj +t > A ' +l Pj, Pj, k+i^j. k+l ^ Tj k+i ) 

;+G.^‘-(-p7- T-r)J(T) 

^ {&Z)V j+1, w+jftj+l ” / ft A + 1 \ 

Tj + 1 , w+ 1 \ 2 / 

X(P^ + ,^.A + .+P^^^-) (^) (7-101) 

As was indicated in section 6.2.1, the only problem which can be readily 
considered here without sacrificing the linearity of the difference equations is the 
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specified suction or injection velocity and specified wall temperature case. For 
some suggestions on possible treatments of other boundary conditions, the reader 
is referred to that section. If Fj+i, »+i (V W (Z)) and T j+t , „+i(T w ) are specified, then 
the only change in the formulation of section 7.1.4 is in the coefficient G in the 
matrix equation (7-78) which becomes 


f V / Rk + Rk+i \ / * 

■■LSI— — ) 


1 A R 

\2p.~ 


(A Z)V J+U , 


Fj+i, n+i 


(7-102) 


This completes the formulation for the porous wall case. 


7.2.2 Developing Confined Free Convection Flow in a Circular Tube 

The extensions of section 6.2.2 to a circular geometry are relatively straight- 
forward. The problem configuration is shown in figure 7—4. , 





Figure 7— 4. — Problem configuration and coordinate system for heated vertical circular tube. 
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The fundamental equations are 

pc "{ u fz +v ^) =lc (\ 


dH 1 cff 
. dr 2 r dr 


) 


du 1 d(vr) 
dz r dr 


(7-103) 

(7-104) 

(7-105) 


where p is the difference between true static and hydrostatic pressure, g z the 
z-component of the acceleration due to gravity, and B the coefficient of volumetric 
expansion. The boundary conditions are 

u(r, 0) =Uo 

u(a,z) = 0 

u(0,z)=0 

v(a, z) =0 | ' (7-106) 

. , ■ t{a, z) — t w 

t(r,0) = t 0 

U ( °,z )= 0 

p(0) = 0 

Using the dimensionless variables defined in (6-104) (of course substituting 
R for Y and Z for X), the fundamental equations and boundary conditions become 
in dimensionless form 


dU 

dZ 


Ut-l+y*!. 

iZ HR 


.aw .1 eU d p 
dR 2 RBR d Z 

(7-107) 

1 (d 2 T 1 dT\ 
Pr\dR 2 + RdRj 

(7-108) 

1 d(VR) 

RdR 

(7-109) 


subject to 
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U(R, 0) = U 0 
t/(l, Z) = 0 


dU 

dR 


(0, Z) = 0 


V(0, Z) = 0 
V(l,Z)=0 


T(1,Z) = 1 


T(R, 0) =0 


dT 

dR 


(0,Z)=0 


P(0)=0 


(7-110) 


As in the parallel plate channel case the two parameters in the problem are the 
Prandtl number and U 0 . As indicated in section 6.2.2, this set of parameters actu- 
ally results in a complete formulation for combined free and forced convection. 
The reader is referred to that section for details. 

The finite difference grid employed is identical to that shown in figure 7-2. 
The finite difference form employed for equation (7-107) is 


Uj, k 


V jn,k~Uj, k , I7 Uj+i,k+i Uj+Uk - 1 


AZ 


Vj, k 


2(A R) 

+ : 


P j + 1 P j i Uj+i,k+\ 2t/j + i, A-Tf/j+i, a--i 


AZ ' (AP) 2 

! Uj +\ . k+\ Uj+ I . k—\ 


2P fr (AP) 


+ T; 


j-\- 1 , A - 


(k> 0) (7-111) 


A separate form for k= 0 may be readily obtained by letting R — > 0 in equation 
(7—107) and applying L’Hospital’s rule as necessary. The resulting differential 
form is 

= + +T (7_112) 
H-a QZj on. n=o //=<> 


u BZ 


or, in finite difference form, employing symmetry. 


Uj. 0 


Uj+t, n~Uj, i) _ Pj ± i Pj I ^ ( Ujju i Uj+uu 


f Uj+ i.i Uj+u n \ 
V (AP) 2 ) 


+ P 


j+i, 0 


(7-113) 


AZ AZ V (AP) 2 

The finite difference form for equation (7—108) is equation (7-25) for k > 0 and 
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equation (7—27) for k= 0. while the finite difference form of equation (7-109) is 
(7—9) for k > 0 and (7—13) for k= 0. 

As indicated in the parallel plate channel discussion in section 6.2.2, the en- 
ergy equation is solved first at each downstream step by solving the matrix equation 
(7-30), which is tridiagonal. The momentum equation is solved next. The matrix 
equation resulting from equation (7-111) written for £=l(l)n and equation 
(7-113) for A:=0. along with the equation of constraint (7-14), is identical to the 
matrix equation (7—18) except for the following change in the definition of <f>k'. 

U 2 +P- - 

<t>i~ J ' k AZ J + T J+1 , k ' (k^ 6) (7-114) 

The continuity equation (7-9) for k > 0 and (7-13) for'A:= 0 may now be solved for 
V j+I , /,■+, and another step, taken downstream. 

By analogy with section 6.2.2, it may be reasonably assumed that the solution 
is stable for all U 5= 0. The truncation error is the same as in all other confined flow 
cases considered in this chapter, 6 (A Z) and O ( (A R) 2 ) for momentum and energy 
and 6{bZ) and G (Aft) for continuity. 

7.2.3 Flow in a Circular Tube With Body Forces 

See section 6.2.3 and especially section 2.3.4 for discussions which apply 
equally well to the presently considered geometry. 

7.2.4 Entrance Flow and Heat Transfer in a Concentric Annulus 

In this section, we depart from the parallel treatment given the parallel plate 
channel and the circular tube through chapters 6 and 7. We consider a configura- 
tion unique to the circular geometry, the concentric annulus. The configuration is 
shown in figure 7-5. 

Only the incompressible case is considered here, but the extension to com- 
pressible flow is straightforward, based on earlier sections of this chapter. 

7. 2. 4.1 Incompressible constant property flow — velocity solution. — The fun- 
damental equations are the same as those that apply to the circular tube (eqs. 
(7-1) and (7-2)). The boundary conditions are 

u(r, 0) = Uo (see appendix F) 
u(a, z) = 0 
u(6, z) =0 
v(a, z) = 0 
v(b, z) = 0 
P(0)=pt> 


(7-115) 
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Figure 7-5. — Problem configuration and coordinate system for concentric annulus. 


Employing the dimensionless variables (7-4), the complete problem may then 
be stated in dimensionless form as 


t/€+yf = _^ + ^ + I^ 

dZ dR d Z dR 2 RdR 


(7-116) 


R dU i HVR) 

dZ dR 


= 0 


U(R, 0) = 1 
U(1,Z) = 0 



V(1,Z) = 0 

v (±z)-0 


P( 0)=0 


(7-117) 


(7-118) 


The finite difference grid employed is shown in figure 7—6. 

The finite difference forms chosen for equations (7-116) and (7-117) are those 
used for the circular tube (eqs. (7—8) and (7—9)). No special version of the equa- 
tions is necessary for R = 0. since this point is never reached. 

One unusual aspect of this problem is that the continuity equation (7—9) must 
be written at the inner wall (A;=0) as well as at the interior points. It has not pre- 
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viously been necessary in our consideration of confined flow problems to write a 
difference equation at a solid-fluid interface. In all of these previous problems, 
however, there has been a line of symmetry at k= 0, whereas the present problem 
possesses no such line of symmetry. 

Adding together equation (7-9) written for k=Q(l)n. we obtain the equation 
of constraint for this problem in the form 

2 2 R '< U J- (7-119) 

k= i /. = i 

With-finite difference equation (7-8) written for k= 1(1 )/i and the equation of con- 
straint (7-119), we have a complete set of linear algebraic equations in 

1 . t . . . . • 5 U j+ \ , h and P j+ 1 . 

The set may be written in matrix form as 
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ft Cl, 
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U J+ 
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O/i- 1 

fin- 1 

0//_i 
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AZ 


U j+\, ii 


(f>ii - 1 






1 

AZ 




$11 


(7-120) 


where all symbols are as defined with the matrix equation (7-18), except that 


S'= ^ RkUj. k 

• , A— 1 

Any standard method, such as that of appendix E, may be used to solve the set 
(7-119). 

The difference form of the continuity equation (7-9) can now be used to find 
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FIGURE 7-6. — Finite difference yrid for concentric annulus. 


r j+1 .A- +1 , working outward from the inside radius. Another step A Z downstream 
may now be taken and the process repeated. 

It might be noted that since fine grid sizes are necessary near both walls, 
the complications introduced by changing mesh sizes twice in the radial direction 
may outweigh the gain in computing speed which using the variable mesh tech- 
nique of appendix D usually provides. A uniform small mesh size over the entire 
radial span may thus be most convenient. 

7.2. 4.2 Incompressible constant property flow — temperature solution. — In 
order to avoid excessive complications because of the many combinations of 
thermal boundary conditions possible, we consider only the constant wall tem- 
perature case here, but allow the inner and outer walls to be at different tempera- 
tures, each also different from the inlet fluid temperature (assumed uniform). 
Other situations such as constant heat flux (possibly different on each wall), 
combinations of heat flux and temperature conditions, insulated walls, and 
variations involving axial dependence of the thermal conditions, all can be readily 
considered with a few minor changes. 

The energy equation in the axially symmetric geometry is given by equation 
(7-20). The thermal boundary conditions are 

t(r, 0) = tn 

t(a, z) = fou,- (7-121) 

t ( b , Z ) t j if; 


459-1 74 O - 73 - 16 
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We choose the following dimensionless variables: 

T t-to 

tow to 


and 


U = — 
u 0 


V = 


va 


Z = 


2/X 

pa-u 0 


R = ^ 
a 


The complete problem in dimensionless form then becomes 

ST dT = ± (<PT 1 _dT\ 

dZ dR Pr \dR* + R dR) 

T(R, 0) = 0 

T(1,Z) = 1 


b -a\ 

a ) 


Lite tp 
t{\w to 


= Thr 


(7-122) 


(7-123) 


The finite difference form used for equation ^(7-123) is equation (7-25); 
and .when equation (7—25) is written for 1 (l)n, the set becomes in matrix 
form 
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/ 3 i a; 


Tj+ 1, i 


fa, — a\T iv> 

a', 13 2 Cl', 


Tj+ 1,2 


fa; 

/ 3 fi Cl '3 


T j+i, 3 


fa, 

— — — 

X 

— 

— 

— 

it — 1 fin-l Qh — 1 


Tj+ 1. M-l 


fan-, 

OCn ' fin 


T )+ 1 , n 


4 >n ^/i 


(7-124) 

where all symbols are as defined in equation (7-30). 

The set (7-124) is tridiagonal and the method of appendix A may be employed 
in its solution. 

- 7.2A.3 Incompressible constant property flow — heat transfer. —For brevity 
we again consider only the constant wall temperature case, allowing the inner 
and outer walls to be at different temperatures. 

The bulk temperature for the annulus is defined as 

f" 

I 2 rrrut dr 

= ' (7-125) 

27 rru dr 

Jb 


which in dimensionless form is 

71 =t H^)L RUTdR ' <7 ' i26 > 

The dimensionless bulk temperature T b may be evaluated by using Simpson’s 
rule, which yields 



234 

T„ 


NUMERICAL MARCHING TECHNIQUES 


_ 2(A R) l " 

>+ 1 3[1 - (6/«)"] l A " ' 


i+ 1 , k 


+ ^ 2Uj+t,kRkTj+t'i! 

' *= 2 , 4 , B, K, . 

where n must be odd. 

The local heat transfer coefficient from the inside wall is 


(7-127) 


hiwitiw tb) k dp 


r=b 


(7-128) 


and from .the outside wall 


(7-129) 

The definition of local Nusselt numbers depends on the characteristic lengths 
chosen. Since the radius b is associated with the inside wall and a with the outside 
wall, we define the following: 

Nu„ = ^~ (7-130) 

and 


flO«)(tOM) t?>) k 


d t 
dr 


Nu Qz = 


2huipO. 

k 


(7-131) 


Using the expressions (7—128) and (7—129), the Nusselt number expressions 
become 


and 


Nui, = 


2 7T 

dr 


( b ) 


{t-iic tb) 


Nu»z = 


'at 

1 

2 — - 
Z dr 

11 ■ 


(t»«; — tb) 


(7-132) 


(7-133) 


or, in dimensionless terms, 
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and 


bdT 


adR 

K=bjn 

T tw — 

T b 


(7-134) 


Nu Uz = - 




0 dT 


2 dR 

n=\ 

JdR 

R= 1 


T ttw -T h 1 -T b 

In finite difference form, these expressions are 


Nui- 


■2 (6/a) 


— 37j + i , o + 47 1 / + i , i 7)+ 1,2 

2(A R) 


'j+i 


Tj+i.o Tb |j +l 


(7-135) 


(7-136) 


(note that Tj +u0 =T iw ) and 


Nu 0 


2 


37) 


j+ 1 , H+ 1 


-47}+,. „ + 7) 


j+i » »-i 


2(AR) 


'j+i 


1-7’, 


j+1 


(7-137) 


(note that 7j + i,n+i = 7o«,= 1). The average values of these local Nusselt numbers 
may be readily obtained by using equation (7-44). 


7.3 EXAMPLE PROBLEM -INCOMPRESSIBLE FLOW IN THE 
ENTRANCE REGION OF A CIRCULAR TUBE 


The formulation of section 7.1.1 for the incompressible constant property 
velocity field has been solved by Hornbeck (ref. 2) and some of the results are 
presented here as an example. 

The variable mesh technique discussed in appendix D was employed, with 
the radial mesh size AR = 0. 1 in the region 0 =£ R =£0.8 and A R = 0.025 for 0.8 < 
R 1.0. The axial mesh size was increased progressively from AZ = 2.5X10 -5 
near the entrance to AZ = 1.0X10~ :i far downstream. The actual mesh sizes 
used in the various regions were A Z = 2.5 X 10 -s in the region 0 =£ Z=£ 2.0 X 10~'\ 
AZ=1.0xl0 _ ‘ , in the region 2.0 X 10 --1 < Z =£ 1.0 X 10 -3 , AZ=5.0X10~' 4 in 
the region 1.0 X 10 -3 < Z =£ 1.0 X 10 -2 , and AZ=1.0X10 -3 for Z >1.0X10'-. 
These mesh sizes were established by extensive numerical experimentation. 

Figure 7—7 shows the axial velocity development as a function of Z for various- 
radial positions, and these results are presented in table 7-1. 

In reference 2, comparisons of the numerical solution were made with the 
solutions of Campbell and Slattery (ref. 7) and Langhaar (ref. 8), both of which 
are solutions based essentially on integral techniques. 



236 


NUMERICAL MARCHING TECHNIQUES 


Dimensionless 



Figure 7-7. — Dimensionless axial velocity development for various dimensionless radial positions. 


These comparisons are shown in figures 7-8 and 7—9. All three solutions 
yield virtually identical results for the pressure drop, shown in figure 7-8, but 
significant variations among the three solutions arise for the velocity results. 
The solution obtained by Langhaar was based on a linearized momentum equa- 
tion, therefore the solution of Campbell and Slattery appears to be more ac- 
curate and is the main basis for comparison with the numerical solution. Almost 
all of the differences between'the numerical solution and that of Campbell and 
Slattery can be attributed to the use of a two region model (flat central core and 
boundary layer) by Campbell and Slattery, whereas the present numerical solu- 
tion uses a continuous model over the entire region. The two region model with 
a flat central core results in the centerline velocity (shown in fig. 7-9 (a)) increasing 
less rapidly than the numerical solution, while for R = 0.6 (shown in fig. 7— 9 (b)) 
the velocity increases more rapidly than the numerical result. At R = 0.9 (shown 
in fig. 7— 9(c)) the results are virtually identical since this radial position is within 
the boundary layer region of Campbell and Slattery’s solution for almost the 
entire region. 


Table 7-1. — Development of Dimensionless Axial Velocity for Circular Tube 
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Figure 7-8. — Dimensionless pressure as function of dimensionless axial position. 


Table 7— II shows a comparison of the results of all three solutions for the 
kinetic energy correction factor F ke and the entrance length Z B . 

The factor F ke is defined as 

F ke =P fd +~8Z (7-138) 

where P/ d is the dimensionless pressure sufficiently far downstream to assure 
that the How is fully developed, and Z is the corresponding axial distance (see 
Goldstein, ref. 9). The entrance length Z e is defined as the Z-coordinate at which 
the value of U on the tube centerline reaches 99 percent of its fully developed 
value of 2.0000. Despite the differences between the velocity profiles of Langhaar 
and the numerical solution shown in figure 7-9, the values of F ke and Z B for 
these two solutions are in excellent agreement. The longer development length 
found by Campbell and Slattery apparently reflects the slower velocity develop- 
ment at the centerline which results from the flat central core assumption. 
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(a) Radial position, R = 0. 

(b) Radial position, R = 0.6. 

(c) Radial position, R = 0.9. 

FIGURE 7-9. — Dimensionless axial velocity as function of dimensionless axial position. 
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Table 7— II. — Comparisons of Dimensionless Entrance Lengths and Kinetic Enercy 
Correction Factors for Circular Tube 


. 

Dimensionless 

Kinetic 


entrance 

correction 


length, Z e 

factor, Fite 

Numerical solution 

0.226 

1.140 

Campbell and Slattery 

.244 

1.090 

Langhaar 

.227 

1.140 


* 
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CHAPTER 8 


RECTANGULAR CHANNEL 


Flow and heat transfer in the entrance region of duets of noncircular cross 
section presents a difficult three-dimensional problem. To the author’s knowledge, 
only one entrance region fluid flow solution by finite difference methods is avail- 
able, that of Garlson (ref. 1). This solution deals with the incompressible entrance 
flow in a square duct. A finite difference solution for the thermal entrance problem 
in rectangular ducts of arbitrary aspect ratio has been obtained by Montgomery 
and Wibulswas (ref. 2). 

At present, to the best of the author’s knowledge no solutions, by finite 
difference or otherwise, are available for the simultaneous development of velocity 
and temperature in the entrance of a noncircular channel (excepting of course 
the parallel plate channel). One of the most perplexing problems in the solution of 
noncircular channel entrance region problems is that the use of the usual order 
of magnitude analysis does not result in a usable and complete set of equations 
in the various unknowns. Since the available work on the rectangular channel 
illustrates these difficulties very well, we shall concentrate on this geometry in 
the present chapter. 

8.1 ENTRANCE FLOW ANJ) HEAT TRANSFER IN A 
RECTANGULAR CHANNEL 

The channel configuration and coordinate system is shown in figure 8—1. 
Carlson (ref. 1) has shown that order of magnitude studies result in two distinct 
models for the fundamental, equations of motion for the incompressible case. We 
shall first consider the formulations for these two models. It should be noted that 
actual results have' been obtained only for the square channel, although the 
formulation for the arbitrary aspect ratio cases is discussed extensively. 

Three representative heat transfer modes as suggested by Irvine (ref. 3) for 
the. rectangular channel case are considered next, with the temperature formula- 
tions and then the heat transfer formulations given in that order for each of the 
three modes. 
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FIGURE 8—1. — Configuration and coordinate system for rectangular channel. 

The final part of section 8.1 is devoted to a tentative formulation for the 
compressible flow in a rectangular channel. 


8 . 1 . 1 . Incompressible Constant Property Flow — Velocity Solution — First Model 

The corhplete equations of motion for the rectangular channel, incorporating 
only the assumptions of laminar, incompressible, constant property flow, are as 
follows: 

a:— momentum: 


P 


( du du 

[U h V — + U) 

\ dx dy 


du 

dz 


dp (d 2 u 'd 2 u d 2 u\ 

Yx + ^[dx r2 + W 1 + d?) 


( 8 - 1 ) 


y— momentum: 


/ dv dv dv\ dp (d 2 v d 2 v d 2 v\ 

P { U ^ +V ^ + W ^)-~d^ + ,X W + d^ + d?) 


( 8 - 2 ) 


z— momentum: 


P 


dw , dw - 

u - — hr — 
dx dy 


w 


dp ( d'-w d 2 w d 2 w \ 

dz P \dAt 2 dy 2 dz' 2 ) 


( 8 - 3 ) 


Continuity: 


du dt> dw 
dx dy dz 


( 8 - 4 ) 



RECTANCULAR CHANNEL 

I hese equations are subject to the following complete boundary conditions: 

u(x, a, z) = 0 j 

u{x, y, b) =0 

£<*•* °) = o • 

% (x, 0, 2) = 0 

v{x, y, b) = 0 
v(x , a, 2 ) =0 


.g(*,r,°) = o 

v(x, 0, 2 ) =0 
tc(A, a, 2 ) =0 
to(*, y, 6) — 0 

— (*, 0, z) =0 

w(x, y, 0) = 0 

% feO.O-o 

If (*•’'• °) = o 

u(0, y, 2 ) = «o 

n(0, y, 2 ) =0 (see appendix F) 
10 (0, y, 2 ) = 0 (see appendix F) 


(8-5) 


P (0, y, 2 ) =p 0 
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An order of magnitude analysis, essentially that of Carlson (ref. 1), may 
now be applied to equations (8-1) to (8-4). If we denote l as the entrance length 
of the channel, then we assume the following orders of magnitude: 


x=0(l) 
y = &(a) 
z = G{b) 

u = H7(u 0 ) 


( 8 - 6 ) 


Applying these orders of magnitude to the continuity equation (8-4) gives 


' < 8 - 7 ' 


We now assume that b=@{a ) — that is, that the duct has a finite aspect 
ratio and as a result w=(7(v). Applying this information to (8-7) gives 

(7(v)=&(ju<^ ' ( 8 - 8 ) 

Inserting the relation 1 (8-8) into the momentum equations (8-1) to (8-3), 
and indicating the order of magnitude of each term directly beneath that term, 
we obtain the following: 


momentum: 


/ du du du\ dp ( d 2 U d~u d 2 u \ 

+ V Vy +W Tzr~Tx + J? + d?) 




y- momentum: 


(8-9) 


/ dv dv dv\ dp ( d 2 v d 2 v , d 2 v \ 

+ V Yy + W Tz)--Ji +fl \te 2 + dp + **) 


( 8 - 10 ) 
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z- momentum: 


l dw , dw , dw\ 
p [ u ^ + v aj + w Tz) 



d -P + p 
dz M 


0 


/ d 2 w d 2 w d 2 w \ 

+ dy 1 + JFJ 


( 8 - 11 ) 


Assuming that we are considering the range of parameters where inertia 
effects are important (puoll/JL^l) and that (a//) < < 1 which restricts the model 
to high Reynolds numbers, we note that all terms in equations (8-10) and (8-11) 
are ff{all) or smaller compared to the terms in equation (8-9). Also, the term 
fi(d 2 u/dx 2 ) in equation (8-9) is of € {a 2 \l 2 ) compared. to the remainder of the 
terms in that equation. Neglecting all terms of 0{all) or smaller compared to the 
terms of equation (8-9), we obtain 


(“ 


du 

dx 


du 

dy 


w 


du 

dz 


)~ 


dp 

djc 


+ P- 


+ 


d 2 u \ 

dz 2 ) 


( 8 - 12 ) 


du dv dw _ . 

dx + dy + dz~ . (8-13) 

This model corresponds to the usual boundary layer assumptions that trans- 
verse momentum flux is small, that gradients in the ^-direction are smaller than 
those in the y-direction, and the p = p(x) only. This model has many advantages, 
but one serious drawback; it is incomplete. Equations (8-12) and (8-13) repre- 
sent two equations in the three velocity components u, v, and w and are hence 
not solvable. (As in the parallel plate channel and circular tube cases considered 
in earlier chapters, p is not a true unknown in the same sense as u, v, and w 
since p = p(x) only). An additional relation between v and w must be specified 
in order to have a complete set. Carlson (ref. 1) has proposed that for the square 
duct one possible choice is to assume that, at each point in the duct cross section, 
the transverse velocity vector is directed toward the duct centerline. Such a 
model must of course be verified, and this has also been done by Carlson by using 
a higher order approximation to equations (8—1) to (8-4) which does constitute 
a complete set. This higher order approximation is discussed in section 8.1.2. 

The additional relation between v and w may be specified as 

{v) {z) = (w) (y) (8-14) 


This relation guarantees that the transverse velocity vector will be directed toward . 
the center of the duct. Although this relation has been verified only for the square 
duct, it is felt by the author that it may reasonably be extended to ducts of moderate 
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aspect ratio (say =S 4) although certainly not to large aspect ratios. A modification 
of this model may be possible which will be acceptable for large aspect ratios. 
Such a modification will be discussed after the present formulation is given. 

Equations (8-1) to (8-4) may now be put in dimensionless form by employing 
the following dimensionless variables: 


X=-^— 

pa-u o 
a 



tio 


v _P a v 

W _paw 

P 

p_ (P~Po) 
pul 

Inserting these variables into equations (8-12) to (8-14) gives 


u tlLL + y ^ ULL — _ ML -p HILL + 'hlL 

dX dY^ * dZ dX dY- + dZ* 


dX dY dZ 


VZ = WY 


(8-15) 


(8-16) 

(8-17) 

(8-18) 


The boundary conditions from (8-5) in dimensionless form which apply to the 
present problem are 
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U(X, 1, Z) = 0 
U(X, Y, a)=0 

~ (X, F, 0) =0 

dU v 

% (X,0,Z)=0 

V{X, Y, <t) =0 
V{X, 1,Z)=0 
dV 

§ (AT, F, 0) = 0 

F(X, 0, Z) = 0 

r(Z, i,z)=o 

r(X, y, <t)=o 

jf (X, 0, Z) = 0 

r(x, f, o)=o 
[/(o, y, z) = i 

F( 0)=0 


(8-19) 


where cr~bla, the aspect ratio of the channel. 

Before writing the basic equations in finite difference form, it is found ad- 
vantageous, as in the other confined flow situations we have considered, to intro- 
duce the integral form of the continuity equation. In dimensional form this is 


or, in dimensionless form, 



« dy dz = Uoab 


UdYdZ=<r 


( 8 - 20 ) 


( 8 - 21 ) 


Equations (8-16) to (8-18) and equation (8-21) may now be written in finite 
difference form. The difference grid is shown in figure 8—2. We choose the follow- 
ing form: 


459^174 0 - 73 - 27 
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y 



FIGURE 8-2. — Finite difference grid in rectangular channel cross section (for a constant value of j) 


r , Uj+l,k.l—Uj, k ,i i T7 Uj+i,k+l.l Uj+ 1 , A' — 1 , / 




2 (Ay) 

Uj+i , k.l i i Uj+i . k. l-\ 
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P j+ 1 Pj ^ V j+ I . A + 1 ■ / 2Uj+ i , . / ~F Uj+ 1 . A-1 . t 


AZ 


+ 


(AK) 2 

tf J+ t. A . f + 1 2Uj+\, k.i + Uj + i,k,t-\ 


(A Z) 2 

t/j+ I. A. I ~ Uj, A. t Ej +I . A+l./ — Ej+i.A.t Jr ;+ l . fr, (+ | W j+\. k. I 


AX 


and 


Ay + AZ 

Vj+ l, k.lZl = W j+ l.k./Y, I; 


4cr 


( 8 - 22 ) 


= 0 (8-23) 

(8-24) 


(AY)(AZ) 


2 2 4t/ j+i, a-, / + ^ 2Uj+u i>. i + 2U j+i,k, o + Uj+i,o.o (8-25) 


A = 1 (=1 


Equation (8-25) represents the application of the trapezoidal rule to equation (8-21). 

Equations (8-22) to (8-24) written for A: = 0(l)n and / = 0(l)m plus equation 
(8-25) now represent (3mn + 1) equations in the (3 mn + 1) unknowns Vj+\ a- /, 
Vj+U A,G fPj+i,k,h and Pj+\. For any reasonable grid size, the direct solution of 
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this set of equations' is out of the question because of the very large amounts of 
computer storage space and time required. For this reason, an iterative method, 
which is quite efficient, is employed. Equation (8—22) is solved for f/j+i. t, / as 


Uj+i,k,i — 


Uj+ 1, A* — l , l 

r -Vj.k., 

1 

\ Uj+ 1 . k+ I , 


1 

1 

L 2 (Ay) 

(AF) S 

1 l2(AF) 

(af) 2 J 

J+l, k, 1 - 1 . 

r= 

■ FP j, k, i 

1 I 

+ Uj+ 1 , k, 1+ 1 

r Wj.kj 

i 


L 2(AZ) 

(AZ) 2 J 

V2(AZ) 

(AZ) 2 J 

F 

_J 


- U lk,i 

i/r - 2 

2 

Uj.k.i) 


I 

AX 


(/ L(AZ) 2 

(AF) 2 

AX 



(8-26) 


This equation is written for all A: = 0(l)n and / = 0(l)m except k= 1, 1=1, 
where equation (8-22) is solved forP J+ , instead, yielding 


Pj+,=Pj + U* tl ',+ AX 

Vj.u, 


Uj+t , 2,1 


Yj.i.i , 1 


+- 


2 (AY) (AY) 


)*_ 


+ Uj+i , ii, i 

+ Uj + 1 , 1 , 2 
+ Uj+ 1,1.0 

+ Uj+\ , i . i 


+ 


1 


2 (AV) (AT) - J 




L 2(A Z) (A Z) 2 


! 1 


L 2(AZ) (AZ) 2 

-2 2 tf,.,., 


]) 


(AZ) 2 (AT) 2 AZ 

Equation (8-25) may now be solved for Uj+i, m to yield 


Uj+ — 


(J 


(AT) (AZ) X 2 


k= 1 /=1 


1 


1 //f ] /< 

_ 2 2 ^ J+l ■ 2 2 ^j+l.fr.O— ^ f/j+1,0,0 


(8-27) 


(8-28) 


Equations (8—26) to (8—28) now represent expressions for each value of 
Uj+\,k,i in the cross section plus Pj+\. Guesses are now made for all of these 
quantities (Uj.k.i and Pj usually provide excellent estimates), and they are then 
continuously recomputed in cyclic order over the entire cross section (Gauss- 
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Siedel iteration) until a sufficient degree of convergence is reached! This method 
of iteration converges only if equation (8—28) is drastically underrelaxed; a relaxa- 
tion factor as small as 1 /mn has been found necessary in practice. 

Once the values of t/j+i,*-,/ and Pj+, have been determined with sufficient 
accuracy, the transverse velocities must be found. The continuity equation (8-23) 
may first be solved for Vj+t,k, /• This is most easily accomplished by using equation 
(8-24) to find in terms of Vj+i, a, / as 


I A 


(8-29) 


Substituting this in continuity (eq. (8-23)) and solving for *w. / yield 

AY 


V J+ ,,*.t = 


Vj+\.k+l,l+-^2 Wj+i.k, /+l ^Uj+i.k.l, — Uj,k,i\ 


1 + 


(A Y) Z, \ 

(A Z) Y k ) 


(8-30) 


This equation may now be employed in a stepwise manner, starting in the upper 
right corner (7=1, Z = cr) and moving in the — Z direction to Z = 0,.then 
moving down one step in the —Y direction and repeating the process. As each 
new Vj+i ,k,i is computed, a JPj+i.a, /.may be found from equation (8-29). This 
procedure is carried down to and including £=1. For / =0 (the Z- axis), Vj+i,o,i 
is zero, and continuity may be solved for Wj+ 1 , «, / to yield 


tPj+ 1,0,/— Wj+ 1 , (), /+ | + Vj+ 1 


, AZ 

. I, / + (L/j+1.0. f 


Uj, 0 ,i) (8-31) 


This equation can be solved in a stepwise manner starting at 1 = m and moving 
in the— Z direction. All transverse velocity components have now been computed, 
and the solution completed at the present value of A. An additional step downstream 
can now be taken and the process repeated. 

It should be noted that the use of the variable mesh technique discussed in 
appendix D is highly recommended for this problem to cut down on the number of 
points in the cross section and still maintain reasonable accuracy. The technique 
is somewhat cumbersome (as shown in fig. 8-3), however, since four different 
regions with different mesh sizes are necessary and the corresponding difficulties 
with bridging the mesh size changes arise. 

It was noted earlier in this chapter that a possible adaptation could be made 
to the present model to make it reasonably valid for high aspect ratios. In figure 
8-4 is shown the cross section of a high aspect ratio channel with the direction 
(but not magnitude) of a postulated transverse velocity distribution indicated. The 
end effects are assumed to penetrate to one-half of the channel height, and the 
remainder of the channel is assumed to behave like a parallel plate channel, with 




-H h -HI* 


AZ^ 

Fioure 8-3. — Four, regions which result when two different mesh sizes are employed in each of tne 

two transverse directions. 



FicURE 8-4. — Possible model for direction of transverse velocity vectors in a cross section for high 

aspect ratio channel. 

the transverse velocity components in the ^-direction only. Near the sides of the 
channel, the transverse velocity vectors are assumed to be directed toward a point 
along the midplane of the channel and a distance a in from the sides. While such 
a transverse distribution seems to be reasonably plausible, such an assumption can 
only be verified by further analytical (including higher order approximations) or 
experimental verification. In defense of such a model, the influence of the trans- 
verse velocity distribution on the axial velocity distribution and pressure drop 
does appear to be relatively weak except very close to the channel entrance. 
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Carlson (ref. 1) found that for the square duct the incompressible equations 
are stable for all t/ 2= 0. This result also presumably applies to the rectangular 
duct of arbitrary aspect ratio. 

The truncation error is of <9 {AX), d?((AY) 2 ), and (AZ) 2 ) for the momentum 

equation and of O (AA 1 ), O (AF) , and O (A Z) for continuity. 


8 . 1.2 Incompressible Constant Property Flow — Velocity Solution -^Second 
Model 

To obtain a higher order approximation to the fundamental equations for the 
rectangular channel, we consider again the orders of magnitude shown in equations 
(8-9) to (8-11). In the previous model, we neglected terms of O (a/l) compared to 
the terms of equation (8-9). Remembering that all < 1, we should obtain a higher 
order approximation by neglecting only terms of O (a 2 /l 2 ) when compared to the 
terms in equation (8—9). Neglecting these terms gives 


P 


P 


P. 


du 


du 


du \ 


U— +V— + W~— ) = — 


dy 


dx 

dv dv 
u — + v —+W 
dx dy 


dz / 


.dp 

dx 

dp 






dt) 

dz ) dy 
dw , dw , dw \ dp 

u T x + ’- y +UI Tzr~Tz +l ' 


Pu <Pu \ 
, dy- dz 2 / 

' d-v d-v \ 
k dy-dz 2 ) 

( d~w d 2 W 
V dy 2 + dz 2 


) 


(8-32) 

(8-33) 

(8-34) 


du dv dw 
dx dy dz 


(8-35) 


Note that only terms involving d 2 /dx 2 are missing from these equations. The 
absence of these terms, however, is fortunately sufficient to maintain the para- 
bolic character of the equations. The other fortunate aspect of this model is that 
equations (8-32) to (8-35) constitute a complete set of four differential equations 
in the four unknowns u, v, w, and p. 

If the dimensionless variables (8-15) are employed, equations (8—32) to (8—35) 
become 


V W. + V P£. , w d_U = _dP dW_ dHJ 
dX dY^ dZ dX dY- dZ 2 

rr dV +v dV +ir dV - + 

U dX +V dY +W M dY {Re) + dY 2 + dZ 2 


U P^ -y yPEL+ fy PUP-_ 

dX dY dZ 


dP (R .y, . d 2 W d 2 W 
'dZ {Re) + dY 2 + dZ 2 


d£ dV dW = 
dX + dY + dZ 


(8-36) 

(8-37) 

(8-38) 


(8-39) 
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where Re = pau n l fx. This additional parameter Re did not appear in the first model 
discussed in the previous section. 

The difference representations chosen for equations (8—36) to (8—39) are 


,, E/j+i, k, i ~ Uj,k, i i Jr Uj+i, k+i, i ~ Uj+i, fr-i, / 

u j.k,l ^ r V j.k.! 


Wj, 


k, I ' 


2(AT) 

U j + 1 , k, 1 + I Uj+ 1 . k, 1-1 _ 

~ 2(AZ) 


Pj+t,k,l R j, k, I 

AT 


U j+I ,k+l, I — 2 U j+\,k,l + Uj+l.k-l,l Uj+i, k, l+l ~ 2U j+ I, k, I + Uj+l,k, /-I 0 n . 

I /A ry \ ., (o 4U) 


(AT) 2 


(AZ) 2 


rr Vj+i,k,l ~ Vj.k.l , T , Tj+1, A + 1, / — Fj+i, A_|, / 
l'j.a-./ ^ 


2 (AT) 

j+l, k+i, I + P j+l,k.l~2P j + j , k — l , I 


i tp/ Pj+i,k,l+l Pj+i,k,t-i / n \ 

+ W >- k ' ' ~ 2(AZj = “ {Re) 3 (AT) 

Vj+u k+i. I — 2Vj+l, k. I + Pj+l.k-1,1 Pj+l.k.l+l — 2Vj+ 1 . k. I + Vj+I.k.l-I 


(AT ) 2 


(AZ) 2 


(8-41) 


j j W j+j,k, I ~ fPj, k. I . T/ 1 , A'+ I , I ~ fPj+i .k-i.l 

Uj.k.' AT 2 (AT) 

BV, > A' , / + 1 JPj+i.k.i-i , r, Pj+i, k. l+l + f 0 j+l. k, I ~ 2P j+i,k, I- 1 

+ Wj, k, , 2(AZ) " " (/?e) • ■ 3(AZ) 


j+i, A-+ 1 , / ~ 2Wj + i, k,r + ^ )+ 1 , A--1. > 

(AT) 2 

fPj+, ,k,/+i — 2fPj+t, k, I + fPj+ 1 . A-, I 
(AZ) 2 


+ • 


(8-42) 


U j + i , k , I U j , A*. / , Tj' + I , A-+ 1 , / Pj + 1 . k i l , ^0 + I , A', / + 1 ITj + 1 , A'. / /r , 

^ + ^T + ^ -0 (8-43) 


The form chosen for dP/dY and dP/dZ is dictated by the previous experience of 
the author with similar problems (ref. 4) in which it was found that the usual 
central difference representations could give sawtooth irregularities in the pressure 
profile unless very small mesh sizes were used. These irregularities are apparently 
due to the usual central difference representation not including the center point 
(Pj.k.i); therefore, when the difference equations are written there is only indirect 
coupling between the pressures at adjacent points, while there is direct coupling 
between pressures at alternate points. The form employed to overcome this dif- 
ficulty consists simply of a biased average of forward and backward differences, 
one-third forward and two-thirds backward. This form has a truncation error 
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somewhat worse than a central difference representation, but it does bring the 
central point Pj,k,i into the difference representations. 

Along k = 0, equation (8-37) reduces to 

^=0 (8-44) 

which we chose to write in a high order difference form (<?(AK) 2 ) as 

3Pj + , , o . / - 4P, + 2 . / = 0 (8-45) 

Similarly, along /= 0, equation (8-38) becomes 

g = ° (8-46) 

which may be written in finite difference form as 

3 P J+i , a* , o 4 P j+ , , a-, . +P J+ i , a : , 2 = 0 (8-47) 

The A-momentum equation (8-40) written for all interior points &=0(l)n, 
/ = 0 ( 1 )m; the K-momentum equation (8-41) written for k= l(l)n, Z = 0(l)m with 
the special version (8-45) along the Z-axis Z=0(l)m; the Z-momentum equation 
(8-42) written for /c = 0(l)n, Z=l(l)ro with the special version (8-47) along the 
K-axis fc = 0(l)n; and the continuity equation (8-43) written for all the interior 
points & = 0(l)re, / = 0(l)m constitute a complete set of4(m+ l)(n+l) equations 
in the 4(m+ 1) (red- 1) unknowns Uj +I , a-, /, Vj+, JPj+i.fc.j, and Pj+i,k,i- The 
solution to such a large and varied set of equations must of necessity be more of 
an art than a science, and it will, therefore, involve considerable trial and error. 
Since to the author’s knowledge this set of equations for an arbitrary aspect ratio 
has not been solved as yet, no direct advice can be given. However, the set of 
equations corresponding to a square duct has been solved (ref. 1) by taking ad- 
vantage of the symmetry in the square duct. This solution should furnish informa- 
tion on the approach to the solution for a duct of arbitrary aspect ratio. 

The solution for the square duct may be described briefly as follows: The 
4(m+ l)(rc+l) equations become for the square duct 3(n+l) 2 since equation 
(8—41) for (j+1, k, l) is the same as equation (8— 42) for. (_/-+- 1 , l, k) , and the 
number of unknowns is correspondingly reduced since Vj+i,k.i= , a-. Hence, 

equation (8-42) need not be written if Wj, k j and fPj+t.k.i are replaced in the 
remaining equations by Vj,i,k and Vj+i.i,k- Additional symmetry -could be em- 
ployed across the duct diagonal to reduce the number of C/j+i , a-, /’ s. However, 
specifying normal derivatives across the diagonal is somewhat cumbersome, and 
the fact that the Uj +t ,k,i profile as computed should be symmetric furnishes a 
“bootstrap” check. 
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The equations which are solved for the various unknowns are the following: 

Equation (8—40) for Uj+ 1 ,*,/ for all k, l except k= 0 

Equation (8-43) for t/j+i,o,ifor all l 

Equation (8-43) for V j+i,k,i for all k, l except k = 0 

Equation (8-41) for Pj +l ,k+i,i for all k, l 

Equation (8-45) for Pj + i ,o,f for all l 

All of these equations may be solved by Gauss-Siedel iteration except equation 
(8-43) for V This equation must be severely underrelaxed. An alternative 
employed by Carlson was to determine the change in Vj+i,k,i for each iteration 
by faking the average of the residuals of the equations at the four points surrounding 

o+i, -M). 

The use of a set;of equations as complex as these is obviously a last resort; 
these equations should be employed only if a simpler model (perhaps similar to 
that suggested at the end of section 8.1.1) cannot be found which gives good results. 

A complete stability analysis of such a set of equations is extremely difficult 
to obtain. The only information available is based on some “numerical experiments” 
by Carlson for the square duct. It is apparently impossible to simultaneously con- 
sider a small value of AX and a small value of Re. This means in practice that in 
general it is not possible to find accurate solutions for low values of Re (say less 
than about 500). For a Reynolds number Re— 650, Carlson found that a value of 
AA= 0.0025 (quite coarse) was the minimum possible value which gave what 
appeared to be stable results. 

The truncation error of the equations is of G ( AX ) , (? ( ( A F ) 2 ) , and <? ( ( AZ ) 2 ) 
for the three momentum equations (except for the pressure difference representa- 
tions which are G ( AY ) and G (A Z ) ) and G ( AX ),G(AY), and G (A Z ) for continuity. 


8.1.3 Incompressible Constant Property Flow — Temperature and Heat Transfer 
Solutions 

Once the velocity distributions have been determined, the energy equation 
can be considered. The constant property energy equation, neglecting axial 
conduction and viscous dissipation, is 


pc p 


/ at at dt\ ( 
\ u Tx + v di + w Tz) = k \ 


dH aft\ 

dy 2 dz 2 ) 


(8-48) 


The boundary conditions on the energy equation present something of a 
problem for noncircular ducts. In order that it not be necessary to solve a simul- 
taneous problem in the wall and the fluid, including such wall properties as the 
thermal conductivity, certain assumptions must be made. Irvine (ref. 3) has 
suggested that for noncircular ducts it is reasonable to consider three cases: 

(1) Constant wall temperature both peripherally and axially (a high wall 
thermal conductivity assumption) 
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(2) Constant heat input per unit axial distance and constant peripheral wall 
temperature at each axial position, with the wall temperature varying 
axially only (a high peripheral wall thermal conductivity assumption) 

(3) Constant heat input per unit axial distance and per unit peripheral distance 
(a low wall thermal conductivity assumption) 

These cases would seem to represent the extremes of the real physical situation. 

The boundary conditions for these three cases may then be given as follows: 

Case 1: 


Case 2: 


«(0, y, z) = to 
t(x, a, z) = t w 
t{x, y, b) = t w 

£ <*. o , .) -.0 

D (*. r. oi=o 



<(0, y, z)=t 0 




dz= q 


£(x,0,z)=0 

dy 

J- Z (x, y, 0)=0 


(8-49) 


(8-50) 


where q' is the input heat flux per unit length through the walls of one quadrant 
of the channel. 

Case 3: 


f(0, y, z) =to 



(x, a, z) =q" 


kf z (x,y, b) = q" 

§ (*.°.*)=o 


(8-51) 


f (*’ y ’ 0) = 0 
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where q" is the input heat flux per unit area through the channel wall. 

Simple variations of these conditions could also easily be considered — for 
example, different heat fluxes through adjacent walls, an arbitrarily distributed 
heat flux along any wall, etc. The formulations for the cases given in equations 
(8—49) to (8-51) should demonstrate the techniques involved. The choice of dimen- 
sionless variables and solution method is dictated by the case considered. The 
dimensionless representation and solution are now discussed separately for each 
of the three cases. 

8. 1.3.1 Case 1— constant wall temperature. —The dimensionless variables 
chosen are 


T= 
X = - 

i 

y=: 


z=- 


tw £o 
XV 


Inserting these variables, the energy equation (8-48) becomes 

dX dY dZ Pr\dY- dZ-) 
subject to the dimensionless form of the boundary conditions (8-49): 


T( 0, Y,Z) = 1 
T(X, 1, Z) = 0 
T(X, Y, cr)=0 
aT 


■ dY 

dT 

dZ 


(X, 0,Z)=0 
(X, y,0)=0 


(8-52) 


(8-53) 


(8-54) 


Equation (8-53) may be expressed in difference form as 
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TJ + 1 . k , / Tj , A , l rr + 1 , A* -f 1 1 I +l,fr-1if 

J '*’' AZ j ’*'' 2(AY) 


+ »0.*. 


Yj+1.A,/+1 Tj+I,k , /-I 

2(AZ) 


1 T ?j+i , t-+i , / ~ 27)+ 1 , a-, f + 7j+i, a-i , t 

>rL (Ay) 2 

Tj+i,k,i+\ — 27j+i,fr,/ + 7j+i,A-,f-i 

(AZ) 2 


(8-55) 


The simplest method for the solution of equation (8—55) is Gauss-Siedel iteration. 
Solving for 7j + i, a-,/ gives 


Tj+i , A, ; | 


f r r _ Yj.k.t 

, 1 1 

l /j+ i’ fc+ ,’'L 2 (AT) 

Pr(AY) 2 J 


, T riw._j_i, T I 

j+ ,' A '“ 1 ’ , L2( A y) Pr( A y> 2 J ■ ; ' + ' >A> ' + iL 2 (AZ) Pr(AZ) 2 J 

+ 7j+l , k, 1-1 

+r »'(%r))/ 


[2(AZ) Pr(AZ) 2 J 


■ F-» / A T/A •> ■ j 


AZ 1 /MAT) 2 Pr(AZ) 


■> 


(8-56) 


This equation may be used to solve for each value of Tj +, , a, i in the field, repeating 
in some regular order until the values of 7j+i,A,/ on successive iterations agree 
to within any desired accuracy. A step AZ downstream may then be taken and the 
process repeated. It is suggested that the velocity and temperatur^ calculations 
be done on the same grid, with first the velocity calculations and then the tempera- 
ture calculations performed at each AZ step. This procedure will minimize the 
computer storage required. 

If it is desired to solve some variety of the Graetz problem (fully developed 
velocity, developing temperature), then the fully developed velocity profile is used 
for f/j,A,i and all transverse velocity components are zero. 

We now calculate the heat transfer for the constant wall temperature case. 
Applying the first law of thermodynamics to a control volume of length AZ along 
the channel and taking the limit as AZ^-» 0 give 

Mab{t w — t b ) =-^ j J pcptdydz ' (8-57) 


where the bulk temperature tb is defined as 
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(V j 'a 

I I utdydz 
£ jj udydz 


Solving for h gives 

k = 4(a+ b) J dl L i„ Utdydz 
The local Nusselt number is defined as 

lVux = ^ iL 
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(8-58) 


(8-59) 


(8-60) 


where Du, the hydraulic diameter, is defined as 

_ _ 4(4a6) _ 4a6 
h 4a + 46 a + 6 


(8-61) 


Inserting the expression for h from equation (8-59) into equation (8-60), and ex- 
pressing the results in terms of dimensionless variables gives 


Nu x 


-4 o*(Pr) 1 dT b 
(l + o-) 2 T„dX 


(8-62) 


where 

[ a J ' TUdYdZ . ri 

Tb = r7n = ~ TUdYdZ (8-63) 

f' f‘ UiYiZ 


The integral in equation (8-63) can be evaluated by the use of the two-di- 
mensional form of either the trapezoidal rule or Simpson’s rule. The trapezoidal 
rule, which should be sufficiently accurate for most practical purposes, does not 
restrict m and n to be odd. The expression is 



1 f n m m 

-=2 2 ,k, iUj+i,k,i + 2Tj + i, o, i 

a L(,=i (=i <=i 


+ 2 27 V« ,k,oUj+t,k,o + T j+uo , 0 U j+l ,o,o 

k= 1 


m 


(8-64) 
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dZ* 

The derivative may be readily evaluated as 


dT b _ T b \ i+l -T b \, 
AX LX 


(8-65) 


The average Nusselt number is given by 

Nu m =±jy Ux dX (8-66) 

As usual, this expression may be evaluated at every other AX step, starting from 
the entrance (j—0) as 

JVu,„l =^(/Vu x J 0 +4 £ (V«x|i 

** \ i = 1,33.7... 

+ 2 ^ Nu^ + Nu^Y^-) (8-67) 

1=2, 4,6,8 .. . / V*J + 1 / 


where j + 1 must be even. 

8. 1.3. 2 Case 2 — constant heat input per unit length, uniform peripheral tem- 
perature.— The dimensionless variables chosen for this case are 


T= 


t-to 
q' Ik 


X=^T 

a 2 u o 


_ y 


Y= 




Employing these variables, the energy equation (8-48) becomes 

U ^ + V §I +f ydl=±(§Il + §!r\ 

ax SY dZ Pr VdT 2 az-j 


( 8 - 68 ) 


(8-69) 


(8-70) 


The boundary conditions (8-50) become 
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T(0,Y,Z) = 0 

1 ST 
o dZ 


du + 


r. 


* dT 
dY 


dZ = 1 


dT 

dY 


(X,0,Z)=0 


dT 

dZ 


(*, F , 0)=0 


(8-71) 


The finite difference form of the dimensionless energy equation (8-70) is identical 
to that used in the previous section for the constant wall temperature case and is 
given by equation (8—55). The finite difference form of the second boundary con- 
dition in (8—71) requires some explanation. Expressing only the gradients in differ- 
ence form gives 


f 1 37j+ 1 , a-, »i+i — 47j+i, k, m+Tj+ 1 , m-i . y 
Jo 2 (A Z) 


+ 


3Zi±i 


Jo 2(AE) 

Now for this case, by assumption, 

. Tj+i, k, m+l = Tj + \ , „ + i , / = T w \j+i 


j+l, n-l, l 1 7 _ 


dZ=l (8-72) 


(8-73) 


where T w \j+\ is the dimensionless wall temperature, which will in general vary 
with X. Using this fact, equation (8—72) may be rewritten as 


3 T, 
2(A Z) 


zfi' ®-hl r+ 2ml' 

+ 2(Ir) l iZ ~w\. Z + 2(&r) l rj,i..-i./<lz=l (8-74) 


or, when rearranging and solving for T w | J+ i, 

T I = ? 

1 W\J +1 Q 


2 (AT) 


1+ At/ 0 Tj+, ’"- /dZ + AZ i r J +l -*-" |dr 
\YT l Tj+ '’"-' iAZ ~ 2{AZ) l / (fy + Xz) (8_75) 
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The integrals in (8-75) can be given in finite difference form using Simpson’s rule: 

J 'a A7 f m 

Tj+i, n , idZ — ~n~ Tj+i,, i.o + 4 ^ T j+ 

0 6 L (=1,375,7,.. 

(8-76) 


m - 1 

+ 2 ^ Tj+t,n, i + 7j+i, m+l • 

(=2, 4, 6, 8, . . 


and 

7’ j + 1 ,0,m+4 2 7j + l,i, m 

i = l, 3, 5, 7 . . . 

+ 2 ^ Tj+i,i, m +Tj+i,n+l, 

i = 2, 4,6,8... 

with exactly analogous expressions for the integrals of Tj+i.ti-i,; and 7j+i, *, m— i- 
Note that the wall temperature has again appeared, since 7j+i, n , m +i and 
7j+i, n+i, m (as well as 7j+i, „_i, m +i and 7j + i, n+ i, m _ t which appear in the integrals 
of T J+ ,.n-t.l anc * 7j+i,fr, m-i) are all 7 , a) |j +l . After collecting all coefficients and 
solving for T’uilj+i , 



£ 


Tj< 


AY 

, k , m dY= =f- 


T I — _ 

3 


2(AZ)r/ _1 \ 

3(AF) 4 ^j+i, n-i.oj 


m / 1 \ rn-1 / 1 \ ' 

+ 4 V ( 7j+i, - 7j+i, n-i.ij +2 Y , 2)+,.,.,-- 2} + , 

i = l, 3, 5, 7 . . . ' ' 7 = 2, 4, 6, 8 . . . ' ’ 


2{AY) 
3 (AZ) 


^7j + l, 0, 777 ^ 7j + l, 0, 70-1^ + 4 ^ (Tj+1, i, 771 ^ Tj+], j, 771-1^ 


78) 


The method of solution for this case can now be discussed. As in the previous 
section 8 . 1.3.1, the finite difference form of the energy equation is' solved for 7j+i,fc, i 
and the result is given by equation (8—56). The method is now identical with that 
used for case 1 , except that after each sweep through the field, the wall tempera- 
ture must be recomputed using equation (8-78). Some numerical experiments by 
the author indicate that equation (8-78) must be rather severely underrelaxed in 
order to obtain convergence of the iterative process. Successive sweeps through 
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the cross section are taken until all values of 7)+!, k,i change by less than some pre- 
determined amount on two successive iterations. The solution is then considered 
converged and another AX step taken downstream. 

We now proceed to the heat transfer analysis. The local heat transfer coefficient 
is defined from ' . 

h(a + b) (t w — th) =q (8-79) 

or 


(a+b) ( t w — th ) 

The local Nusselt number is defined as 


(8-80) 


where 




4 ab 
a+b 


Inserting equation (8-80) into equation (8-81) gives 


Nu = 

k(a+ b) 2 (tu, — t*) 


or, in dimensionless form, 


(8-81) 


(8-82) 


Nu x = 


4 ar 

(1 + a)(T w -T b ) 


(8-83) 


Although for this case an analytical expression for 7* can be obtained, it is recom- 
mended for the sake of consistency that T h be found from 



TUdYdZ 


UdYdZ 


(8-84) 


which is given in finite difference form in equation (8—64). The mean Nusselt num- 
ber, if desired, may be found from the finite difference equation (8-67). 


459-174 0 - 73 - 18 
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8. 1.3. 3 Case 3 — constant heat input per unit area of. duct surface.— The 
dimensionless variables chosen for this case are 


T= 


t — tp 
q"a/k 


X = 


Y = Z 


Z = - 


Using these variables, the energy equation (8-48) becomes 

d 2 T \ 
dZ 2 ) 


dX dY dZ Pr 


d 2 T <r 2 T 
dY 2 + itZ 2 


(8-85) 


( 8 - 86 ) 


which is identical with the form used for cases 1 and 2 in the two preceding sec- 
tions. The boundary conditions (8-51) in dimensionless form are 


7X0, Y,Z)= 0 
H (X, Y , cr) = 1 

riT 

°^(X,l,Z) = l 

r) T 

~r (. X , 0, Z) = 0 

3 r r 

Ty (X, Y, 0) =0 


(8-87) 


The energy equation in finite difference form and the solution for 7j +ll *,f are iden- 
tical to the two previous cases (see eq. (8-56)). The difference forms of the second 
and third boundary conditions in (8-87) are 


3T, 


j+l, k, m+X ~ 


47; 


j-hl , fc, W 


+ T, 


j-t-l , k , m-l 


2(A Z) 


= 1 


( 8 - 88 ) 
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and 


3 T s , 


, n + l , l 47j+i, n , 1 + 7j + l, n-l, l _ i 


2 (AY) 


(8-89) 


Equations (8-88) and (8-89) may now be solved for 7}+i,*, m +i and 7}+i,n+i,t, 
respectively: 


7j + l, fc, m + 1 — 2 3" 2 Tj + 1, A', m 2 7j + l, *, m-l 

7j+l, n+i, ( = ^ Ay + 2 7j+i, B, J ^ Tj'+I, n-l, ( 


(8-90) 

(8-91) 


The problem is now similar to that of case 1 (section 8. 1.3.1) except that the wall 
temperatures are unknown, along with the interior temperatures, and equations 
(8-90) and (8-91) must be solved along with equation (8-56) on each sweep through 
the cross section. Slight underrelaxation of equations (fr-90) and (8-91) may be 
desirable. 

We now consider the heat transfer for case 3. The definition of the heat trans- 
fer coefficient for this case may be found from 


h(t w t/j) — q" (8-92) 


so that 



(8-93) 


The local Nusselt number is defined as 


Nu x = 


hDh 


(8-94) 


where 


D h = 


4ab 
a + b 


(8-95) 


Inserting equations (8—93) and (8-95) into equation (8-94) gives 

4 q"ab 


Nux = 


k(d “h 6) (tw bt) 


(8-96) 


Expressing Nu.y in terms of dimensionless quantities gives 
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Nu x = ■ 


4<r 


(l + <r)(r»-7i) 


(8-97) 


As in case 2, an analytical expression can be found for 7)>, but it is suggested 
for internal consistency and accuracy that 7* be found from 


n 



TU d Y d Z 


U.dYdZ 


(8-98) 


which is given in finite difference form in equation (8-64). The mean Nusselt 
number, if desired, may be found numerically from equation (8-67). 


8.1.4 Compressible Flow in the Entrance of a Rectangular Channel —Pro- 
posed Velocity and Temperature Solutions 

To the best of the author’s knowledge, this problem has not previously been 
considered in its complete three-dimensional form anywhere in the literature. 
The methods used for the incompressible problem furnish a guide, but the formu- 
lation must necessarily be based largely on techniques and representations which 
have been successful for other geometries such as the circular tube (see Walker, 
ref. 5, and Deissler and Presler, ref. 6). The model employed is based on the first 
model for the incompressible case discussed in section 8.1.1 and consists of one 
momentum equation, the energy equation, continuity, the equation of state, and 
the additional relation that the transverse velocity in each cross section be directed 
toward the channel centerline. This restricts the formulation to moderate aspect 
ratios. 

The configuration is identical to that considered in the earlier sections of this 
chapter and shown in figure 8-1. For simplicity, only one case is considered 
here — that of constant wall temperature. Other thermal boundary conditions may 
readily be considered using sections 8.1. 3.2 and 8.1.3. 3 as references. 

The basic equations for the compressible flow are 


/ du , du du\ 

h \ u ai*’^ +w ^) 


dp 

d* 


+ 



a(pu) | d(pv) ^ d{pw) 
dx dy dz 


vz = wy 


(8-99) 

( 8 - 100 ) 

( 8 - 101 ) 


(dt dt dt\ 

pC '( U r x + ’'^y + W ^)~ 


/ 
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■a^+hr-u 


dx \dy 


dyj + dz V dz ) . 


+ M 




P 

P 


m 


k^k(t) 
p- ~ p(t) 

The boundary conditions are 

u(x, a, z) - 0 u(x,y,b)~ 0 

~(x,y, 0) = 0 ~ (*, 0, z) = 0 

v{x, a, z) ~ 0 
i/(a, y, 6) « 0 
«(*, 0, z) ~ 0 


w(x, a, z) = 0 
w(s, y, 6) — 0 
w(a, y, 0) = 0 
t(x, a, z) - t w 
t(x, y , 6) = t w 

~~ U, y, 0) — 0 ~ (. x , 0, z) ~ 0 

OZ dy 

«(0, y, 2 ) — «o (see appendix F) 
<(0, y, z) = <o 

p(0) =p 0 


( 8 - 102 ) 

(8-103) 

(8-104) 

(8-105) 


(8-106) 
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The dimensionless variables chosen are: 


U = — 


W = 


uo 

Pova 

Mo 

powa 

Mo 


T = 


to 


p=£- 
P 0 

— *Mo 




PoUoa- 


Y = * 

a 


Z=- 


**-£ 


M 


_M 

Mo 


„* = -? 
e 1 p» 


(8-107) 


Inserting these variables into equations (8-99) to (8—103) yields 




1 cLP 


+ • 


AY dT 


/ * dU \ , d ( * dU\ 
V x dY) + dzy 1 ciz) 


(8-108) 


d(p*U) d(p*v) a(p*r) 
d* dY dZ 


0 


(8-109) 
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( 8 - 110 ) 


oi v § +v l ? +r 5l)“V C 'S 

[h (** i) + Tz (** a M + {y - + (i)1 <8 " in) 


P = p*T 


( 8 - 112 ) 


where A/ 0 = «o/ Vy^?t 0 , the Mach number referred to the entrance conditions. 

If the usual power law relations are assumed, equations (8-104) and (8—105) 
become in dimensionless form 


M*= ( 7 V 
*'*= (TV 


(8-113) 

(8-114) 


The boundary conditions (8-lj) in dimensionless form are 
U(X,l,Z)=0 U(X,Y,ir) = 0 
0) = 0 —■ (X, 0, Z) = 0 
F {X, 1, Z) =0 

F(X, y, o-)=o 

V (X, 0, Z) = 0 
IF (A", 1, Z) = 0 

IF (V y, cr) = 0 

r (x, y, o) =o 
r(TU) = r, t =^ 

to 

r (x, y, cr ) = r„ ; 

%(X,Y, 0)=0 ^(X,0,Z)=0 

u (o, y,z) = i 
r(o, y,z) = i 

P(0) = 1 
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The basic equations can now be represented in difference form. Since an 
iterative scheme must be used, no effort is made to keep the difference equations 
linear. Equations (8-108) to (8-114) become 


P*k,i 


Ti • Uj+\,k, I Uj.k, I . Uj+l,k+l,l Uj+\,k-1,l 

AT 2 (Ay) 


. tw Uj+i,k,l+i Uj+l,k,l-i 

2 (A Z) 


1 P i+ 1 Pi . * X-Uj+f k+i t 2 Uj+i k', I "h Uj+i, k— i 

= -Wi^^ +tLj+ '- kJ L (aFF — 

+ 


4 


Pl+l.k+i.l Pl+i,k-i,l 

F+l . A-+1 , / F+l.fc-l.f 

L 2 (Ay) 

2 (Ay) 




Uj+\,k,i+i ~ 2 (7j + i,A-,/d- Uj+i,k,i-i 

(A Z) I 2 


+ 


pf+i.k.l+l P-i+i.k.l-i 

Uj+t.k. /+1 Uj+\,k.l-\ 

2 (AZ) 

2 (AZ) 


Pnl,kjP)+i,k,l Pj,k,tUj,k,l . Pi+I.k+l.l^i+l.k+i.l Pi+i , k, l^i+l, k, I . 

AX + Ay 

I Pj+1 , fc, l+l^i+l, k.l+1 P)>1 , if. I^Pj+l.k, I _ rt 

AZ 

Vj+\,k,iZi=Wj+i,k,iYk 

^ I” rj T/+ i , k , I Tj , k. I | F7 Pj+\,k+\,l • Pj+i,k~\ t l 

Pj,k,i \Uj'i‘.i M +Vj ,k,i- 2 (Ay) 


I ip Tj + i,k,i+\ y?+i , a, f— 1 1 y 1/7 

+ 2 (AZ) J y 

, i~ 27j+i, *■,/-+ 7j. 


£±1~£ 

AT 


+ 


+ 


2_(&* \h 

[ 


j+\,k+i,i ££ i+i . k, /-~i~ J j+i ,fr-i . > 

~ (Ay)* 


kj+l,k+l,l ^)+l.A-+l,/ Tj+i,-k- 




2 (Ay) j L 2 (Ay) 

i /* [Tj +i , k, i+i~2 Tj+i,k,i + Ti + t,k,i-il 

+ (IzF J 


+ 


^i+i, fr, /-l Pj+i,k,l+i Pj+i,k,l-\ 1 

2 (AZ) J L 2 (AZ) JJ 


+ 


(8-116) 


(8-117) 

(8-118) 
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+ (y-l) Ml ^ l k l 


. ru i+1>fc ., + ,-u, i 2 ] 

■ L 2 (AZ) J 1 

(8-119) 

Pj+l = Pj+l, k, lTj+1, k, 1 

(8-120) 

Mj+l./t, 1 ~ Tj+l, k,l 

(8-121) 

lr* — V 

"j+i , *■ , / I j+\,k,i 

(8-122) 


Very little concrete advice can be given on the solution of these equations, since 
to the best of the author’s knowledge it has not yet been attempted. Certainly an 
iterative scheme is required, and in general, equation (8-116) should be solved for 
the C/j+i.t.i’s, equations (8-117) and (8-118) for the Vj+i,k,i’s and Wj+i^.is, 
and equation (8—119) for the 7j+i,fc,t’s; beyond these broad statements, little 
detail can be specified. There will certainly be difficulty in obtaining a converged 
solution. 

It would be presumptuous to discuss the heat transfer formulation for this 
problem without any proven solution method for the velocities, temperatures, and 
properties. Therefore, the reader is referred to sections 6.1.5 and 7.1.5 for dis- 
cussions of compressible flow heat transfer in parallel plate channels and circular 
tubes, respectively. These discussions certainly will have some application to the 
present problem, once the difficulties of obtaining a converged solution to the 
difference equations have been overcome. 

8.2 OTHER PROBLEMS WITH A SIMILAR FORMULATION 
8.2.1 Flow in Rectangular Channels With Porous Walls 

If a specified suction or injection velocity is applied to the walls of the channel, 
some small modifications must be made to the formulations of this chapter. As 
usual, we shall only present the changes to the already given formulations. 

We limit our discussion here to incompressible flow, because of the obvious 
uncertainties in the compressible flow formulation. If the first model, discussed 
in section 8.1.1, is employed, then modifications must be made to integral con- 
tinuity and to the boundary conditions. Assuming the suction or injection velocity 
to be uniform around the periphery of the channel (although it may vary with axial 
distance . in a specified manner), the following modifications must be made to the 
boundary conditions (8-5): 


Uj+l,k+l,l Uj+l,k-l,l 2 

2 (Ay) 


v(x, a, z) = v w (x) | 
w(x, y, b) = v w (x) 1 


(8-123) 
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V{X,\ ,Z) = V W (X) 1 
W(X, Y, a) = VAX) 1 


(8-124) ' 


The difference form of integral continuity, equation (8-25), becomes 


(AY) (A Z) 


U+i 


(1 + a) AX 




+ jjT 2f/j + i > o j (+ 2f/j+i j fc,o+ I/j+i,o,o (8-125) 


The solution can now be carried out exactly as detailed in section 8.1.1. Solving 
equation (8-125) for I/j+i, i, i yields 




1 

b 

(l + oOA* 


j+i 


(AY) (AZ) 


_ X X Uj+l,k,l 

k=l 1=1 

(.k, I * I if k = l) 


1 m In 1 

-jX^ .,0,1-^ X ^1+i.fc.o — T ^j+1,0,0 (8-126) 


t=i 


This expression can be used in place of equation (8-28). 

If the problem of specified wall suction or injection velocity is to be considered 
using the second model (section 8.1.2), then only the boundary conditions need be 
changed to the form (8-124). These conditions are then automatically brought into 
the solution when the finite difference forms of the various equations are written 
adjacent to the walls. 

If the suction or injection velocity is related to the pressure at the wall (e.g., 
through Darcy’s Law), then additional modifications to ihe original formulations 
are necessary. 

When the first model of section 8.1.1 is used, since pressure is a function only 
of X, a typical relation between velocity through the wall and pressure might be 


V w \ j+1 =AP j+l (8-127) 

Equation (8-127) can now be introduced into the iterative scheme of solution of the 
first model immediately following the solution of equation (8-27) for Pj + 1 and pre- 
ceding the solution of equation (8-126) for Uj+ i,i,i. Equation (8-126) must of 
course be used here since it allows for flow through the wall. Underrelaxation of 
(8—127) may be required if A is large. 
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If it is desired to use the second model of section 8.1.2, then since the pressure 
can vary peripherally around the channel, so can the velocity through the wall, 
which might be typically expressed as 

1 , k, m + l = dPj + l, k, m + l (8 128) 

and 

Vj+i, «+i, i = APj + i, n +i,i (8-129) 

Equations (8-128) and (8—129) may now be introduced into the iterative scheme 
of the second model, probably immediately preceding the solution for Pj+\,k,i- 
However, this has not been tried, and the usual difficulties in obtaining con- 
vergence can be expected. Again, underrelaxation of (8-128) and (8-129) may be 
necessary for large A. 

8.2.2 Entrance Flow in Channels With Cross Sections Composed of Rectangular 
Elements 

If we wish to consider flow in channels with cross sections composed of 
rectangular elements such as the L-shaped channel, the rectangular channel with 
a rectangular plug (a “rectangular annulus”), and other similar shapes as shown in 
figure 8-5, the formulations given in this chapter for the second model (section 
8.1.2) apply directly when the boundary conditions are properly applied at the 
channel walls. The advantage of such channels over channels of arbitrary cross 
section is that since all boundaries are straight lines and all angles are right 
angles, rectangular finite difference grids are directly applicable. It should be 
noted, however, that different grid sizes may be necessary in different regions in 
order for an integral number of grid spaces to exactly span the region. The usual 
difficulties can be expected in trying to obtain a converged solution with the 
second model. 

The first model (section 8.1.1) cannot be employed here unless some educated 
guess can be made about a relation between the transverse velocities at a given 
cross section (a rather difficult task in such complex configurations). 

8.2.3 Flows With Body Forces in Rectangular Channels 

The rectangular channel has been a source of considerable interest to workers 
in the MHD field since it represents the configuration of many MHD generators. 
To the author’s knowledge as of this time, however, no numerical work has been 
done on the entrance flows in such channels incorporating the effects of the body 
forces. Including these effects in the formulation of the first model (section 8.1.1) 
would seem to introduce few practical difficulties. However, the assumption that 
the .transverse velocity vector is directed toward the center of the channel may no 
longer be valid because of the presence of the body forces. Including the effects 
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FIGURE 8-5. — Examples of channels composed of rectangular elements. 


of body forces in the second model (section 8.1.2) would undoubtedly cause 
additional problems in obtaining convergence, and since these problems already 
seem very large indeed, this approach will undoubtedly require a great deal of 
work. 

The reader is referred to section 2.3.4 for a generally applicable discussion of 
the effects of including body forces on the numerical techniques employed in 
this book. 


8.2.4 Confined Free Convection in a Vertical Rectangular Channel 

This problem has apparently not been previously considered in the literature. 
The modifications to both the first and second models in order to accommodate 
the buoyancy effects are not very extensive and are briefly discussed here. The 
treatment here parallels that given in section 6.2.2 for the parallel plate channel 
^nd 7.2.2 for the circular tube and draws heavily on those sections. The geometry 
is shown in figure 8-1, with g x in the — X direction. 

Consider the first model of section 8.1.1 with the modified basic equations 


( du du du\ 

p u h v \-w — 

,\ dx dy dzj 



+ pg x B(t — to) 


(8-130) 
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pc p 


dt dt\ , , 

(dH , dH\ 


V b w — ) = k | 


(8-131) 

dy dzj 

Uy 2 dz 1 ! 

<> u + dv + dw _ q 
dx dy dz 


(8-132) 

vz = wy 


(8-133) 


where p is the difference between the static pressure and the hydrostatic pressure, 
g* the ^-component of the acceleration due to gravity, B the thermal coefficient 
of volumetric expansion, and to the fluid temperature at the channel inlet. The 
velocity and pressure boundary conditions are unchanged from those of section 
8.1.1 and the temperature boundary conditions are (8-49) of the constant wall 
temperature case (case 1). 

The choice of dimensionless variables is based on those used in section 6.2.2, 
equations (6-104): 


where 


V 


V = 


ua 

v(Gr) 

va 


0 / = ^ 


P- 

T- 

X- 


PP a 


P 2 (Gr)* 

t — to 
tw £o 

X 

a(Cr) 


Y = ? 


Z = - 
a 


Gr : 


U 3 gj^(tu; tp) 


(8-134) 


Equations (8-130) to (8-133) may now be written in dimensionless form as 
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(8-135) 


djT\ 

dX dY dZ Pr\dY* dZ 2 


(8-136) 


dU dV 9JF = 
dX + dY + dZ 


VZ = WY 


(8-137) 

(8-138) 


with the dimensionless boundary conditions (8-19) on velocity and pressure, 
except that 


U(Q,Y,Z) = Uo=^r 
v(Gr) 


(8-139) 


and with the constant temperature boundary conditions in dimensionless form, 
which are 


7 , (0, Y,Z) =0 
T(X, 1, Z) = 1 
T(X, T, cr) = 1 


§T 

dY 


(X,0,Z) = 0 


dT 

dZ 


(*,y,o) = o 


(8-140) 


The finite difference • representation of (8-135) is identical to (8-22) with the 
additional term added to the right side (+ T J+l ,*-,/)• The finite difference forms of 
equations (8-136) to (8—138) are unchanged from their earlier versions which are 
(8-55), (8—23), and (8-24), respectively. 

The procedure for solution is then to solve the temperature problem first at 
each time step. This is just the content of section 8. 1.3.1 but using the boundary 
conditions (8—140). 


8.3 EXAMPLE PROBLEM -LAMINAR INCOMPRESSIBLE ENTRANCE 
FLOW IN A SQUARE DUCT 

As an example of the techniques employed for the rectangular channel, we 
present the solutions of Carlson (ref. 1) for the laminar incompressible entrance 
flow in a square duct. Both the first model, discussed in section 8.1.1, and the 
second model, discussed in section 8.1.2, were employed in these investigations. 
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Since the square duct was considered, symmetry about the duct diagonal was 
employed to reduce the number of unknowns. 

For the first model, the axial (X) mesh sizes used varied from AX = 2.5 X 10 -5 
near the inlet to AX = 4 X 10~ 3 far downstream. Solutions were obtained for 
transverse mesh sizes of AY = A Z = 1/12 and for AY = A Z = 1/24. The velocity 
distributions obtained were not significantly different for the two different mesh 
sizes, but the pressure results varied sufficiently so it was felt the most accurate 
results could be obtained by extrapolation of the solutions for the two mesh sizes 
to zero mesh size (see ref. 1 for details). 

For the second model, there were practical limitations on both the axial and 
transverse mesh sizes. There is an apparent stability restriction on the difference 
representation of the second model which places lower bounds on the values of 
AX and the Reynolds number Re. Although a stability analysis is most difficult 
for the second model, Hornbeck (ref. 4) has carried out a numerical stability 
analysis for a similar (although only two-dimensional) model employed for the 
circular tube entrance flow problem. This analysis indicated that there might be' 
a lower limit for stability on a product of AX and Re, perhaps of the form 
(AZ) (Re)' 1 . All numerical experiments on the second model showed that a similar 
restriction applied to the use of this model for the square duct. The second model 
was first successfully solved using Re = 2000 and AX = 6.25 X lO -4 . In order to 
consider the effect of Reynolds number on the flow pattern, the second model was 
also solved for Re = 1000, 750, 650, and 500. For these Reynolds numbers, an initial 
AX of 2.5 X 10 -3 (quite coarse) was as small as could be considered. The transverse 
mesh size employed for all cases was AY=AZ= 1/12. The large amounts of 
computer time required for each case precluded the use of any smaller values for 
AY and A Z. 

The numerical results from these two models are now presented and com- 
pared with each other and with the analytical solution of Han (ref. 7), which is 
based on an integral technique using a linearized form of the axial momentum 
equation. Experimental data obtained by Goldstein and Kreid (ref. 8) using a 
Laser-Doppler flowmeter is also available for entrance flow in a square duct 
and is included in the comparisons. 

Figures 8—6 and 8-7 show axial velocities as functions of X at two different 
transverse locations — the duct centerline (F=0, Z = 0) in figure 8-6, and the 
centerline of one-fourth of the duct (y = 0.5, Z = 0.5) in figure 8-7. The second 
model results are for Re = 2000. At the duct centerline, all mathematical models 
and the experimental points agree very well. At Y = 0.5, Z = 0.5, the numerical 
solutions show a sharp rise and dropoff with a peak around X = 0.02. The rise is 
due to this transverse position being in the relatively flat “core” for A < 0.02, and 
this core is accelerating as the boundary layer grows. After about X = 0.02, the 
boundary layer reaches this transverse position and the velocity begins to decrease. 
The experimental points of Goldstein and Kreid clearly exhibit a similar behavior 
not shown by Han’s results. 



Dimensionless axial velocity, UIX, 0. 5, 0. 51 Dimensionless centerline axial velocity, UIX, 0, D) 
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Dimensionless axial distance, X 


Figure 8-6. — Axial velocity at centerline of rectangular duct. 



Dimensionless axial distance, X 

Figure 8— 7. — Axial velocity at y=0.5,Z = 0.5 in rectangular duct. 

s 

Figure 8-8 shows axial velocity profiles from the first model and from the 
second model for Re = 2000 at various values of X. Results from the second model 



Dimensionless 
axial distance, 
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for Re = 1000, 750, and 650 differed only slightly from these profiles, and then 
only very close to the duct inlet. By X = 0.02, the velocity distributions obtained 
from the second model for all Reynolds numbers agreed to within 5 percent. An 
exception to this was found for Re = 500, but since considerable numerical 
difficulty was encountered for this Reynolds number, the results are not felt 
sufficiently reliable to report here. 

Figure 8-9 compares the axial pressure distribution for various theoretical 
solutions. The two numerical models give results which fall below those of Han. 
The results for the second model are lor Re = 2000, although the curve is virtually 
identical for all Re 3= 650 if X > 0.02. Since the second model does not explicitly 
employ integral continuity, there is a certain tendency for the flow rate to drift 
slightly because of roundoff error. The author therefore feels that the pressure 
distribution from the first model (which has been extrapolated to zero transverse 
mesh size) gives the most accurate pressure results. 

Table 8—1 shows the results of several investigators for the entrance length 
X e , defined as the dimensionless axial position at which the centerline velocity 
reaches 99 percent of its fully developed value, and the kinetic energy correction 
factor F ke, defined as 





Figure 8— 9 . — Centerline pressure as function of axial position for various investigations. 
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Table 8-L — Entrance Lencth and Kinetic Energy Correction Factor for Square Channel 


Investigation 

0 

Dimensionless 
entrance 
length, X e 

Kinetic 
energy 
correction 
factor, Fife 

Han (ref. 8) 

0.301 

1.51 

Goldstein and Kreid (ref. 9) 




.360 




Lundgren, Sparrow and 



Starr (ref. 10) 


1.275 

Present numerical solution: 



First model 

.278 

1.215 

Second model 

.266 

1.073 



where Pjd is the dimensionless pressure evaluated at an X sufficiently large to be 
in the fully developed region and X is this position (see Goldstein, ref. 9). The 
analysis of Lundgren, Sparrow, and Starr (ref. 10) yields entrance pressure 
defects, but not velocity distributions, for arbitrary shaped ducts. The results 
shown are of course for the square duct. The large discrepancies in the entrance 
lengths among the various investigations were not unexpected, since this quantity 
is extremely sensitive to small variations in velocity and, as indicated by Goldstein 
and Kreid, can vary widely. With respect to the kinetic energy'correction factor, 
it is worth noting that Sparrow, Hixon, and Shavit (ref. 11) carried out experiments 
on rectangular ducts, and although a square duct was not included, F ke was 
considerably lower for other aspect ratios than previous theory (refs. 8 and 10) 
predicted. The results of the present numerical investigation for the square duct 
also show this trend. 

Finally, we note that the results from the first model appear to be entirely 
adequate as compared to the more complex second model, at least for Re 3= 650. 
One additional point of interest is to examine the assumption employed in the 
first model that the transverse velocities are directed toward the duct centerline. 
The second model does not force this condition, but instead employs the two 
transverse momentum equations. Figure 8—10 shows the direction (but not the 
magnitude) of the local transverse velocity vectors in the cross section for the 
second model, f?e = 2000, ,¥ = 0.005. With the exception of the immediate region 
of the corner, the assumption that the transverse velocities are directed toward 
the duct centerline seems to be satisfied very well. The validity of such an assump- 
tion, or variations thereof, for other aspect ratios remains to be proven. 
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Figure 8-10. — Direction of local transverse velocity vectors for second model. Reynolds number, 
fie = 2000; dimensionless axial distance, = 0.005. 
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CHAPTER 9 


OTHER NONCIRCULAR AND 
VARYING AREA CHANNELS 

i r 

The discussions to be presented in this chapter are concerned primarily with 
entrance flow and heat transfer problems. This is true for several reasons. If 
channels with varying cross-sectional areas are considered, then there is in 
general no fully developed solution; this is also true of compressible flow in any 
channel. Incompressible flow in constant area channels does eventually reach a 
fully developed flow situation, but this may be considered as a special case of the 
entrance flow. More important, fully developed flow in constant area channels is 
mathematically represented by a two-dimensional form of Poisson’s equation, 
and very powerful and sophisticated techniques outside the scope of this book 
may, and indeed should, be employed if only the fully developed solution is re- 
quired. Some of these techniques may also be useful in obtaining the entrance 
region solutions discussed later in this chapter. 

9.1 NONCIRCULAR CHANNELS OF CONSTANT AREA 

The solutions of problems of flow and heat transfer in channels having other 
than circular or rectangular cross sections present a variety of difficulties. The 
first obstacle is in the selection of the proper equations of motion. For certain 
geometries, a relation such as that specified between the transverse velocity 
components in the first model for the rectangular channel (section 8.1.1) may be 
useful. Other possibilities might include neglecting the inertia terms in the trans- 
verse momentum equations, specifying the axial component of the vorticity as 
zero, etc. While these stratagems have little physical foundation, the saving 
feature of problems of this type is that, at least based on the experience of Carlson 
(see ref. 1 and chapter 8) for the square channel, almost any relation between 
transverse velocities will give at least adequate results. This is probably due to 
the fact that as long as the region very close to the entrance is not considered, any 
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relation between transverse velocities will be of second order, as may be seen from 
an order of magnitude analysis of the fundamental equations (see section 8.1). In 
any case, some approximate relation between transverse velocity components is 
highly recommended in preference to solving the complete set of three momentum 
equations. 

Another problem which may be encountered is the difficulty of dealing with 
irregular boundaries, or with boundaries not directly compatible with a rectangular 
or cylindrical finite difference grid. This problem has been discussed extensively 
by Forsythe and Wasow (ref. 2) and Allen (ref. 3) and can be a source of con- 
siderable difficulty in carrying out the details of a numerical solution. In some 
cases, it is possible to transform the problem to a coordinate system where a rec- 
tangular or cylindrical grid can be employed. If this is feasible, it is highly desirable 
because, although the equations of motion may be highly complicated in the new 
coordinate system, the finite difference approach is straightforward. It is also 
worthwhile to note at this point that finite difference representations can also be 
based on equilateral triangular, parallelogram, and hexagonal grids (see Allen, 
ref. 3). Although relatively little use is usually made of such grids, these grid 
shapes could be particularly useful for cross sections of similar shapes. The reader 
must be cautioned, however, that in employing such grid shapes he is largely on 
his own. 

9.1.1 Alternating Direction Implicit (ADI) Techniques 

An advantage available to investigators attempting to solve channel flow 
problems numerically is the large amount of work which has been done on the 
solution of elliptic problems involving second order differential equations such 
as Laplace’s or Poisson’s equation. Much of this work can be heuristically 
extended to the solution of channel flow problems, which at each step downstream 
have the appearance of an elliptic problem in the transverse directions. As men- 
tioned before, if only the fully developed solution is desired, then these methods 
may be applied directly. Techniques such as the alternating direction implicit 
(ADI) methods have apparently not as yet been applied to any great extent to 
entrance flow problems, but they appear to show great promise for noncircular 
channels. Forsythe and Wasow (ref. 2) and Carnahan, Luther, and Wilkes (ref. 4) 
have excellent discussions of these techniques and their use in solving elliptic 
problems, and it would seem of little value to repeat the complete treatment here. 
However, a brief description might be in order. 

ADI methods actually have two uses. They may be employed to solve problems 
such as the transient two-dimensional conduction equation, in which a solution 
for temperatures must be marched out in time while the spatially varying tem- 
perature field must be found at each time step. In addition, ADI methods may be 
used as effective iterative schemes for effectively solving spacewise elliptic 
problems such as Laplace’s equation. Both of these capabilities are of interest to 
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(c) 




(a) Fully explicit. 

(c) y-explicit, ^ implicit. 


(b) Fully implicit. 

(d) x-explicit, y-implicit. 


Ficure 9—1. — Representation of two-dimensional transient conduction equation. 


us in attempting to solve fluid flow and heat transfer problems in noncircular 
channels. 

Consider first problems of the type represented by the two-dimensional 
transient conduction equation. There are two classical methods for solving this 
type of problem and both have serious drawbacks. 

One of the methods is the fully explicit method which is shown in figure 
9-l(a). In this method, all spatial derivatives are represented at the known time 
step j and the time derivative is represented as a forward difference, which 
brings in the value of the function at the unknown j+ 1 time step. This value may 
then be solved for directly (explicitly). When all the points in the space field at 
j + 1 have been solved for, another time step may taken. The value of this method is 
that the amount of computer time per time step is very small. The drawback of 
the method is that stability restrictions force very small time steps, generally 
much smaller than necessary to obtain reasonable accuracy. As a result, many 
time steps are required and the computer time required increases correspondingly. 

The other classical method is the fully implicit method, shown in figure 
9-l(b), in which the spatial derivatives are expressed at the unknown y'+l time 
step and the time derivative as a backward difference. This method results in a 
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set of simultaneous linear algebraic equations in the values' of the unknown 
function at j+ 1 equal in number to the number of points in the space grid. This 
set of equations can be quite time consuming to solve since, in general, it will be 
very large and iterative techniques must often be employed. The method has the 
advantage of universal stability, however, and any time step size consistent with 
accuracy may be used. ! 

Obviously it would be advantageous to combine the best features of the explicit 
and implicit methods, and this is precisely what the alternating direction implicit 
methods accomplish. 

The representations used in the Peaceman-Rachford method, a typical ADI 
method, are shown in figures 9 - 1 (c) and (d). At one time step the y space difference 
is written at the known j time step and the x space difference is written at the 
unknown j + 1 time step as shown in figure 9 — 1 (c). When such an equation is 
written for every space point at 7+ 1, instead of having a set of equations involving 
all values at all points in the space mesh, there results an independent set of linear 



(a) y-explicit, ^-implicit form results in set of algebraic equations for each value of y, involving only 

unknowns along a single line as shown. 

(b) 2 -explicit, /-implicit form results in set of algebraic equations for each value of x , involving only 

unknowns along a single line as shown. 


Figure 9— 2. — Unknowns resulting from each of the alternating direction implicit forms. 
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algebraic equations involving only points along a given y-position, with a different 
independent set for each y-position as shown in figure 9-2(a). Each of these sets 
can be solved separately, and, very significantly, each of the sets has a matrix of 
coefficients which is tridiagonal. Thus, the very rapid method of appendix A 
may be used for each set and, as it turns out, no more computer time is required 
to solve the entire space field at a given time step than would be required by the 
fully explicit method. Once the entire space field has been solved for this time step, 
the difference representation is changed to that shown in figure 9 — 1(d). Another 
time step is then taken; and this time the result is a set of simultaneous tridiagonal 
linear algebraic equations for each value of x, as shown in figure 9 — 2(b), which 
may be solved as before. The procedure is thus to alternate at each new time step 
from the representation shown in figure 9-l(c) to that shown in figure 9 — 1(d) 
and back again. Because of the tridiagonal nature of the equations, no more com- 
puter time per time step is required than with the fully explicit method, but the pro- 
cedure is universally stable so that the size of the time steps, as in the fully implicit 
method, is limited only by truncation error. 

The use of the ADI methods to provide an iterative technique for the solution 
of elliptic problems such as Laplace’s equation now follows directly. The values 
obtained on each iteration simply take the place of the values obtained at each 
time step in the preceding discussion. The representation is thus implicit in the 
values to be obtained on the present iteration and explicit in the known values 
from the last iteration. The resulting sets of tridiagonal equations are solved, the 
new values assume the role of the known values, the representation is alternated 
in direction, and the process repeated until convergence is obtained. ADI iterative 
techniques are among the most efficient iterative methods presently known for 
solving Laplace’s and similar equations numerically, particularly when suitable 
relaxation factors are used. ! 

9 . 1.2 Irregular Boundaries 

If the techniques of coordinate transformation or the use of unusual mesh 
shapes as discussed earlier in this chapter do not make the boundaries compatible 
with the mesh used, then it becomes necessary to use a conventional rectangular 
or cylindrical grid and let the boundaries intersect the grid lines between grid 
points. Several methods may be used to treat these boundaries. 

The first and simplest method is to use as fine a mesh as possible and to let 
the grid points fall where they may. Then, choose those points nearest the boundary 
as ‘boundary points and the functions evaluated at these points as boundary values 
(see fig. 9—3). This method can work surprisingly well if a sufficiently fine mesh is 
employed. This has been called interpolation of degree zero by Forsythe and 
Wasow (ref. 2) in an excellent discussion of irregular boundaries. 

An alternative which is not only aesthetically considerably more satisfying 
but which also gives much better results than interpolation of degree zero for the 
same mesh size, is to use central difference representations near the boundaries 
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that have unequal spacings between the grid points. These representations- have 
been called irregular stars by Southwell (see Allen, ref. 3). 

The discussion given here is based on the method of interpolation used in 
appendix D for unequal mesh sizes. 

If a first central difference at the point k would span a boundary as shown in 
figure 9-4, then the difference may be expressed in terms of the boundary value as 


df f B ~/a( l - 8 * ) - A- 1 ( fl 2 ) 

dy k d(l + 6) Ay 


If a second central difference at the point k would span the boundary as shown|in 
figure 9-4, then the difference may be expressed as 


djf J f B -(i + d)/ k +(0)f k .n 
dy 2 * [ (l + 0)0(Ay)2 J 

These representations involve second degree interpolation. If the represen- 
tations (9-1) and (9-2) near the boundary are used along with the usual second- 
degree symmetrical central difference representations in the interior, the equations 



Figure 9-4. — Uneven mesh spacing near boundary. 
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of fluid motion and the energy equation can be written anywhere in an irregularly 
shaped field. Linear interpolation could also have been used to obtain formulas 
similar to equations (9-1) and (9-2); but the representations given here are more 
accurate, just about as simple to apply, and, most important, have the same error 
order as the usual central difference representations used elsewhere in this book. 

The real difficulty of using such techniques as these at a boundary is in the 
amount of programming and computer time they require. With irregular boundaries 
one must continually check in the course of sweeps of the field to see if the bound- 
ary has been reached; if the boundary has been reached, special computations 
must be performed. 

9 . 1.3 Normal Gradient Boundary Conditions 

In the context of the problems discussed in this book, normal gradient bound- 
ary conditions will usually arise as heat flux conditions at a surface. If there are 
grid lines normal to the boundary at the desired point, then the normal gradient 
conditions may be expressed in the conventional manner used throughout this 
book. If, however, the boundaries are curved or irregular, then there may be 
great difficulty in expressing such conditions in difference form. 

Although Forsythe and Wasow (ref. 2) indicate that it is far from clear how 
best to deal with this problem, they do present one possible approach which will 
be outlined here. Shaw (ref. 5) gives a similar discussion. It is assumed in this 
discussion that there are no corners on the boundary (i.e., that the boundary con- 
sists only of curves with no discontinuity in slope). The problem is illustrated in 
figure 9-5. Through each exterior grid point closest to the boundary, a perpen- 
dicular to the boundary is drawn and extended to the interior region of the cross 
section until it intersects a grid line. Thus, a line is drawn through P and perpen- 
dicular to S until it reaches point Q. The value of the function/(@) may be found 
in terms of f{A) and f(B ) by linear interpolation. The value f(P) will usually be 
unknown and will result from the solution of the problem. Then the normal gradient 



FicURE 9-5. — Method for representing normal gradient boundary conditions. 
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df_ f(P) -HQ) 

dn hi cos 6 1 ' 

One such equation may be written for each of the grid points adjacent to the 
boundary. Equation (9—3) is not as accurate as the usual central difference repre- 
sentation to the differential equations involved and may be more compatible with 
the extrapolation of degree zero method of dealing with irregular boundaries than 
with any other more accurate method. In practice, it is apparently feasible to 
handle corners using this technique if the interior angle of the corner is not 
too small and if the mesh sizes are made sufficiently small, at least in the region 
of the corner. 

9.1.4 General Remarks . 

The foregoing discussion should indicate clearly that the method of ap- 
proach to the general problem of entrance flow and heat transfer in constant area 
noncircular channels is far from well defined. It is thus necessary, once a specific 
problem has been adequately mathematically formulated, to use to a considerable 
extent a “cut and try” technique. While this approach may be offensive to some 
formalists, there appears to be no substitute for it in the practical numerical 
analysis of a new (and usually nonlinear) engineering situation. If one generaliza- 
tion about the fluid flow problem can be made, it is that the use of an integral form 
of the continuity equation in finite difference form will almost invariably result 
in a reduction of the number of equations which it is necessary to solve. However, 
even this statement is true only when some simplified model for the flow has been 
chosen as opposed to solving the complete Navier-Stokes equations with only 
the axial second derivatives neglected. 

9.2 CHANNELS OF VARYING CROSS-SECTIONAL AREA 

Flow and heat transfer in channels of varying cross-sectional area present 
the additional complication to a finite difference analysis that the total number 
of transverse mesh points and/or the transverse mesh size will not remain constant 
as each axial step is taken. 

Since the fundamental equations in such flows are identical to thqse for 
constant area channels (assuming that the area changes with axial position are 
not so severe that separation occurs or that the second axial derivatives of velocity 
and temperature can no longer be neglected), our concern is with the mechanics 
of varying the number of mesh points or size of the mesh as necessary. ■ 

Three possible approaches to the problem are the following: 

(1) Adjust the transverse grid size with each axial step so that the total number 
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of transverse grid points remains constant. This technique (illustrated in fig. 
9-6(a)) results in difficulties in the evaluation of backward differences. Since the 
values of the function are not available exactly at the points desired, it is necessary 
to interpolate for these values. 

(2) Adjust the axial step size so that exactly one transverse grid point is added 
(or subtracted) while maintaining the same transverse grid size (see fig. 9-6(b)). 

(3) Maintain the transverse grid size as constant and let the boundary fall 
where it may, then adjust the difference representation that spans the boundary 
(see fig. 9-6(c)). 

We shall now discuss briefly the use, advantages, and disadvantages of these 
three approaches. Method (1) (fig. 9-6(a)) requires interpolation at location j so 
that the values of the function at these points may be used in evaluating backward 
differences. It would appear that accuracy is not sacrificed in this process, provid- 
ing that the interpolation is of such an order as to provide error no greater than the 
difference equations themselves (usually interpolation on a second-degree poly- 
nomial will be sufficient). Some extra computational time is required to do the 
necessary interpolation after each axial step. This technique of interpolation 
has been used successfully by Beus (ref. 6) in his numerical investigation of 



(a) Number of transverse grid points (b) Axial step size adjusted to add one 

held constant. transverse point on each side of chan- 

nel at each axial step. 


(c) Axial and transverse step sizes held (d) Evaluation of backward differences 

constant and boundary allowed to for method (3) in diverging section, 

cross grid at any point. 

FIGURE 9-6. — Methods of handling grid structure in channels of varying area. 
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compressible flow in varying area channels, which is discussed in section 9.3 as an 
example problem. 

Method (2) (fig. 9-6(b)) has the advantage that backward differences may be 
evaluated directly. However, if the channel area changes very slowly, the axial 
step size may be larger than desired; if the transverse mesh is reasonably coarse, 
the effect will be exaggerated. One reasonable course of action with this method 
is to employ the variable mesh technique discussed in appendix D. By employing 
this technique, the transverse mesh size in the region immediately adjacent to 
the wall can be made as small as desired and, correspondingly, the axial mesh 
size can be held to a moderate level. A potential difficulty with this method is that 
in a diverging section (e.g. , a diffuser) if the transverse mesh size is held constant, 
then the number of grid points may become too large. This difficulty may be 
countered by using the same approach employed for the free flows discussed in 
chapters 2 to 5 — that is, by doubling the transverse grid size and halving the num- 
ber of points at some axial station and then proceeding as before. 

Method (3) (fig. 9— 6(c)) appears to overcome most of the shortcomings of the 
other two methods, but this may be only the result of the fact that the author has 
had personal experience with using the first two methods but not with the third. 
This method allows the direct computation of backward differences except for 
the points adjacent to the boundary in a diverging section, and it allows an arbi- 
trary choice of axial step size. Those transverse differences which span the bound- 
ary may be evaluated by the use of equations (9-1) and (9-2). For the points 
adjacent to the boundary in a diverging section, as shown in figure 9— 6(d), the 
backward differences may be evaluated as 


df fj + 1 , n — / (evaluated at boundary) 

dx j+i, n &X 


(9-4) 


The evaluation of equation (9-4) requires no auxiliary computation since the value 
of / (boundary) is known. 

No matter which method is used, it may be necessary to use very small mesh 
sizes in a converging section or at a throat, since the boundary layerithicknesses can 
become very small in these regions and the gradients very high. If it becomes 
necessary to shift from a coarse transverse mesh to a finer one as the solution is 
carried downstream, then some type of interpolation such as that indicated in 
method 1 will have to be employed, at least at the one axial position in the channel 
where the transverse mesh size change takes place. 

As in all channel flows, the use of integral continuity in difference form will 
help to reduce the number of simultaneous equations to be solved. 

Flow and heat transfer in noncircular channels of varying cross-sectional 
area and arbitrary cross section would appear to present a monumental challenge 
to the numerical analyst, and to the author’s knowledge, no information in these 
areas is available. 
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9.3 EXAMPLE PROBLEM- COMPRESSIBLE FLOW IN VARYING AREA 
CHANNELS 

The example given here is the solution presented by Beus (ref. 6) for the 
compressible flow in . axisymmetric channels of varying area, with particular 
application to converging-diverging nozzles. A single set of equations of the 
boundary layer type is applied to the entire flow field and numerical techniques 
are employed which are adapted from those discussed in section 7.1.4 for the 
constant area tube. The use of the boundary layer model over the entire flow field 
allows the consideration of the effect of the growth of the boundary layer on the 
flow rate through the nozzle. This effect is neglected in the usual nozzle analysis, 
in which the boundary layer is ignored in computing the in viscid flow in the nozzle, 
and the resulting pressure gradient is imposed on the wall boundary layer. The 
latter approach is entirely adequate and, in fact, necessary for nozzles which are 
relatively short and of large diameter with a relatively small radius of curvature at 
the throat (see fig. 9-7(a)). This approach is not sufficient, however, for long 
slender nozzles (fig. 9 — 7(b)) which are of increasing importance in fluidics applica- 
tions. For long slender nozzles, the boundary layer model considered here properly 
includes the viscous effects on nozzle flow rate. 
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The fundamental equations of viscous compressible flow employed by Beus 
are equations ' (7-45) to (7-50) of section 7.1.4, with the following boundary con- 
ditions: 

u{r w ,z) =0 

u(r, 0)=uo(r) where various boundary layer thicknesses are 
specified at the nozzle inlet (see appendix F) 

7 “ (0,z) =0 

or 

v(r w ,z)= 0 
u(0, z) = 0 
p(0)=p 0 

t(r,0)=t„ (9-5) 

f £ (0,z)=0 

dr 

and 

t(r w ,z) =t w (constant wall temperature) 
or 

(fic,z) =0 (adiabatic wall) 

The dimensionless variables employed are (7-53) of section 7.1.4 with a 
representing a characteristic radius of the nozzle (Beus employed the inlet radius) 
and Mo replaced by any characteristic velocity chosen as convenient. The resulting 
dimensionless equations are (7-54) to (7—59) with the following dimensionless 
boundary conditions: 
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and 


or 


U(R W ,Z) =0 
U(R,0) = U 0 (R) 

fg(0.Z).0 

V(R w ,Z) = 0 
V(0,Z) = 0 

P( 0) = 1 

7’(«,0) = 1 

i (0 ’ Z)=0 


(9-6) 


T(R W , Z) = T w (constant wall temperature) 


aR 


(Rw.Z) = 0 (adiabatic wall) 


Because the boundary layers in the throat area are quite thin, some type of 
variable mesh procedure was indicated. Rather than employ the method of ap- 
pendix D, which would be somewhat unwieldy in a variable area channel, Beus 
chose to make the following transformation of the radial, coordinate: 


fs2= 1 

y=R£,-R s 0=£R ^R w 

Ir* ^ y > o 


(9-7) 


where R w {z) is the local radius of the duct. Equally spaced y-coordinate points 
may now result in unequally spaced points in the R -coordinate. Larger values of s 
result in a bunching of points close to the wall in the R-coordinate, exactly the 
effect desired to accommodate the high velocity gradients in the boundary layer. 
The resulting differential equations and finite difference forms chosen are much 
too lengthy to repeat here, and the reader is referred to reference 6 for details. 

One particular difficulty which arises due to the area variation is worth 
noting— mainly to indicate the difficulties which may arise in the type of problem 
discussed in this chapter. For various reasons, it is more useful in the compressible 
nozzle flow problem to write integral continuity in the form 


[ W ~ (pu)rdr = 0 
Jo oz 

rather than in the usual form 


(9-8) 


459-174 0 - 73 - 20 
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= constant 


(9-9) 


For a constant area duct, equations (9-8) and (9-9) are actually identical equations 
when written in finite difference form, both simply stating that 



pur dr 



(9-10) 


However, if r w is a function of z, the finite difference forms of equations (9—8) and 
(9-9) are not identical due to different truncation errors involved in their difference 
representations. In practice, since equation (9-8) does not explicitly hold the flow 
rate constant when written in difference form, a certain amount of cumulative 
drift tended to occur in the flow rate as the solution was carried downstream. This 
was corrected by an iterative procedure carried out at each step involving the 
difference forms of, both equations (9—8) and (9-9) (in dimensionless form, of 
course). To obtain convergence it was necessary to underrelax the difference form 
of equation (9—9). The amount of underrelaxation varied, depending on whether 
a converging or diverging section was being considered. Some, difficulty was 
encountered with convergence at the throat as will be discussed later. 

The parameters which must be considered in the problem include the geom- 
etry, the Prandtl number, and the inlet Mach number. For a given geometry and 
Prandtl number, if a low inlet Mach number is specified, then as the solution is 
marched downstream, the flow is subsonic through the converging section, sub- 
sonic in the throat, and subsonic in the diffuser. As the inlet Mach number is 
raised, a point is eventually reached where the flow becomes almost sonic at the 
throat, before it drops back down subsonically through the diffuser. The nozzle is 
then running slightly below what must be considered as design conditions for that 
geometry. If the inlet Mach number is increased by a significant amount, a violent 
numerical instability results immediately beyond the throat. If, instead, the inlet 
Mach number is increased by increments as small as of the order of AM () = 0.00001. 
then an inlet Mach number can be found which results in the flow at the throat 
passing smoothly through the transonic region and accelerating supersonically 
out through the diffuser. The nozzle is then running at its design conditions. The 
design pressure ratio is simply the dimensionless exit pressure of the diffuser. 
(Any desired point in the diffuser may be considered as the exit, since the nozzle 
can be cut off at any point in the diffuser without disturbing the upstream flow 
as long as the flow is supersonic). This calculation is obviously very sensitive to 
the inlet Mach number and the search for the correct value can be quite time con- 
suming. The iterative procedure on integral continuity mentioned earlier must be 
suspended for a few steps through the transonic region at the throat since it is not 
possible .to obtain convergence in this region. Fortunately, the flow rate varies 
little in this region because of the small area variation, and the results are not 
significantly affected. 
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Now that some of the considerable difficulties of the technique have been 
discussed (again demonstrating the amount of art necessary in such calculations), 
we turn to some representative results. These results were obtained with basic 
mesh sizes of 0.02 ^ AF=S 0.05 and AZ = 0.0001, although A Z was reduced when- 
ever the area varied rapidly or when 1.25 > M > 0.75, and values of AT as small as 
AF= 0.005 were used for checking purposes. The transformation exponents in 
equation (9-7) was varied between 2 and 6 as required to provide sufficient mesh 
points within the velocity and thermal boundary layers. Different relaxation factors 
for the iterative scheme on integral continuity were necessary in different regions 
of the nozzle. Details may be found in reference 6. The equations and programs 
were verified by comparing results with existing solutions for straight tubes, both 
compressible and incompressible, and with varying area incompressible flow 
solutions. 

Figure 9—8 shows a comparison of the pressure distribution obtained from the 
numerical solution with the classical one-dimensional isentropic nozzle solution 




(a) Nozzle profile. 

(b) Pressure distributions. 

Figure 9— 8 . — Nozzle profile and pressure distributions in a nonslender nozzle. 
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and with the experimental distribution of Back, Massier, and Gier (ref. 7) for a 
subsonic-supersonic nozzle. This nozzle is not actually sufficiently slender to 
expect either the numerical solution or the one-dimensional isentropic solutions 
to be particularly accurate, but the nature of the numerical solution, particularly 
in its slope near the throat, indicates that at least some of the two-dimensional 
and viscous effects not included in the one-dimensional solution have been 
accounted for. 

Figure 9—9 is representative of most of the results of this investigation. It 
shows the velocity distributions for a typical slender nozzle with a thick boundary 
layer (8lr w = 0.8) at the nozzle inlet. The boundary layer is obviously sufficiently 
thick through the entire nozzle that the effect of the boundary layer thickness on 
the flow rate cannot be neglected. 

Table 9—1 shows the effect of the boundary layer on flow rate for several adia- 
batic nozzles. The W r is defined as the ratio of the flow rate obtained from the nu- 
merical solution to the flow rate obtained from a one-dimensional isentropic 
solution for the same pressure ratio across the nozzle. The largest flow rate de- 
crease, about 25 percent, occurs for the nozzle with the largest inlet boundary layer 
thickness ratio, case 3. For a fixed inlet boundary layer thickness ratio (cases 1, 2 
and 4), the flow rate decreases with increasing slenderness of the nozzle (increas- 
ing throat ratio) because of the thicker -boundary layers in the interior of the more 
slender nozzles. 



I I I 1 I 12 I „ 

0 10 20 30 40 60 60xl0' a 

Dimensionless axial distance, Z 

Figure 9-9. — Velocity profiles for typical nozzle ( 8/^)0 = 0.80. 
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Table 9-1. -Flow Rate Ratio Comparison 


Case 

Throat 

ratio, 

rain 

Inlet 

boundary 

layer 

thickness, 
(8/r*) o 

Flow rate 
ratio, W r 

1 

2.0 

0.30 

0.947 

2 

19.4 

.30 

.918 

3 

19.4 

.80 

■ .744 

4 

200.0 

.30 

.885 
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APPENDIX A-SOLUHON FOR A SET OF LINEAR ALGERRAIC 
EQUATIONS HAVING A TRIDIAGONAL MATRIX OF COEFFICIENTS 


The matrix of coefficients of a set of linear algebraic equations is classified 
as tridiagonal if it consists of a band of nonzero elements centered on the main 
diagonal and three elements wide, and if the remaining elements of the matrix 
are zero. A set of equations of this type may be written as 


B i C, 

A% B2 ■ 

A:\ B.\ C3 



A, 



• 

X-> 


R, 


An 


r 3 

X 

— 

— 

— 


A„_, 


Rn - 1 


A„ 


Rn 


(A 1) 


Before continuing with the specific case of a tridiagonal set of equations, we 
will briefly discuss in general the Gaussian elimination method which is to be used. 

The objective of Gaussian elimination, which is a commonly employed and 
highly efficient method of solving sets of linear equations, is to transform the matrix 
of coefficients of the set into an upper triangular form (i.e., a form in which all ele- 
ments below the main diagonal are zero). This may be accomplished by the opera- 
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tions of multiplying or dividing any equation by a constant and adding or sub- 
tracting any equation from any other equation. This upper triangular set has 
the form 


D u 

Dn 

Dl3 

Dm 


Y\ 


S, 


Di 2 

D 23 

- 1 

S 3 

3 


y 2 


s 2 



D.\3 

Dan 


y 3 


S 3 




— — — — 

X 

— 

= 

— 




1 cf 

7 

1 ^ 

7 

e 

Q 


Y n -i 


s„_, 




D„ n 


Y n 


Sn 


(A-2) 


The last equation may then be solved directly for Y„, the next to the last for Y„-\ 
once Y n has been found, etc., continuing the back substitution until the top equa- 
tion is finally solved for Y\. A variation of this method, called Gauss-Jordan elim- 
ination, is presented in appendix E. 

Equations of the form- (A— 1) are particularly easy to put into the form (A-2). 
A number of the necessary operations will be performed on equation (A— 1) to illus- 
trate the method and then generalized to a recurrence scheme highly suitable for 
a digital computer. First, the top equation in (A— 1) is divided by B t : 


1 ^ 
B t 



A, 


Ri 
B 1 

A % ; B 2 

c 2 

X 

x 2 

= 

r. 

^3 

Ba C 3 


x 3 


r 3 


The top equation is now multiplied by A-< and subtracted from the second equation: 


‘ % 



V 


R, 



Al 


B\ 

(- c ~t ) 

c. 

X 

X, 

= 

« -1 


C3 


Xt 


r 3 
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The second equation may now be divided by its diagonal element {^B>~ an< ^ 

multiplied by Aj and then subtracted from the third equation. This clears the ele- 
ment where A 3 was located to zero. These operations may be repeated for all equa- 
tions, and the resulting set is of the form 


1 c\ 


A', 



1 Q 


X-> 


R', 

1 a 


X, 


R'i 

— — 

X 

— 

= 

— ■■ 

1 c:-_, 


A„_i 



1 


A„ 


R'„ 


( A-5) 


The last equation of (A-5) is 

X n ~R' n - ' (A-6) 

Back substitution into the next to last equation yields 

a„_, = - x„c„_, + (A-7) 

All of the remaining equations yield a similar relation. 

If the order just discussed is followed, then the method has the great advan- 
tage that all of the initially zero elements off of the tridiagonal band in (A-l) remain 
zero throughout all operations. As a result, these elements do not require storage 
space on a digital computer; thus, the only storage space required is for the tri- 
diagonal band and the unknown and right side column vectors. The total storage 
space required is therefore (5n — 2) locations rather than the (rc 2 + 2n) required 
for a complete matrix representation. In addition, the diagonals Ak; Bk, and C* 
may be represented as vectors rather than as elements of a matrix. This eliminates 
the necessity of using matrix subscripts, which with many algebraic program- 
ming systems requires additional operations and hence, additional computer time. 
The most important time saving with this method, however, is brought about by the 
fact that the number of necessary operations is of O(n), whereas for the usual 
Gaussian elimination for a filled matrix, the number of operations is of (?(rc 3 ). 
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With the relatively well-conditioned sets of equations which result from 
finite difference representations, sets of equations with n of the order of several 
hundred may be readily and accurately handled using this method. 

The method may now be presented in the form of an algorithm. We employ 
the usual computer notation in which the equal sign means replaced by. The 
elements of the matrix equation (A— 1) are modified as follows: 


C, 


c, 

B, 



fl, = 1 


Ri. — Bk — Ck~ 


k 


k = 2(l)n 



Bk — Rk — Rk-iAk 


X„ = R 


n 


k — n(— 1)2 {Afr-i = — XkCk- i + Rk- i 


(A-8) 


To complete this discussion, we now present a FORTRAN IV subprogram 
which accomplishes the solution discussed in this appendix. The symbols are those 
used in equation (A-l). For simplicity, the dimensions used in the dimension 
statement on A, B, C , X, and R have been shown as 120. It is suggested that the 
value of n be inserted in this dimension statement whenever the routine is em- 
ployed; more sophisticated dimensioning procedures are possible but depend on 
the particular FORTRAN compiler used and will not be discussed here. 

C PROGRAM FOR SOLVING SET OF TRIDIAGONAL EQUATIONS' 


SUBROUTINE TRIDI(A, B, C, X, R, N) 
DIMENSION A(120), B(120), C(120), X(120), R(120) 
A(N)=A(N)/B(N) 


R(N)=R(N)/B(N) 



SOLUTION OF LINEAR EQUATION SETS 

DO 1100 1 = 2, N 

II = — I + N + 2 ' ... 

BN= l./(B(II — 1)— A(II)*C(II — 1)) 

' A(II — 1) = A(II — 1)*BN 

1100 R(II — 1)= (R(II — 1) — C(II — 1)*R(II))*BN 
X(1)=R(1) 

DO 1101 1 = 2, N 

1101 X(I) = R(I) — A(I)*X(I — 1) 

RETURN 

END 

The routine is called from the main program by the statement 

CALL TRIDI(A, B, C, X, R, N) 


The results are left in the vector X and A, B, C, and R are destroyed. 



APPENDIX B— FINITE DIFFERENCE REPRESENTATIONS, TRUNCATION 
ERROR ANALYSIS, AND STABILITY ANALYSIS 


B.l FINITE DIFFERENCE REPRESENTATIONS 


The foundation of all numerical analysis, and particularly of finite difference 
methods, is the Taylor series. A function H ( x ) may be expanded in a Taylor series 
near x = xo if H and all of its derivatives exist and are finite near x = xo. The infinite 
series expression is 


H{x)=H(x o) + (x — x«) 


AH 

Ax 


'X = X 0 


(x — xp)' 2 A 2 H 
+ 21 Ax 2 


Xx-xoY &H 
+ 3! d* 3 


+ . . . 

X = Xq 


(B 1) 


For the present discussion, we limit ourselves to functions of a single independent 
variable arbitrarily called x, but the results may be directly extended to functions 
of many variables. We employ the following notation: 


x — x 0 = Ax 


H (x) = H(x o + Ax) = Hj+, 


H(x 0 ) = Hj 


AH _ AH_ 
dx x 0 dx 


etc. 


Equation (B— 1) may then be rewritten as 


(B — 2) 


H 


j+i 


j, A AH 

■ Hj + Ax -y— 
dx 


+ 


(Ax) 2 d *H 
2! dx 2 


+ 


(Ax) 3 A 3 H 
3! dx 3 


+ 


(B-3) 
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We may obtain an expression for 


d H 

Ax 


by solving equation (B-3) for this quantity: 


AH 

Hj+i — Hj Ax AW 

(Aa) 2 A S H 

dx 

j Ax 2! da 2 

j 3! da 3 


+ . . . 


(B-4) 


If only values of H are known, but not any of its derivatives, then equation (B— 4) 
provides an approximation to if we neglect all terms involving higher 

derivatives of H. Since Ax is small and the derivatives of H are finite (but un- 
known), the dominant error term in equation (B-4) will presumably 
Since the only part of the term which is under our control is Ax, we say that 


AH 

Ax 


= Hj+ ' Ax Hj + C( Ax) 


(B— 5) 


where (7(Ax) is interpreted as of order Ax. The term (Hj~i—Hj)/Ax is called a 
forward difference representation of of error order Ax. 

If we define 

Hj- 1 = H(x o — A*) (B-6) 

and express f/j- i by a Taylor series expansion around ao, we obtain 

(B— 7) 


j, , AH 

= Hi — Ax — 

(Aa) 2 A 2 H 

(Aa) 3 d 3 // 

J Ax 

j 2! da 2 

j 3 ! da 3 


Solving this equation for 


AH 

Ax 


gives 


or 


AH 

_ Hj — Hj-, 

, Aa d*H 

(Aa) 2 A 3 H 

da 

j Ax 

2! da 2 

j 3 ! da 3 


AH 

Hi - Hi 



da 

j Aa 

— + ^(Aa) 


+ 


(B— 8) 


(B— 9) 


The expression (Hj — Hj-^/Ax is called the backward difference expression of error 

AH 


order Ax for 


da: 
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If equation (B-7) is subtracted from equation (B— 3), we obtain 

AH 


H J+l -Hj, = 2(Ax) 


Ax 


2 (Ay) 3 A 3 H 
3! dY 3 


+ . . 


(B-10) 


Solving for 


AH 

dx 


AH_ 

dY 


H j+X (Ay)- A 3 H 

i 2 (Ay) 3! dY 3 


(Ay) 4 A*H 


5! dY 5 


+ 


(B— 1 1) 


or 


AH 

dY 




(B— 12) 


The expression {Hj+ , — Hj-i)/2(Ax) is called a central difference expression of error 
I , Since Ay is small, the central difference expression (B-12) 


order (Ay) 2 for 


dYi 


is more accurate than either the forward (B-5) or backward (B-8) difference ex- 

d 

, assuming a fixed Ay. 
j 


pressions for 


dY 


We shall require only one type of difference expression for the second deriva- 


AH 

tive. This may be found by equating the expressions for 
and (B-8): 


from equations (B-4) 


Ay 


Ay d 2 H 

(Ay) 2 

A 3 H 

(Ay) 3 

d'H 

i 

2! dY 2 

j 3! 

d y 3 

J 4! 

Axd 

-r . . . 

j 

H-H^ 

AYd ~H 

1 (Ay) 2 A s H 

, (Ay) 3 d 4 tf 1 

\Ay 

2! dY 2 

j 

3! dY 3 ! 

: • 

\j 

4! dY 4 | 


+ 


(B— 13) 


Solving for 


d 2 // 

dY 2 


gives 


d 2 // 

dY 2 


H J+t - 2H, ; (Ay) 2 A a H 
i (Ay) 2 . 12 dY 4 


+ . . . + <7(Ay) 4 (B-14) 


or 


d 2 // 

dY 2 


Hj+i —2Hj + Hj- 

(Ay) 2 


■+€{ (Ay) 2 ) 


(B-15) 
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The expression (Hj+ , — 2Hj+Hj-i)/(Ax) 2 is called a second central difference ex- 

d-H 


pression of error order (A*) 2 for 


Wherever possible in this book we have employed central difference expres- 
sions for derivatives in the transverse (nonmarching) directions. (This was usually 
not possible for the continuity equation.) When boundary conditions are required 
on the first transverse derivative of a function (as in heat flux problems), it is im- 
portant that the error order in the expression for the gradient at the boundary be 
the same as that of the central difference expressions used in the interior of the 
region. Since the central differences discussed here are of error order (Ax) 2 , it is 
necessary that the derivative expressions at the boundary also be of order (Ax) 2 . 
Central differences cannot be directly applied at the boundary, since a point out- 
side the region of interest would have to be employed. An imaginary point exterior 
to the region can be utilized, but it is generally the author’s preference to employ 
forward or backward differences of order (Ax)' 2 and thus express the ( derivatives 
entirely in terms of points interior to the region of interest and the boundary points. 

We first consider forward differences. We find H(xo+2(Ax)) z =Hj+ 2 by a 
Taylor Series expansion around Xo: 


H j+2 = Hj + 2 (Ax) ^ 


+ 2 (Ax) 2 g 


4 (Ax) 3 d 1 // 
3 dx 3 


'+. . . (B-16) 


Now multiply equation (B— 3) by 4 and subtract equation (B-16): 


d H 


4//j +l — Hj + i = 2tHj + 2{Ax) ~ 


-2 ( A x) 3 ^ 
j 3 1 ’ dx 3 


+ . . . 


(B-17) 


Solving for ~ 
dx 


gives 


j 

d H 

dx 


-// ;+ , + 4//; +1 -3tf, (Ax) 2 d 3 H 

2(Ax) 3 dx 3 


+ . . . 


(B-18) 


or 


= Hj+2 yf - jf iHj +ff( (Ax) 2 ) (B-19) 

The expression (— //j +2 + 4// J+ i — 3Hj)/2(Ax) is called a forward difference repre- 
sentation of error order (Ax) 2 for . 

dx j 

In an entirely analogous way, we may find Hj- 2 by a Taylor series expansion 
and proceed to find 


d H 
dx 
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(B— 20) 


where the expression (3Hj — 4//j_i + Hj-i)l2(Ax) is called a backward difference 
representation of error order ( Ax) 2 for 

We may now summarize the results obtained thus far: 


Derivative 

Difference representation 

Type 

Error order 

AH 

cbr 

j 

Hj+x-Hj 
■ Ax 

Forward 

(Ar) 

AH 

Abe 

j 

Hj—Hj-i 

Ar 

Backward 

(Ar) 

AH 

dr 

j 

2 (Ar) 

Central 

(Ar) 2 

• AH 


— Hj+ 2 4- 4 H ; +1 — 3 H ■, 

Forward 

(Ar) 2 

dx 

j 

2 (Ar) 

AH 


3Hj — 4//;— i + H ,-■> 

Backward 

(Ar) 2 ' 

dr 

j 

I 

A 2 H 



Central 

(Ar) 2 . 

dr 2 

j 

(Ax) 2 


B.2 TRUNCATION ERROR AND A SAMPLE TRUNCATION ERROR 
ANALYSIS 

In the context of this book, we define the truncation error in a difference 
representation of a partial differential equation as the error made in the equation 
at a point by replacing the differential operators by difference operators. A much 
more useful quantity to know, and one which is also often called truncation or 
discretization error, would be the error in the velocities or pressures made by solv- 
ing the difference equation rather than the differential equation. However, deter- 
mining this error is essentially equivalent to knowing the exact solution to the 
differential problem. Forsythe and Wasow (ref. 1) distinguish between these two 
types of error by calling the error made in the equation by replacing differential 
operators by difference operators, the formal discretization error at a point. This 
is the quantity which we will estimate in this section. There is no guarantee 
that the order of magnitude of this error will be the same as the order of magnitude 
of the errors in velocities or pressures, but there is obviously an advantage in 
keeping the error in the equation itself as small as possible. 

459-174 0 - 73 - 21 
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As an example, we consider the truncation error at a point for the difference 
representations of the incompressible boundary layer equations discussed in 
section 2.1.1. For the momentum equation, the truncation error is 


fd 2 U 

d p 

U *JL_ 

,+ dU\ [Uj+l.k+i 

— 2U j+i, k + U j+i , k - 1 


dA 

U dX 

v ay) L 

(AY) 2 


Pj+1 Pj Uj+i'k Uj.k v 

~ Uj. k IT y i- * 


U j+l, k+1 (/j+l, I 


AX ~ J "' AX J 2(A Y) 

Using the expressions (B-4), (B— 11), and (B-14), we obtain 
(AY) 2 d 4 U I 


-] (B- 


21 ) 


E,= 


AX r) 2 P 

12 WM J .,, +W4, ' > ‘ )+ X^ 




(AY) 2 d*U 


6 dY s 


+ €( (AY) 4 )1 

1+1. a- J 

(B-22) 


Since all functions are assumed analytic in the neighborhood of the point (j+l, k), 
their derivatives must be bounded. We may therefore write 


E, = G((AY) 2 ) + 6(AX) 


(B-23) 


The truncation error analysis for the continuity equation proceeds in a similar 
manner; 


PJL , dV ) 

(U)+t,k~U},k , V j+ i,k — Vj+i, k-i\ 

liC 

1 

h 

1* 

kc. 

{ AX + AY j 


Ei 


Employing expressions (B-4) and (B-8) gives E t as 


„ _ AX d 2 U 
E ' 2 dX 2 


, .,,. V vn AY d 2 V 

w , +W) -T# 


j+l, k 


(B-24) 


+ <?((AF) 2 ) (B-25) 


or 


E t = 0( AX) +0(AY) 

B.3 A GENERAL METHOD OF STABILITY ANALYSIS 


(B-26) 


Various methods of stability analysis have been used to obtain stability 
criteria for difference representations of the type presented in this book. These 
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include the work of Rouleau (ref. 2), which is based on a paper by Hyman, O’Brien, 
and Kaplan (ref. 3), and that of Bodoia (ref. 4), which is based on the work of 
Lax (ref. 5). Of the two, it would appear that the approach of Lax would have the 
most general application, particularly to systems of simultaneous differential equa- 
tions. The stability analysis given here will thus be based on the work of Lax, 
and will rely heavily on the excellent description of this work given by Bodoia, with 
additional comments added to aid in interpretation. 

The Lax method of stability analysis given here requires that the difference 
equations be linear with constant coefficients. Since this is not the case for any 
problem in which we are interested, it will be necessary to make a heuristic exten- 
sion of the method to the actual problems to be analyzed. This extension will 
be made after the method has been presented. 

The set of discrete variables Uj k , Uj k , . . Uv k , . . . Uj k is assumed to 
'be described on a finite difference grid at a point (/, k) by a set of difference equa- 
tions which may be arranged in the form 


i + i E u u u.^=i i n„ u i 

P = i ;=-i u= i /=- i 


9=1,2,.. --,5 (B-27) 


There are s such equations. Some interpretation may be helpful at this point. 
The set of variables Uj k , . . Uj k represents the different variables such as 
Uj'k, Vj.k, and Pj, k (for this case s = 3). Generally speaking, if there are 5 different 
discrete variables at each point, then there should be s independent difference 
equations written at each point, corresponding to the s equations of the type 
(B-27). Each of these equations will have different coefficients, as denoted by 
the superscript q on <the coefficients in (B— 27). Since, in general, all variables 
may appear in any given equation, it is necessary to sum over all variables (the 
summation on p ). The summation on / goes only from — 1 to + 1 since it is assumed 
that only equations of second order and lower will be encountered in the transverse 
(non-marching) direction, and a second central difference involves the variables 
only at k + 1, k, and k — \. The rearrangement into essentially the form of equation 
(B— 27) has been regularly done in the discussion of almost every difference 
equation presented in this book. It is important to note that the variables U't k 
represent the exact solution to the difference equations, which is only theoretically 
obtainable, since in practice roundoff error will always be present, regardless of 
how many decimal places are carried in the computations. 

We now introduce Sy A . as the error due to roundoff at the point (j, k) for the 
variable Uj‘ k , and define in a similar manner 8i' +l A .. In the actual computations 
which we are performing, roundoff error will be present, and equation (B— 27) 
must assume the form 


+ i 


2 2 

/,= ! /=-! 




j+l,A-+f + . 


)=t 2 F lp( U i 


(B-28) 
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Equation (B-27) may now be subtracted from equation (B-28) leaving 

2 2 El it 8'j +Uk+1 =± jt.F,', ■ (K- 29 ) 

p=i i =- 1 . p=i /=- 1 

We now search for a solution to equation (B-29) for 8j' +ljfr+( . Consider the 
errors at j= 0 (chosen arbitrarily but without loss of generality). This line of errors 
corresponding to the variable U(f k may be expressed as the complex Fourier series 

Kk= 2 A 'm e < '"" r/,,|A ' - (B-30) 

0 , } 
Jt=0(l )M 

where n, as usual, represents the last point in the field for which the difference 
equation is written. The only solution to equation (B-29) which will reduce to 
the form (B-30) for j=0 will have terms of the form 


mv^" k (B-3i) 


where = this form represents a product solution of a function of j and 
a function of k. 

The function of j, is interpreted as ££ raised to the power j, where 

is a function of the coefficients of equation (B-29), E and F, as well as 
There is one ^ for each value of p, (i.e., one for each variable U 1 '). We need 
consider only one term of the Fourier series by superposition. We substitute a 
term of the form (B-31) for Sj* k in equation (B-29), which yields 


2 2 

p=i 1 


S +1 

= 2 2 

i>=\ /= — i 


Fq 

1 />/> 


[fg] j ' +i 


(A + /) 


(B-32) 


There are s such equations, one for each value of q~ 1(1)5. The set of equations 
(B-32) represents a set of simultaneous equations in the unknowns 

[$] J+, , f • • m [^] J+1 

on the left side and 

on the right side. This set of equations may be written in matrix form as 
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where E^ +l and- S J 0 are the column vectors of the unknowns [^] J+ \ . . [^] J+I 

an d [^] j vand H , and H 0 are square matrices of order s with elements 

given by 

(Wi)r,c= X e ' An<A+,) (B-34) 

I— — l 

and 

(Wo)r,c= 2 F lc ei3m,A+,) (B-35) 

f =- 1 

where the subscript r denotes row location and c column location. The elements of 
H i and //« are thus functions only of the coefficients of the difference equations 
(B-27 ) and /3,„. 

Equation (B-33) is now premultiplied by the inverse of H\ ,H~', to yield 

~£'=(H;') (H 0 )a^ (B-36) 

or 

' (B-37) 

where G = Ht'H 0 - The matrix G may now be seen to transform the vector [^P, . . 
[£*p into the vector [£j,p +1 , '• • [£|] j+1 - A nonrigorous explanation of stability 

might then be that if G causes an “amplification” of then the representation 
is unstable; and if it does not, then the representation is stable. Lax (ref. 5) termed 
'G the amplification matrix' And defined as stability the requirement that G must 
be a bounded function of j. We may alternatively define stability in terms of the 
so-called von Neumann condition (see Bodoia, ref. 4) by stating that if \ p denotes 
one of the \ I , - X 2 7"T - r . , A. p , . . . , X* eigenvalues of G, then it is necessary 
and sufficient for stability that all of the eigenvalues of G be bounded for all/3 m , 
and that, with the possible exception of one eigenvalue, they satisfy 

|X"| =£ 1 (B-38) 

If one eigenvalue does not satisfy (B-38), then that eigenvalue must satisfy 

|X"| « 1 + <?(AX) (B-39) 

where AX is the mesh size in the marching direction. 

The heuristic extension to coefficients which are nonconstant, (i.e. , which 
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vary with k) may be justified if it is assumed that instability develops locally and 
then propagates throughout the field. Under this assumption, it is reasonable to 
treat the coefficients as constant over a small region and to apply the stability 
analysis as discussed here. 


B.4 SAMPLE STABILITY ANALYSIS 

We chose for a sample stability analysis the simplest set of difference equa- 
tions which adequately illustrate all of the features of such an analysis: the differ- 
ence form of the incompressible two-dimensional boundary layer equations 
discussed in section 2.1.1. These are the same equations for which a truncation 
error analysis was performed in section B.2. These equations are 


r i Uj+l,Ar Uj,k . jr Uj+l.k+l Uj 1 1 

Uj ' k AX 2 (AY) 


Pj+t-Pj 

AX 


. Uj+i,fr+i 2f/j4 1 , fr -L Uj+i i 

(AY) 2 


(B-40) 


and 


Ur 


j'+l, fc+ 


>-Uj, 


*+l 


j+l,k+l 


-V 


J'+l,* 


AY 


AY 


= 0 


(B-41) 


This set of equations differs from the set analyzed by Bodoia (ref. 4) only in the 
form of continuity (B— 41), and the analysis is quite similar to his. 

Equations (B-40) and (B-41) must first be rearranged into the form (B— 27). 
This rearrangement results in the following equations: 


r Vun 1 1 (j | | 2 

|_2(AY) (AY) 2 J u J +l - k ~' ^ [ AY (AY) 2 , 


Ur 


j+ 1 , k 


Yjii !_] u = Pj Pj+ ' , \ *Ll fr l u 

2 (AY) (AY) 2 J Uj+t,k+ ' AY [AyJ J ’ k 


(B— 42) 


and 

[ay] Uj+1 - k+ ' + [ay] p j +t - k+l _ [ay] v i +l k = [ay] U i’k+i (B-43) 

For this problem, s = 2 since U and V are the only discrete variables to be con- 
sidered, and P is not a variable since it is specified for the boundary layer problem. 

The actual computed values of U and V are U + 8 1 and V+ 8 2 where 8 is the 
roundoff error in each variable. Thus, the actual equations we have solved are 
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2 (Ay) (Ay) 2 . ( U i +i ’ k -' + S j+I,fr -1 ^ + 


Uj, k + 2 


AX (A Y) 


2 ( U )+>,k + S] +1 ,,) 


+ [2(Ay) (Ay) 2 ] ( Uj+t ’ k+t + 8 j+i,*+^ 


, (U,.t 

AX 


(B-44) 


and 


Subtracting equation (B— 42) from (B— 44) and equation (B-43) from (B— 45), 
we obtain 


r v 

1 1 

r u 

_i_ i_ 

2 1 

,2(A Y ) 

. (at) 2 J 

Oj+i.a-i ^ LaA! - 

(Ay) 2 J 


+ [2(Ay) (Ay) 2 ] 8 i +i ^+' (at) 8 ' j ' k (B 

and 

(a*) 8 j !+ i - *+ 1 + (af) 8 i + 1 ■ *+ 1 - (ak) 8 i+ 1 . * = (ff) 8 'j- k+ ■ (B— 47 ) 

Note that we have dropped the subscripts from the quantities in the coefficients 
of the 8’s since we assume these coefficients constant in a small region. 

These two equations, (B— 46) and (B— 47), correspond to equation (B— 33) 
when written in the form 


H r £3)fj + 1 — Ho E-fa. 


(B-48) 


The matrices H, and Ho can now be formed by using the relations (B-34) and 
(B-35). The matrix H\ is given by 



where 


(B-49) 
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2(AF) (A K) 2 



2 i 
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(AK) 2 J 
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V 1 


e*Pm M -f- . 


2(AF) (AK) 2 


pi 0m (A*-H 


(A'+l) 


Mi?) 

t= (sr) e “ m 


(k) 


and Ho is given by 



(B-50 


After dividing both sides of equation (B-48) by 


■[ (Ann 

L AA 


and using the identity 

e -'S m = cog -j s j n 

the matrices H i and Ho may be rewritten, after some manipulation, as 


Hy = 


' l -A 

s 


0 


H 0 = 


.1 (e'P’") (e iS >» -1)J 

- O' 

s 

'&m\ (), 


(B-51 


U(e ,p "') 


(B-52 
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where 


AX 

s ~ U(AY)* 


1) — iV(AY) sin (3,„ 


A =2 (cos /8 
AX 

Now the amplification matrix G is defined as 


G = Hr'H 0 


(B— 53) 


and 


so that 




s_ 

l— s A 

— ls(e iB,n ) 
(l-sA)(e IB "‘ -1) 


0 

1 

(e'Om-l) 


g= 


1 —sA 

-lsA(e iPm ) 

(l-sA)(e iB '"-l) 


0 

O' 


(B— 54). 


(B-55) 


One of the eigenvalues of G is zero. The other is 1/(1— sA). According to our 
requirements for stability, it is necessary that 


1 

1 — sA 


« 1+<9(AX) 


(B— 56) 


This is the identical criterion found by Bodoia for the same set of differential 
equations, but employing a different continuity difference representation. This 
is undoubtedly caused by the very weak linkage between momentum and continuity 
in the boundary layer difference equations. The elements of G satisfy the criterion 
that they are bounded for all f3 m except /3 m = 0. At /3 m = 0, (G) 2 i is unbounded. 
Returning to the Fourier series expression for the error at j= 0, equation (B-30), 
we note that /3 m =m.7r/n = 0 must correspond to a zero error frequency. As men- 
tioned in reference 4, a zero error frequency may only appear if the boundary 
conditions are of the nonfixed type. This means that for the fiat plate problem 
since the boundary conditions are fixed, /8», = 0 is not possible and our condition 
(B— 56) is sufficient. For problems of the wake type such as in section 2.3.1 where 
a symmetry condition is used at the centerline, theoretically j3m — 0 is possible but 
to the author’s knowledge has not been noted in practice. For our purposes then, 
the condition (B-56) may be considered sufficient. 
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We will now interpret the stability condition (B-56). The term sA is 


sA ■■ 


sA - 


AX 


U(AY) 2 l 

' 2(AX) 
l U(AY) Z 


2 [ 2(cos — AT) sin /3, 

(COS pm~ 1 ) j~ I 


V (AX) . _ 

sin p„ 


U(AY) 


(B-57) 


(B-58) 


The locus of — sA is shown in figure B-l, and that of (1— sA) and 1/(1— sA) in 
figure B— 2. The solid curve is for V > 0, and the dashed curye for U < 0. For 
U > 0, | 1 — sA | 2 * 1 and therefore 


The representation is therefore stable for U > 0. For U < 0 we examine 

2(A * } -1 - \^Xlsi*P 1 

[ UlAY) K P "' \ 


(B— 59) 


1—sA 


V(AY) 


7 (cos /?,« — !) 


1 2{AX) . _ , I 

1 (/(AF) 2 ( cosP ' n J 


— i 


2 . r v(ax) . _ 

_U(AY) sin/3 " 


(B-60) 


Now we let 


and 


so that 


„ , 2(AX) , „ ,, 

C — i [/(Ay ) 2 cos ^ m ^ 


n *W) ■ n 

D =U(XYj Sm P " 


(B-61) 


(B-62) 


Imaginary 


U >0 
U<0 



Ficure B-l. — Plot of — sA. 
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Imaginary 



Figure B-2. — Plot of £ = — — — ■ 
I sA 


1 C-iD 
1 -sA C 2 + D l 


and 


Now 


or, 


1 


1 — sA 

1 

1 -sA 


VC 2 + D 2 1 

Cl + ° l 's/C 1 + D 1 

1 only if C 2 + D 2 2= 1 


\ 2{AX) , 

* f/(AT) 2 ' cos P m 




This inequality will be satisfied if 


A* 


and 


U | (AT) 2 2 

v ^y[- 


im 

A^f 


These are the stability criteria. 
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(B-63) 

(B-64) 

(B-65) 
(B— 66) 

(B-67) 

(B-68) 
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APPENDIX €— ANALYSIS AND CORRECTION OF INHERENT ERROR 
IN FLOW RATE FOR CONFINED FLOW PROBLEMS IN CHANNELS 
OE CONSTANT AREA 


When a continuous velocity distribution must be represented by a discrete 
set of values on a finite difference grid, some error will necessarily be incurred 
when an operation such as differentiation or integration of that distribution must 
be performed. In finding the flow rate in a channel, a transverse integration of the 
axial velocity distribution must be performed, and it is the purpose of this appendix 
to analyze and to help correct the error in such a flow rate calculation. 

This error correction can be of considerable importance, since a flow rate 
calculation is performed, either explicity or implicitly, in every confined flow 
analysis discussed in this book. Errors in the channel flow rate will thus result 
in errors in both the axial pressure distribution and the local velocity distributions. 

The effects of flow rate errors on the axial pressure distribution and local veloc- 
ity distributions occur through relatively subtle mechanisms and, except in the 
fully developed region, are very difficult to evaluate. In fact, many possible defini- 
tions of flow rate error are possible. The definition of flow rate error and the cor- 
responding correction technique discussed in this appendix, while nonunique, 
seem logical. Most important, the error correction technique works in the sense 
that when it is used results are obtained which are more accurate for both velocity 
distributions and pressure gradients. This improvement in accuracy has been 
verified by comparing the results with those obtained by using much finer mesh 
sizes. 

The use of finite difference forms of the continuity equation which involve 
only first-order forward and backward transverse spacewise differences, as has 
been common practice throughout this book, restricts the numerical approximation 
of the flow rate to that of a trapezoidal rule integration over the mesh. This is 
evident from the forms of equations (6-10) and (7—14) which are the difference 
forms of integral continuity for the parallel plate channel and the circular tube, 
respectively, and which result directly from adding together the finite difference 
representations of differential continuity obtained at all transverse mesh points. 
Even in those cases where the integral continuity equation is not directly applied 
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(e.g., the second model for flow in a rectangular channel, section 8.1.2), the trap- 
ezodial rule integral is implied as may be seen by adding together the continuity 
difference equations written for all transverse mesh points. The actual error in 
flow rate in such cases is greater than the error in trapezoidal rule integration, 
since without the actual use of integral continuity the flow rate tends to drift 
because of roundoff error. 

The details of error analysis and error correction will be carried out here 
for the simplest case, that of the parallel plate channel, but they may be extended 
readily to a constant area channel of any shape. To the best of the author’s knowl- 
edge, no information on error analysis and correction in flow rate is available for 
varying area channels, and any general error analysis would be very difficult to 
obtain since the results would be highly geometry dependent. 

We first examine the entrance flow problem discussed in section 6.1.1. In 
the following discussion we assume the existence of a known exact solution to the 
fundamental differential equations of the problem which yields continuous velocity 
distributions over the entire region of interest. We then apply the discrete form 
of integral continuity to these continuous velocity distributions in order to examine 
the error involved in the discrete approximations. 

Using the variables of section 6.1.1, the exact continuous solution gives 

U<M = t/ efc =l ' (C-l) 

A trapezoidal rule integration for the dimensionless flow rate over the discrete 
grid yields 

e i =((/ M + 2p,,)y (C 2) 

n 

or, using (C-l) and since ^ (1) = 

*=i 



A Y 

<? d =(l + 2n) — 

(C-3) 

For a uniform mesh, 

— - — = AT 

71+1 

(C-4) 

so that (C— 3) becomes 


(C-5) 


The exact flow rate from a continuous profile would be 


1 


(C-6) 
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We define the inherent error in flow rate due to discretization as 


e e — Qe ~ Qd 

Using equations (C— 5) and (C— 6) gives 

Ay 


(C-7) 

(C-8) 


This is the error in flow rate made at the inlet by replacing the continuous 
inlet profile by a discrete set of values having the same magnitude as the continuous 
profile at each point. 

The error €q evaluated from equation (C-7) will be different at different 
axial positions as the solution is carried downstream since Qd as evaluated from 
equation (C— 2) does not remain constant as the exact solution velocity profile 
changes. (The expressions for Qd in equation (C-5) and €q in equation (C-8) 
apply only at the inlet.) It is instructive to compute the error cq for fully devel- 
oped flow. For the present geometry, the exact continous fully developed velocity 
distribution is given in dimensionless form by 

U e = 1.5(1 — F 2 ) (C-9) 


At the grid points, assuming a uniform grid, 

£/ e<r =1.5[l-A 2 (Ay)2] 

Employing the trapezoidal rule gives 

or when using equation (C-10), 


Qd= 1.5 


1 + 2 2 [1 -A- 2 (AF) 2 ] 

*■= i 


} 


AY 

2 


Now, since 


(C-10) 

(C-ll) 


(C-12) 


Y . 2 _ n(n + 1) (2 n + 1) 

" 6 


(C— 13) 


we may rewrite equation (C-12) as 

2(1 - Ay) 


Qd = 15 {l + 


Ay 


— 2(AF) 2 ^ 


+ l)(2n+ 1)11 Ay 


]} 


(C-14) 
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or, since 


1 

n + 1 


= A Y 


we find after some manipulation that 


(C 15) 


or, since Q e = 1, 


Q.- 1-^F 

4 


— Qe — Qd 


(A T) 2 
4 


(C-16) 
(C— 17) 


The error in flow rate made by replacing the continuous profile from the exact 
solution with discrete points bearing the same velocity values is thus much smaller 
in the fully developed region ((AT) 2 /4) than that in the entrance region (AY/2). 
Either of these errors will of course be reduced in magnitude if the mesh size 
AT is reduced. If the variable mesh size technique of appendix D is applied, 
the error expressions given by equations (C-8) and (C-17) still apply, with AY=AY 2 , 
the small mesh size used near the channel wall. 

In actually obtaining a numerical solution, the value of Qd is set by the values 
of Uo,k used for the inlet profile through the trapezoidal rule integral for the 
flow rate (the equation of constraint) which states that 


Qd = (u 0 , o+2 ^ U 0 , k )^=(Uj +t , k + 2 ^ Uj+i.k'j constant 

(C— 18) 

The Qd then remains constant over the entire length of the channel. By proper 
choice of the values of t/o, *, the inherent error in flow rate defined by equation 
(C-7) may be compensated for either at the inlet or in the fully developed region 
(but not both). 

If the flow rate error is to be compensated for in the fully developed region, 
the inlet profile may be multiplied by l/{ 1 — [(AT) 2 /4]j . For example, 


Uo, k 



(AT ) 2 


(C-19) 


based on the error term (C-17). In the particular case under consideration here, 
when the flow rate is corrected by (C— 19), then the fully developed velocities at each 
point ( Uj,k ) and the fully developed pressure gradient (Pj +I — Pj)l AX obtained 
from the finite difference solution are exactly those of the analytical solution. This 
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is largely a fortuitous circumstance, mainly because the exact fully developed ve- 
locity distribution is a parabola and because the central differences used for trans- 
verse velocity gradients are exact for parabolas. In general, the results of the error 
correction technique will be good, but not perfect. The error correction (C — 19) 
will have some beneficial effect near the entrance, but not as much as a technique 
specifically intended for that region. 

If the flow rate error is to be corrected at the channel inlet, the inlet profile 
may be modified as 


U 0 , k = 


1 



(C-20) 


based on the error term (C-8). This correction is very effective near the inlet, but 
it has less benefit as the fully developed region is approached. 

For each problem, a decision must be made as to whether a correction of the 
form (C— 19) or (C— 20) would be most beneficial. If a fully developed solution is 
available from another source (as it must be to get an expression of the form (C — 19)), 
then a correction of the form (C-19) would seem to be most esthetically pleasing, 
since the solution would closely approach the correct fully developed velocity dis- 
tribution and pressure gradient. However, since the development region would be 
of prime importance in such a situation, a correction of the form (C-20) would give 
more accurate results in that region, and any errors incurred in the fully developed 
region would be easily evaluated since the solution is already known in that region. 
On the other hand, a correction of the form (C-19) would not allow an evaluation of 
the error in the development region since presumably no solution is available there. 
If no fully developed solution is available, then a correction factor based on a uni- 
form inlet profile such as (C-20) is the only choice. Thus, a correction of the form 
(C— 20) would seem to the author to be most practical in all cases. 
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APPENDIX D— VARIABLE MESH SIZE TECHNIQUE 


In the finite difference solution of viscous flows it is often advantageous to 
use a fine mesh size in regions of rapidly varying velocities, such as close to a 
wall or in a mixing region. Conversely, a relatively coarse mesh is satisfactory in 
regions of more slowly varying velocity, such as close to a channel centerline or 
near the free stream in a boundary layer flow. In references 1 and 2 Hombeck 
discusses the technique of combining large and small mesh sizes. The advantage 
of this technique over simply applying a small mesh over the entire region is that 
in an implicit formulation the number of simultaneous equations to be solved can 
be reduced materially. This can effect a considerable saving in computer time, 
particularly in confined flow situations where it is usually necessary to use stand- 
ard elimination methods for which the time required increases as the cube of the 
number of equations. In addition, the roundoff error accumulated in solving large 
numbers of simultaneous equations is held to a minimum. 

A variable mesh technique presents no difficulties when only forward or 
backward first differences of error G(h) are required, where h is the mesh size, 
since such differences involve only two points and can be wholly contained in 
a region of any given mesh size with no difficulties encountered at the mesh size 
change. For this reason, the mesh size in the marching direction for any of the 
problems discussed in this book may be changed as desired without modification 
to the equations since only a first backward difference of error (7(h) in the march- 
ing direction is involved. When it is desired to employ central differences, either 
first or second, as in the transverse directions for problems discussed in this 
book, difficulties occur in evaluating these differences at the point of mesh size 
change. Thus, it is not possible to vary the transverse mesh size in the field with- 
out some modification to the previously presented equations. 

Suppose a mesh size change from AFi to a smaller mesh size AF 2 is to be made 
at the transverse position corresponding to k = p. The region of mesh size change 
is shown in figure D-l(a). A velocity Uj+i, q at a point AF 2 below the point k = p 
is determined by passing a parabola through the values of Uj+ i, p +i, Uj+i, p , and 
Uj+ l.p-i, and then interpolating for f/j+i.q. The interpolated value is given by 
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Ficure D—l. — Region of mesh size change. 


where 


Uj+j,q— 2 j g t/j+i,p-i + 2(1 0)Uj+ Uj+ i, P +i 


0 = 


a y 2 

Ay, 


(D-l) 


(D-2) 


The derivatives in question at the point k = p can now be expressed in dif- 
ference form as 


d 2 U 

dY 2 


BU 

dY 


k=p 


f^j+l.p+l fJj+l,q 

k = p - 2(A-y g ) . - 

_ Uj+i t p+t —2Uj+i,p--bUj+t,q 
= (A Y 2 ) 2 


(D-3) 


(D-4) 


where Uj+i, q is given by equation (D-l). These expressions apply whether the 
transverse direction Y is a Cartesian or radial (cylindrical) coordinate. 

If the mesh size is to be changed from a smaller mesh size AFo to a larger 
mesh size Ay, at k = p as shown in figure D— 1(b), then the interpolated value is 
given by 

Uj+\,q i + 2(l 6)Uj+ 1./, + 2 j_|_0 ^j+i./,+i (D— 5) 

where d=AY 2 /AY l . 

The derivatives at k = p are approximated as 


dU 

dY 


Uj+l,q Uj+ i.p-t 


d 2 U 
dY 2 


k = /> ■ .. 2.(AF 2 ) 

_ Uj+\ . q 2 Uj + 1 , 1, + C/j + i . 


i k=p (A y 2 )* 

where Uj+ ,., is given by equation (D— 5). 


(D-6) 
(D— 7) 
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For confined viscous flows where the integral continuity equation is applied, 
modification must be made if two different transverse mesh sizes are involved. As 
an example, consider the incompressible entrance flow between parallel plates 
discussed in section 6.1.1. The integral continuity equation may be written as 

V U AY = \' U AY (D-8) 

Jo . j +1 Jo j 

If the integrals in equation (D— 8) are evaluated by the trapezoidal rule for the case 
where the mesh size changes from a large mesh AFi to a small mesh AF 2 at k = p, 
somewhere in the range 0 < Y < 1, then the finite difference form of equation (D — 8) 
becomes 

\Uj^,o + 2 l %U j+uk + U J+ul )j^+( K U j+u , > ^2 ^ U J+K ,)^ 

~(Uj.o + 2^Uj, k +Uj.„)^+(u h r + 2 ± UjA^T (D_9) 

V k= 1 / L \ k~i >+ 1 ! 

The extension to cylindrical geometry and other geometries is straightforward; 
the integration must be done in sections which cover each region of a given mesh 
size. 

In general, the use of two (or more) different transverse mesh sizes in the same 
flow field does not significantly change the actual method of solution. This is true 
since a special form of the difference equations is needed only at the point of 
mesh size change, and in fact, is only needed then if central or forward or back- 
ward differences of higher error order which span the mesh size change are in- 
volved. Of course, the proper mesh size must be used in the corresponding region. 

The continuity equation difference representations employed in this book 
almost without exception involve only simple forward or backward differences 
in the transverse directions, and not central differences or higher order forward 
or backward expressions. Thus, the only point to be observed in using continuity 
on a field of varying transverse mesh size is to ensure that the proper mesh size 
is used in the appropriate region. 
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APPENDIX E-GAUSS-JORDAN ELIMINATION ROUI1NE 


One of the most effective methods of solving a set of simultaneous linear alge- 
braic equations, where the matrix of coefficients is not of the band type discussed 
in appendix A, is a modification of Gauss elimination called Gauss-Jordan 
elimination. The technique will not be discussed in detail here (see Ralston, ref. 1). 

The routine presented in this appendix inverts the matrix of coefficients rather 
than solving the set of equations. If the set of equations is written in matrix form as 

AX=R (E— 1) 

where A is the square matrix of coefficients, A the column vector of unknowns, and 
R the column vector representing the right side, then the solution may be formally 
written as 


X = A~’R 

s 

where A~‘ is the inverse of A. The matrix multiplication of the square matrix A*' 
with the column vector R yields the solution column vector A. 

We present first the routine to invert A and then a program segment to solve 
for A using A~ l . 

The following FORTRAN IV routine employs maximization of pivotal elements 
(partial positioning for size) described by Ralston in reference 1. This helps to reduce 
roundoff error. Since the routine has no error exits, attempting to invert a singular 
matrix will simply give erroneous results or an overflow, depending on the com- 
puter and compiler employed. Although more sophisticated dimensioning is possi- 
ble with certain systems, it is suggested that the matrix C be dimensioned as n by n 
(n = 70 for the example given here) and that the integer vector J have at least a 
dimension of (n + 21). 

C THIS IS A FORTRAN SUBROUTINE FOR INVERTING MATRICES BY 
C MEANS OF GAUSS-JORDAN ELIMINATION EMPLOYING PARTIAL 
C POSITIONING FOR SIZE. THERE ARE NO ERROR EXITS AND AT- 
C TEMPTING TO INVERT A SINGULAR MATRIX WILL IN GENERAL 
C SIMPLY GIVE NON-MEANINGFUL RESULTS. 

C 
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C THE CALLING SEQUENCE IS SIMPLY 
C 

C CALL MIVNC(A, N) 

C 

C WHERE A IS THE SQUARE MATRIX TO BE INVERTED AND N IS THE 
C SIZE OF THIS MATRIX. THE DUMMY ARRAY C IN THE SUBROUTINE 
C IS DIMENSIONED AS 70 BY 70. 

C *' 

C THIS DIMENSION MUST BE MODIFIED BEFORE THE SUBROUTINE IS 
C USED SO THAT THE ARRAY SIZE IN THE SUBROUTINE IS THE SAME 
C AS THAT OF THE ARRAY IN THE CALLING PROGRAM (A IN THE 
C ABOVE SAMPLE CALL). THE VALUE OF N MAY OF COURSE BE DIF- 
C FERENT THAN THE ROW AND COLUMN DIMENSION OF A. THE 
C DIMENSION OF J IN THE SUBROUTINE MUST BE AT LEAST (N + 21). 
SUBROUTINE MIVNC(C, J3) 

DIMENSION C(70, 70), J(120) 

DO 125 I = 1, J3 

125 J(I + 20) = I 
DO 144 1= 1, J3 
CO = 0: 

J1 = I 

DO 135 K = I, J3 

IF ((ABS(CO) — ABS(C(I, K))).GE.0.) GO TO 135 

126 J1 - K 

CO = C(I, K) 

135 CONTINUE 

127 IF (I.EQ.J1) GO TO 138 

128 K = J(J1 + 20) 

J(J1 + 20) = J(I + 20) 

J(I + 20) = K 
DO 137 K= 1, J3 
SO = C(K, I) 

C(K, I) = C(K, Jl) 

137 C(K, Jl)= SO 

138 C(I, I) = 1. 

DO 139 Jl = 1, J3 

139 C(I, Jl) = C(I, J1)/C0 
DO 142 Jl = 1, J3 

IF (I.EQ.J1) GO TO 142 

129 CO = C(J1, I) 

IF (C0.EQ.0.) GO TO 142 

130 C(J1, 1) = 0. 

DO 141 K = 1, J3 
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141 C(J1, K) = C(J1, K) — C0*C(I, K) 

142 CONTINUE . 

144 CONTINUE 

DO 143 1= 1, J3 

IF (J(I + 20).EQ.I) CO TO 143 

131 J1 = I 

132 Jl = J1 + 1 

IF (J(J1 + 20).EQ.I) GO TO 133 
136 IF (J3.GT.J1) GO TO 132 

133 J(J1 + 20) = J(I + 20) 

DO 163 K = 1, J3 
CO = C(I, K) 

C(I, K) = C(J1, K) 

163 C(J1, K) = CO 
J(I + 20) = I 

143 CONTINUE 
RETURN 
END 

• The following program segment calls the inversion routine, assuming the co- 
efficient matrix is A and the order N , and then multiplies A~' by the right side vec- 
tor RH and stores the result in the vector X : 

CALL MIVNC (A, N) 

DO 10 J = l, N 
SUM=0. 

DO 11 K = 1, N 

11 SUM = SUM + A(J, K)*RH(K) 

10 X(J)= SUM 

For sets of equations of the type encountered in the confined flow chapters of 
this book, this routine has given accurate results on a machine with an eight- 
decimal digit word for N as high as 90. 
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APPENDIX F — SPECIFICATION OF TRANSVERSE VELOCITIES AT 
LEADING EDGES AND CHANNEL ENTRANCES 


In most of the problems formulated in this book, the transverse velocity 
components at the leading edge in a boundary layer problem or at the entrance 
in a channel flow problem must be specified in order to obtain a solution to the 
difference equations at the first step downstream from the leading edge or entrance. 
However, in the great majority of these problems, these transverse velocities are 
not true boundary conditions in the mathematical sense. It is the purpose of this 
appendix to clarify this apparent paradox. 

Consider first the flat plate boundary layer problem discussed in chapter 2. 
The differential formulation in dimensionless form is ' 


V »!L + V*!L = -*L + ™ 

dX dY dX dY 2 


^ + ^ = 0 
dX dY 


U(X, 0) = 0 
U(X,c°) = U x (X) 
V(X, 0) = 0 
U(0,Y) = U x (0) , 


(F-l) 

(F-2) 


(F-3) 


Note that V(0, T) is not specified; That this condition is not a boundary condition 
may be seen qualitatively by noting that there are no derivatives of V with respect 
to X in equations (F — 1) and (F-2). That V(0, Y) is not a boundary condition 
may be verified quantitatively by writing equations (F— 1) to (F— 3) in stream 
function form and noting that the set is complete without specifying F(0, Y).- 
The value of V(X , Y) may in fact readily be shown to approach infinity as the 
singular point X = 0 is approached. 
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Consider now the conventional implicit finite difference representation of 
this problem (See chapter 2 for details). Equations (F — 1) and (F~2) become 

Uj+i'k — Uj,k Uj+i,k+\ — t/j+i.t-i 

u j,k Tv h V J-k 


AX 


2(AE) 

Pj + 1 Pj Uj+\,k+\ 2Uj+t.k~^ Uj+i.k-l 


■ + — 


AX ■ ' ' ■ ( AK) 2 ' 

Uj+l,k+l ~ Uj,k + 1 Vj+l,k+l — Vj+i.k 


AX 


AY 


= 0 


(F-4) 
(F —5) 


Equation (F-4) written for A = l(l)ra results in n simultaneous linear algebraic 
equations in the n unknowns f/j+i,* , each of the form 


1 


Vj-> 


(AY)- 2(A Y) 


Uj+l ,k- l + 


Uj.k + 2 


■AX (AY) 


+ 


1 


■ + 


Vj.k 


(AE) 2 2(AE) 


r]u J+l . 

jf/j+i . *•+] = — 


Pj-P i+t +.U£ 
AX 


- (F— 6) 


The coefficients of the unknowns as well as the right side of equation (F— 6) contain 
the “known” velocities f/j,* and Vj y k- However, at the first step downstream from the 
leading edge, Uj.k and Vj.k are U(0, Y) and F(0, Y). respectively. Thus, V(0 ,Y) 
must be specified in order to start the marching procedure. This requirement is, 
however, a result of the numerical scheme employed as opposed to a fundamental 
boundary condition. We shall emphasize this point shortly by discussing a numeri- 
cal scheme which does not require the specification ol V(0, Y). In practice, a more 
important question is whether the values specified for V(0 ,Y) in the conventional 
implicit scheme discussed previously have a significant effect on the solution. The 
fortunate answer is that they do not; the effect of even very large changes in the 
values chosen for V(0, Y) is damped out after only a few steps downstream from 
the leading edge. Since a large number of small steps must be taken near the lead- 
ing edge in any event to confine the effect of the leading edge singularity to small 
X (see chapter 2), the choice of V (0, E) is quite unimportant. The author has found 
that choosing V(0, E) =0 is quite acceptable. The values of Vj-i,i.- calculated from 
equation (F-5) close to the leading edge are very large (of the order of 100) and 
behave in the general manner predicted by the differential equation solution in 
that V(X, E) -» oo as X -* 0. 

We now present a difference form of equation (F— 1) for which it is not neces- 
sary to specify F(0, E). The form is simply an adaptation of the highly implicit 
formulation employed in chapter 3 for the solution of jet problems with zero or 
small secondary velocities and may be written as 
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r r Uj + 1 . A' ^j. A" y y U j -f- ] , A' + 1 U j + 1 . A' 1 

J+I,A ' AA • J+I ' A ' . 2(AF) 


Pj+1 Pj , f/j+i.A+i 2Uj+\, A- + t/j + i, A-i /r , ^ 

+ (iiT (F_7) ' 


This equation and equation (F~5) written for /r = l(l)n provide 2/i simultaneous 
algebraic equations in the 2« : unknowns f/j+i.A- and + i,a- Since equation (F~7) is 
nonlinear in the unknowns, these equations must be solved by an iterative process 
(see chapter 3 for details). It may now be noted that F), a does not appear in either 
equation (F-7) or equation (F-5); hence, the marching procedure may be started 
from the leading edge without specifying F(0, Y). Solving equation (F~7) is more 
time consuming than solving the conventional implicit representation (F— 4); there- 
fore, it would seldom be used in practice since the results obtained are virtually 
identical for both equations. (For special exceptions see chapter 3.) We have, how- 
ever, illustrated our point that the necessity for specifying F(0, Y) is a function 
only of the difference scheme chosen. 

Completely analogous arguments may be made for all of the other formulations 
presented in chapters 2 to 7, in that the transverse velocities at the plate leading 
edge, beginning of the boundary layer, jet mouth, channel or tube entrance, etc., 
are not true boundary conditions but may have to be specified in order to apply 
the suggested finite difference scheme. In all of these cases these transverse 
velocities may be specified as zero without noticeably affecting the solution. 

A notable exception to the discussion given in this appendix occurs for the 
second approximate model for the velocity solution in a rectangular channel (sec- 
tions 8.1.2 and 8.1.4). In these models, three momentum equations are employed, 
and the first axial derivatives of the transverse velocity components are present, 
indicating that values must be specified for the transverse velocity components 
F(0 ,Y,Z) and IF(0, Y, Z) as true mathematical boundary conditions. These ve- 
locity components at the channel entrance have been rather arbitrarily specified 
as zero in chapter 8 since in order to specify any other values we would have to be 
able to describe in detail the upstream conditions prior to the channel entrance. 
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